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ABSTRACT. We address the problem of verifying safety properties of concurrent programs
running over the Total Store Order (TSO) memory model. Known decision procedures
for this model are based on complex encodings of store buffers as lossy channels. These
procedures assume that the number of processes is fixed. However, it is important in general
to prove the correctness of a system/algorithm in a parametric way with an arbitrarily
large number of processes.

In this paper, we introduce an alternative (yet equivalent) semantics to the classical
one for the TSO semantics that is more amenable to efficient algorithmic verification and
for the extension to parametric verification. For that, we adopt a dual view where load
buffers are used instead of store buffers. The flow of information is now from the memory
to load buffers. We show that this new semantics allows (1) to simplify drastically the
safety analysis under TSO, (2) to obtain a spectacular gain in efficiency and scalability
compared to existing procedures, and (3) to extend easily the decision procedure to the
parametric case, which allows obtaining a new decidability result, and more importantly, a
verification algorithm that is more general and more efficient in practice than the one for
bounded instances.
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1. INTRODUCTION

Most modern processor architectures execute instructions in an out-of-order manner to
gain efficiency. In the context of sequential programming, this out-of-order execution is
transparent to the programmer since one can still work under the Sequential Consistency
(SC) model [Lam79]. However, this is not true when we consider concurrent processes that
share the memory. In fact, it turns out that concurrent algorithms such as mutual exclusion
and producer-consumer protocols may not behave correctly any more. Therefore, program
verification is a relevant (and difficult) task in order to prove correctness under the new
semantics. The out-of-order execution of instructions has led to the invention of new program
semantics, so called Weak (or relaxed) Memory Models (WMMs), by allowing permutations
between certain types of memory operations [AG96, DSB86, AH90]. Total Store Ordering
(TSO) is one of the the most common models, and it corresponds to the relaxation adopted
by Sun’s SPARC multiprocessors [WG94] and formalizations of the x86-TSO memory model
[0SS09, SSOT10]. These models put an unbounded perfect (non-lossy) store buffer between
each process and the main memory where a store buffer carries the pending store operations
of the process. When a process performs a store operation, it appends it to the end of
its buffer. These operations are propagated to the shared memory non-deterministically
in a FIFO manner. When a process reads a variable, it searches its buffer for a pending
store operation on that variable. If no such a store operation exists, it fetches the value
of the variable from the main memory. Verifying programs running on the TSO memory
model poses a difficult challenge since the unboundedness of the buffers implies that the
state space of the system is infinite even in the case where the input program is finite-state.
Decidability of safety properties has been obtained by constructing equivalent models that
replace the perfect store buffer by lossy channels [ABBM10, ABBM12, AAC*12a]. However,
these constructions are complicated and involve several ingredients that lead to inefficient
verification procedures. For instance, they require each message inside a lossy channel to
carry (instead of a single store operation) a full snapshot of the memory representing a
local view of the memory contents by the process. Furthermore, the reductions involve
non-deterministic guessing the lossy channel contents. The guessing is then resolved either by
consistency checking [ABBM10] or by using explicit pointer variables (each corresponding to
one process) inside the buffers [AACT12a], causing a serious state space explosion problem.

In this paper, we introduce a novel semantics which we call the Dual T'SO semantics.
Our aim is to provide an alternative (and equivalent) semantics that is more amenable
for efficient algorithmic verification. The main idea is to have load buffers that contain
pending load operations (more precisely, values that will potentially be taken by forthcoming
load operations) rather than store buffers (that contain store operations). The flow of
information will now be in the reverse direction, i.e., store operations are performed by
the processes atomically on the main memory, while values of variables are propagated
non-deterministically from the memory to the load buffers of the processes. When a process
performs a load operation, it can fetch the value of the variable from the head of its load
buffer. We show that the Dual TSO semantics is equivalent to the original one in the
sense that any given set of processes will reach the same set of local states under both
semantics. The Dual TSO semantics allows us to understand the TSO model in a totally
different way compared to the classical semantics. Furthermore, the Dual TSO semantics
offers several important advantages from the point of view of formal reasoning and program
verification. First, the Dual TSO semantics allows transforming the load buffers to lossy
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channels without adding the costly overhead that was necessary in the case of store buffers.
This means that we can assume w.l.o.g. that any message in the load buffers (except a
finite number of messages) can be lost in non-deterministic manner. Hence, we can apply
the theory of well-structured systems [Abd10, ACJT96, FS01] in a straightforward manner
leading to a much simpler proof of decidability of safety properties. Second, the absence
of extra overhead means that we obtain more efficient algorithms and better scalability
(as shown by our experimental results). Finally, the Dual TSO semantics allows extending
the framework to perform parameterized verification which is an important paradigm in
concurrent program verification. Here, we consider systems, e.g., mutual exclusion protocols,
that consist of an arbitrary number of processes. The aim of parameterized verification is to
prove correctness of the system regardless of the number of processes. It is not obvious how
to perform parameterized verification under the classical semantics. For instance, extending
the framework of [AACT12a], would involve an unbounded number of pointer variables, thus
leading to channel systems with unbounded message alphabets. In contrast, as we show in
this paper, the simple nature of the Dual TSO semantics allows a straightforward extension
of our verification algorithm to the case of parameterized verification. This is the first time a
decidability result is established for the parametrized verification of programs running over
WDMMs. Notice that this result is taking into account two sources of infinity: the number of
processes and the size of the buffers.

Based on our framework, we have implemented a tool and applied it to a large set
of benchmarks. The experiments demonstrate the efficiency of the Dual TSO semantics
compared to the classical one (by two order of magnitude in average), and the feasibility
of parametrized verification in the former case. In fact, besides its theoretical generality,
parametrized verification is practically crucial in this setting: as our experiments show, it is
much more efficient than verification of bounded-size instances (starting from a number of
components of 3 or 4), especially concerning memory consumption (which also is a critical
resource).

Related Work. There have been a lot of works related to the analysis of programs run-
ning under WMMs (e.g., [LNP*12, KVY10, KVY11, DMVY13, AAC*12a, BM08, BSS11,
BDM13, BAM07, YGLS04, AALN15, AAC*12b, AAJL16, DMVY17, TW16, LV16, LV15,
Vafl5, HVQF16]). Some of these works propose precise analysis techniques for check-
ing safety properties or stability of finite-state programs under WMMs (e.g., [AACt12a,
BDM13, DM14, AAP15, AALN15]). Others propose context-bounded analyzing techniques
(e.g., [ABP11, TLI"16, TLF"16, AABN17]) or stateless model-checking techniques (e.g.,
[AAAT15, ZKW15, DL15, HH16]) for programs under TSO and PSO. Different other tech-
niques based on monitoring and testing have also been developed during these last years
(e.g., [BMO08, BSS11, LNP*12]). There are also a number of efforts to design bounded model
checking techniques for programs under WMMs (e.g., [AKNT13, AKT13, YGLS04, BAMO07])
which encode the verification problem in SAT/SMT.

The closest works to ours are those presented in [AACt12a, ABBM10, AACT13,
ABBM12] which provide precise and sound techniques for checking safety properties for
finite-state programs running under TSO. However, as stated in the introduction, these
techniques are complicated and can not be extended, in a straightforward manner, to the
verification of parameterized systems (as it is the case of the developed techniques for
the Dual TSO semantics). In Section 6, we experimentally compare our techniques with
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Memorax [AAC*12a, AACT13] which is the only precise and sound tool for checking safety
properties for concurrent programs under TSO.

2. PRELIMINARIES

Let X be a finite alphabet. We use ¥* (resp. 1) to denote the set of all words (resp.
non-empty words) over X. Let € be the empty word. The length of a word w € ¥* is denoted
by |w| (and in particular |e| = 0). For every i : 1 < i < |w|, let w(7) be the symbol at position
i in w. For a € ¥, we write a € w if a appears in w, i.e., a = w(7) for some i : 1 <7 < |w|.

Given two words u and v over ¥, we use u =< v to denote that u is a (not necessarily
contiguous) subword of v, i.e., if there is an injection h : {1,...,|ul} — {1,...,|v|} such
that: (1) h(i) < h(j) for all 4,7 : 1 <i < j < |u| and (2) for every i : 1 < i < |u|, we have
u(i) = v(h(7)).

Given a subset X' C ¥ and a word w € ¥*, we use w|ys to denote the projection of w
over Y/, i.e., the word obtained from w by erasing all the symbols that are not in X'.

Let A and B be two sets and let f : A+ B be a total function from A to B. We use
fla <= b] to denote the function g such that g(a) = b and g(z) = f(z) for all = # a.

A transition system 7 is a tuple (C, Init, Act, Ugenct i>) where C is a (potentially
infinite) set of configurations; Init C C is a set of initial configurations; Act is a set of
actions; and for every a € Act, C C x C is a transition relation. We use ¢ = ¢ to denote
that (¢, ) €%, Let == Ugenct —-

A run m of T is of the form ¢y =% ¢4 -2 -+ 2% ¢,, where ¢; SAEN cipq foralli: 0 <i < n.
Then, we write ¢cg — ¢,. We use target (1) to denote the configuration c,. The run 7

. . . . . a a a

is said to be a computation if ¢y € Init. Two runs m = ¢y — ¢ —> -+ -2 ¢, and
am+-2 aAm+3 an . . .

Mo = Cmtl —— Cmpo —— -+ —> ¢y, are compatible if ¢, = ¢my1. Then, we write 71 @ o

to denote the run
a a a a 2 a 3 a
T=co—e; 2o I e S s — e,
. * s
For two configurations ¢ and ¢/, we use ¢ — ¢ to denote that ¢ — ¢ for some run 7. A
. . . . . * .
configuration ¢ is said to be reachable in T if cg — ¢ for some ¢y € Init, and a set C of
configurations is said to be reachable in T if some ¢ € C is reachable in T.

3. CONCURRENT SYSTEMS

In this section, we define the syntax we use for concurrent programs, a model for representing
communication of concurrent processes. Communication between processes is performed
through a shared memory that consists of a finite number of shared variables (over finite
domains) to which all processes can read and write. Then we recall the classical TSO
semantics including the transition system it induces and its reachability problem. Next, we
introduce the Dual TSO semantics and its induced transition system. Finally, we state the
equivalence between the two semantics; i.e., for a given concurrent program, we can reduce
its reachability problem under the classical TSO semantics to its reachability problem under
Dual TSO semantics and vice-versa.
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Figure 1: An example of a concurrent system P = {A;, As}.

3.1. Syntax. Let V be a finite data domain and X be a finite set of variables. We assume
w.l.o.g. that V contains the value 0. Let Q(X,V) be the smallest set of memory operations
that contains with x € X and v,v’ € V:

1) “no” operation nop,

2) read operation r(z,v),

write operation w(x,v),

fence operation fence, and

atomic read-write operation arw(zx,v,v").

3
4

(
(
(
(
(5

— — — —

A concurrent system (or a concurrent program) is a tuple P = (A4y, Ao, ..., A,) where
for every p: 1 < p <n, A, is a finite-state automaton describing the behavior of the process
p. The automaton A, is defined as a triple (Qp, q;f,mt, Ap) where @), is a finite set of local
states, q},mt € @, is the initial local state, and A, C Q, x Q(X,V) x @, is a finite set of
transitions. We define P := {1,...,n} to be the set of process IDs, Q := Upep@, to be the

set of all local states and A := U,cpA,, to be the set of all transitions.

Example 3.1. Figure 1 shows an example of a concurrent system P = {41, A2} consisting of
two concurrent processes, called p; and ps. Communication between processes is performed
through two shared variables x and y to which the processes can read and write. The automa-
ton A; is defined as a triple ({qo, 41,92} ,{q0}, {(q0,w(x,2),q1), (q1,r(y,0),g2)}). Similarly,
Ag = ({q67 qllu qé, qg} ] {QG} ) {(Q(/M w(y,1), qll) ) (q/17 w(z, 1), q/Q) ) (qé7 r(z,2), qg)}) A

3.2. Classical TSO Semantics. In the following, we recall the semantics of concurrent
systems under the classical TSO model as formalized in [0SS09, SSOT10]. To do that, we
define the set of configurations and the induced transition relation. Let P = (A1, Ao, ..., Ay)
be a concurrent system.

TSO-configurations. A TSO-configuration c is a triple (q, b, mem) where:

(1) g : P Q is the global state of P, mapping each process p € P to a local state in Q)
(., a(p) € Qy):

(2) b:P— (X x V)" gives the content of the store buffer of each process.

(3) mem : X — V defines the value of each shared variable.

Observe that the store buffer of each process contains a sequence of write operations, where
each write operation is defined by a pair, namely a variable x and a value v that is assigned
to x.

The initial TSO-configuration ¢, is defined by the tuple (Qinit, Dinit, mem;y;;) where,
for all p € P and = € X, we have that qui(p) = q;,mt, binit(p) = € and mem;,;;(x) = 0. In
other words, each process is in its initial local state, all the buffers are empty, and all the
variables in the shared memory are initialized to O.
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t=(q,nop,q') a(p)=gq
(q,b, mem) 5750 (q[p < ¢], b, mem)

Nop

t=(¢,w(z,v),¢) alp)=gq
(q,b, mem) i>-r50 (alp < ¢],b[p + (z,v) - b(p)], mem)

Write

¢t = update,

(a,b[p < b(p) - (z,v)], mem) i>-|'5,o (q, b, mem [z < v]) Update

t=(gr(z,v),¢d) ap)=qg bO)lExv=(z,0) w
(q, b, mem) S50 (q[p < ¢, b, mem)

Read-Own-Write

t=(¢,r(r,v),¢) alp)=q b)laxv=¢ mem(x)=v
(a,b,mem) S50 (q[p < ¢'], b, mem)

Read from Memory

t=(garw(z,v,v"),¢') alp)=g bp)=¢ mem(z)=v
(q, b, mem) i>-|-so (a[p < ¢'],b,mem [z + V'])

ARW

t=(q,fence,q') a(p)=q b(p) =c¢
(a,b,mem) 5150 (q[p < ¢'], b, mem)

Fence

Figure 2: The transition relation —tso under T'SO semantics. Here, process p € P and
transition t € A, U {updatep} where update, is a transition that updates the memory using
the oldest message in the buffer of the process p.

We use Ctsp to denote the set of all TSO-configurations.

TSO-transition Relation. The transition relation —tso between TSO-configurations is
given by a set of rules, described in Figure 2. Here, we informally explain these rules. A
nop transition (g, nop,q’) € A, changes only the local state of the process p from ¢ to ¢’. A
write transition (¢, w(z,v),q’) € A, adds a new message (x,v) to the tail of the store buffer
of the process p. A memory update transition update, can be performed at any time by
removing the (oldest) message at the head of the store buffer of the process p and updating
the memory accordingly. For a read transition (q,r(z,v),q") € Ap, if the store buffer of the
process p contains some write operations to x, then the read value v must correspond to the
value of the most recent such a write operation. Otherwise, the value v of x is fetched from
the memory. A fence transition (g, fence, ¢’) € A, can be performed by the process p only if
its store buffer is empty. Finally, an atomic read-write transition (g, arw(z,v,v"),q¢’) € A,
can be performed by the process p only if its store buffer is empty. This transition checks
whether the value of x in the memory is v and then changes it to v'.

Let A" := {updatep\ pE IP’}, i.e., A’ contains all memory update transitions. We use

¢ =150 ¢ to denote that ¢ i>-|-So c for some t € AU A’. The transition system induced by
P under the classical TSO semantics is then given by T1so := (Cts0, {Cinit }, A U A', —=150).
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processes
memor
priap) =@ store buffers y
>(q1,1(y,0),q2) ﬂl
t(y ,, tai head
— v :9, 0) " T T
prialp) =q | TToIC - - : Y
> (g5, r(2.2).d5) (= D|s.1)

Figure 3: A reachable TSO-configuration of the concurrent system in Figure 1.

processes
memor
p1:q(p1) = q2 Y
X
P2 a(p2) = ¢ Y

Figure 4: A reachable “empty buffer” TSO-configuration of the concurrent system in Figure 1.

The TSO Reachability Problem. A global state qiurget is said to be reachable in
Trso if and only if there is a TSO-configuration ¢ of the form (qQiarget, b, mem), with
b(p) = € for all p € P, such that c is reachable in Ttso.

The T'SO reachability problem for the concurrent system P under the TSO semantics
asks, for a given global state q¢arget, Whether Qiqrger is reachable in T1sg. Observe that, in
the definition of the reachability problem, we require that the buffers of the configuration ¢
must be empty instead of being arbitrary. This is only for the sake of simplicity and does not
constitute a restriction. Indeed, we can easily show that the “arbitrary buffer” reachability
problem is reducible to the “empty buffer” reachability problem.

Example 3.2. Figure 3 illustrates a T'SO-configuration ¢ that can be reached from the
initial configuration c;p; of the concurrent system in Figure 1. To reach this configuration,
the process p; has executed the write transition (qo,w(z,2),q1) and appended the message
(x,2) to its store buffer. Meanwhile, the process ps has executed two write transitions
(g5, w(y,1),qy) and (¢}, w(x,1),q5). Hence, the store buffer of ps contains the sequence
(z,1) - (y,1). Now, the process p; can perform the read transition (q1,r(y,0),g2). Since the
buffer of p; does not contain any pending write message on y, the read value is fetched
from the memory (represented by the dash arrow in Figure 3). Then, p; and py perform
the following sequence of update transitions update,, - update,, - update, to empty their
buffers and update the memory to = 2 and y = 1. Finally, ps performs the read transition
(g5, r(z,2),q5) (by reading from the memory) to reach to the configuration ciarger given in
Figure 4. Observe that the buffers of both processes are empty in cgrget- Let Qrarger be the
global state in cqrger defined as follows: Qiarget(P1) = g2 and Qrarget(p2) = ¢5. Therefore, we
can say that the global state qarges is reachable in Ttso. A
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t=(¢,nop,¢) dalp)=gq
(a,b,mem) Sp7so (q[p « ¢], b, mem)

Nop

t=(gw(z,v),q) alp) =g
(q, b, mem) i>DT50 (alp < ¢],b[p + (z,v,0wn) - b(p)], mem [z + v])

Write

t = propagate; mem(z) =v

Propagate
(@ b, mem) Ho7s0 (@, b[p < (,0) - b(p)], mem) o0

t = delete, |m|=1

Delete
(qa b [p Ao b(p) ' m] 7mem) i>DTSO (q7 b7 mem)

= ((L r(x, U)a q/) q(p) =(q b(p)|{z}><V><{own} = (.’13‘, v, O’U)N) " w
(q, b, mem) “prso (q[p ¢ ¢'], b, mem)

Read-Own-Write

t=(g,r(z,v),¢") alp) =q bP)lfayxvx{own} =€ b(p) =w - (z,v)
(q,b,mem) Lprso (qp ¢+ ¢], b, mem)

Read from Buffer

t=(garw(z,v,v"),¢') alp)=qg bp)=¢ mem(z)=v
(q, b, mem) i>D-|-So (a[p + ¢'],b,mem [z + V'])

ARW

t=(q,fence,q’) q(p)=q b(p) =c¢
(q,b,mem) Lp7150 (q[p < ¢], b, mem)

Fence

Figure 5: The induced transition relation —ptso under the Dual TSO semantics. Here,
process p € P and transition ¢ € A, U A7 where A/ := {propagate, delete,| z € X}.

3.3. Dual TSO Semantics. In this section, we define the Dual T'SO semantics. The model
has a FIFO load buffer between the main memory and each process. This load buffer is
used to store potential read operations that will be performed by the process. We allow this
buffer to lose messages at any time by deleting the messages at its head in non-deterministic
manner. Each message in the load buffer of a process p is either a pair of the form (x,v)
or a triple of the form (z,v,own) where z € X and v € V. A message of the form (z,v)
corresponds to the fact that x has had the value v in the shared memory. Meanwhile, a
message of the form (z,v,own) corresponds to the fact that the process p has written the
value v to . We say that a message (z,v,own) is an own-message.

A write operation w(z,v) of the process p immediately updates the shared memory
and then appends a new own-message (x,v,own) to the tail of the load buffer of p. Read
propagation is then performed by non-deterministically choosing a variable (let’s say x and
its value is v in the shared memory) and appending the new message (z,v) to the tail
of the load buffer of p. This propagation operation speculates on a read operation of p
on x that will be performed later on. Moreover, delete operation of the process p can be
performed at any time by removing the (oldest) message at the head of the load buffer of
p. A read operation r(z,v) of the process p can be executed if the message at the head of
the load buffer of p is of the form (z,v) and there is no pending own-message of the form
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(z,v',own). In the case that the load buffer of p contains some own-messages (i.e., of the
form (z,v',own)), the read value must correspond to the value of the most recent such an
own-message. Implicitly, this allows to simulate the Read-Own-Write transitions in the TSO
semantics. A fence operation means that the load buffer of p must be empty before p can
continue. Finally, an atomic read-write operation arw(x, v, v") means that the load buffer of
p must be empty and the value of the variable x in the memory is v before p can continue.

DTSO-configurations. A DTSO-configuration c is a triple (q, b, mem) where:

(1) q: P+ Q is the global state of P.
(2) b:P— (X xV)U (X xVx{own}))" is the content of the load buffer of each process.
(3) mem : X — V gives the value of each shared variable.

The initial DTSO-configuration Cgm is defined by (qinit, binit, memy,;; ) where, for all

p € P and x € X, we have that g (p) = q;”it, binit(p) = € and mem ;. () = 0.
We use Cptso to denote the set of all DTSO-configurations.

DTSO-transition Relation. The transition relation —pTtso between DTSO-configurations
is given by a set of rules, described in Figure 5. This relation is induced by members of
A UA"” where A" := {propagate;”, delete,| p € P, z € X}.

We informally explain the transition relation rules. The propagate transition propagate
speculates on a read operation of p over x that will be executed later. This is done by
appending a new message (x,v) to the tail of the load buffer of p where v is the current value
of z in the shared memory. The delete transition delete, removes the (oldest) message at the
head of the load buffer of the process p. A write transition (g, w(z,v),q’) € A, updates the
memory and appends a new own-message (z,v,own) to the tail of the load buffer. A read
transition (q,r(x,v),q") € A, checks first if the load buffer of p contains an own-message of
the form (x,v’,own). In that case, the read value v should correspond to the value of the
most recent such an own-message. If there is no such message on the variable z in the load
buffer of p, then the value v of x is fetched from the (oldest) message at the head of the
load buffer of p.

We use ¢ —ptso ¢ to denote that c i>D-|-so c for some t € AUA”. The tran-
sition system induced by P under the Dual TSO semantics is then given by Tprso =

(Corso, {cD;}, AUA", —prso).

The DTSO Reachability Problem. The DTSO reachability problem for P under the Dual
TSO semantics is defined in a similar manner to the case of the TSO semantics. A global
state qsarger is said to be reachable in Tptso if and only if there is a DTSO-configuration c
of the form (qarget, b, mem), with b(p) = e for all p € P, such that c is reachable in TpTso.
Then, the DTSO reachability problem consists in checking whether q¢rget is reachable in

TpTso-

Example 3.3. Figure 6 illustrates a DTSO-configuration ¢’ that can be reached from the
initial configuration cg”-t of the concurrent system in Figure 1. To reach this configuration, a
propagation operation is performed by appending the message (y,0) into the load buffer of p;.
Then, the process ps executes two write transitions (g(, w(y, 1),¢}) and (¢}, w(x,1),q5) that
update the shared memory to x = 1 and y = 1 and add two own-messages to the tail of the
load buffer of py. Hence, the load buffer of ps contains the sequence (x, 1, own) - (y, 1, own).
Then, the process p; executes the write transition (qo, w(x,2), ¢1) which updates the shared
memory and appendes the own-message (z, 2, own) to the tail of the load buffer of p;. After
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processes

r(y,0)
proalp) =g AT load buffers memory
(01, 1(y,0), 42) 00| 2. oum)
N head tail =
2 - q(p2) = ¢ v=
Jq;,ig ;)’qéq; ;—1‘ (yyl,own)|(a€,1,own) (fﬁlQ)l‘—
———— .. r(z,2) __--""

———————

Figure 6: A reachable DTSO-configuration of the concurrent system in Figure 1.

processes

memor,
p1:q(p1) = @2 Y

P2 q(p2) = g3

Figure 7: A reachable “empty buffer” DTSO-configuration of the concurrent system in
Figure 1.

that, a propagation operation appending the message (x,2) into the load buffer of ps is
performed. Hence, the value of x (resp. y ) is 2 (resp. 1) in the shared memory. Furthermore,
the load buffer of p; (resp. ps2) contains the following sequence (z,2,o0wn) - (y,0) (resp,
(2,2) (z,1,0wn) - (y,1,0wn)). Now from the configuration ¢’ (given in Figure 6), the process
p1 can perform a read transition (q1,r(y,0),q2). Since there is no pending own-message
of the form (y,v,own) for some v € V in the load buffer of p;, p; reads from the message
at the head of its load buffer, i.e. the message (y,0) (represented by the dash arrow for
p1). Then, ps performs two delete transitions deletey, to remove two own-messages at the
head of its load buffer. Now, the process ps can perform the read transition (gb, r(z,2), ¢3)
to read from its load buffer. Finally, p; and py performs a sequence of delete transitions
delete,, - delete,, - delete,, to empty their load buffers, reaching to the configuration cj,,. .
given in Figure 7. Let qsqrget be the global state in cfmget defined as follows: Qiarget(P1) = @2
and Qiarget(P2) = ¢5. Therefore, we can say that the global state Qtarget i cémnget is reachable
in TpTso- A

3.4. Relation between TSO and DTSO Reachability Problems. The following the-
orem states the equivalence of the reachability problems under the TSO and Dual TSO
semantics.

Theorem 3.4 (TSO-DTSO reachability equivalence). A global state Quarger is reachable in
Trso iff diarget 15 Teachable in TpTso-

Proof. The proof of this theorem can be found in Appendix A. ]



A LOAD-BUFFER SEMANTICS FOR TOTAL STORE ORDERING 11

Example 3.5. In the Example 3.2 and Example 3.3, we have shown that the global state
Qtarget (defined by Qtarget(P1) = g2 and Qiarget(p2) = ¢5) is both reachable in Trso and
Totso for the concurrent system given in Figure 1. A

4. THE DTSO REACHABILITY PROBLEM

In this section, we show the decidability of the DTSO reachability problem by making use of
the framework of Well-Structured Transition Systems (WsTs) [ACJT96, FS01]. First, we
briefly recall the framework of WsTS. Then, we instantiate it to show the decidability of the
DTSO reachability problem. Following Theorem 3.4, we also obtain the decidability of the
TSO reachability problem.

4.1. Well-structured Transition Systems. Let 7 = (C, Init, Act, Ugcact i>) be a tran-

sition system. Let C be a well-quast-ordering on C. Recall that a well-quasi-ordering on C
is a binary relation over C that is reflexive and transitive; and for every infinite sequence
(¢i)i>0 of elements in C, there exist ¢, j € N such that i < j and ¢; C ¢;.

A set U C C is called upward closed if for every ¢ € U and ¢ € C with ¢ E ¢/, we have
c € U. It is known that every upward closed set U can be characterised by a finite minor set
M C U such that: (i) for every ¢ € U, there is ¢’ € M such that ¢’ C ¢; and (ii) if ¢,¢ € M and
cC ¢, then ¢ = ¢/. We use min(U) to denote for a given upward closed set U its minor set.

Let D C C. The upward closure of D is defined as D 1:= {¢’ € C| Jc € D with ¢ C ¢'}. We

also define the set of predecessors of D as Pre (D) := {c| Jc; €D,a € Act,c > cl}. For a

finite set of configurations M C C, we use minpre (M) to denote min (Pres (M) UM T).

The transition relation — is said to be monotonic wrt. the ordering C if, given
c1,c2,c3 € C where ¢; — ¢ and ¢; C ¢3, we can compute a configuration ¢4 € C and a run 7
such that cg 5 ¢4 and ¢o T ¢y4. The pair (7,C) is called a monotonic transition system if
— 1S monotonic wrt. C.

Given a finite set of configurations M C C, the coverability problem of M in the monotonic
transition system (7,C) asks whether the set M 1 is reachable in T i.e. there exist two
configurations ¢; and ¢ such that ¢; € M, ¢; C ¢a, and ¢y is reachable in 7.

For the decidability of this problem, the following three conditions are sufficient:

(1) For every two configurations ¢; and cg, it is decidable whether ¢; C co.

(2) For every ¢ € C, we can check whether {c¢} 1 NInit # (.

(3) For every c € C, the set minpre ({c}) is finite and computable.

The solution for the coverability problem as suggested in [ACJT96, FS01] is based on a
backward analysis approach. It is shown that starting from a finite set My C C, the sequence
(M;)i>o0 with M; 41 := minpre (M;), for ¢ > 0, reaches a fixpoint and it is computable.

4.2. DTSO-transition System is a WsTSs. In this section, we instantiate the framework
of WSTS to show the following result:

Theorem 4.1 (Decidability of DTSO reachability problem). The DTSO reachability problem
s decidable.
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Proof. The rest of this section is devoted to the proof of the above theorem. Let P =
(A1, Ag, ..., A,) be a concurrent system (as defined in Section 3). Moreover, let Tptso =
(Corso, {cD,}, AU A", —p1so) be the transition system induced by P under the Dual TSO
semantics (as defined in Section 3.3).

In the following, we will show that the DTSO-transition system TpTso is monotonic wrt.
an ordering C. Then, we will show the three sufficient conditions for the decidability of the
coverability problem for (7ptso, L) (as stated in Section 4.1).

(1) We first define the ordering T on the set of DTSO-configurations Cprso (see Sec-
tion 4.2.1).

(2) Then, we show that the transition system TpTso induced under the Dual TSO semantics
is monotonic wrt. the ordering C (see Lemma 4.2).

(3) For the first sufficient condition, we show that C is a well-quasi-ordering; and that for
every two configurations ¢; and cg, it is decidable whether ¢; C ¢y (see Lemma 4.3).

(4) The second sufficient condition (i.e., checking whether the upward closed set {c} 1, with
c is a DTSO-configuration, contains the initial configuration c? ) is trivial. This check
boils down to verifying whether ¢ is the initial configuration ant-

(5) For the third sufficient condition, we show that we can calculate the set of minimal
DTSO-configurations for the set of predecessors of any upward closed set (see Lemma 4.4).

(6) Finally, we will also show that the DTSO reachability problem for P can be reduced
to the coverability problem in the monotonic transition system (7ptso,C) (see Lemma
4.5). Observe that this reduction is needed since we are requiring that the load buffers

are empty when defining the DTSO reachability problem.
This concludes the proof of Theorem 4.1. []

4.2.1. Ordering LC. In the following, we define an ordering T on the set of DTSO-
configurations Cptsp. Let us first introduce some notations and definitions.

Consider a word w € (X x V) U (X x V x {own}))" representing the content of a load
buffer. We define an operation that divides w into a number of fragments according to the
most-recent own-message concerning each variable. We define

[W]own := (w1, (z1,v1,0wNn), W, . .., Wiy (Timy Uy OWN), Wiy 41)
where the following conditions are satisfied:
(1) s #xjforalli,j:i#jand 1 <i,j5 <m.
(2) If (x,v,0own) € w; for some i : 1 < i < m+ 1, then = z; for some j : 1 < j <7, i.e,
the most recent own-message on variable x; occurs at the (27)" fragment of [w] pyn-
(3) w = wy - (x1,v1,0WN) - Wo Wy, (Tyn, U, OWN) - W41, 1.€., the divided fragments
correspond to the given word w.
Let w,w’ € (X x V) U (X x V x {own}))" be two words. Let us assume that:

[w]own = (wh (:Uh U1, OUJTL), w2, ..., Wr, (xm Ur, OUJTL), wr+1)

[w/]own = (wlla (xlla Ulla Own)v w/2> cee >w;n7 (.I'/m, Ufmv own), wfrn—&—l)'

We write w C w’ to denote that the following conditions are satisfied:
(1) r=m,

(2) z, =xz;and v; = wv; for alli:1 <i<m, and

(3) wi 2w foralli:1<i<m+1.
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Consider two DTSO-configurations ¢ = (q, b, mem) and ¢ = (¢, b’, mem’), we extend
the ordering C to configurations as follows: We write ¢ C ¢ if and only if the following
conditions are satisfied:

(1) a=d,
(2) b(p) C b/(p) for all process p € P, and
(3) mem’ = mem.

4.2.2. Monotonicity. Let ¢; = (qi, b1, mem;), c2 = (g2, b2, mems), c3 = (q3, bg, mems) €

CpTtso such that ¢ i>DT50 co for some t € A, U {propagateg,deletep| T € X} with p € P,
and ¢; C c3. We will show that it is possible to compute a configuration ¢4 € CpTso and a
run 7 such that ¢35 =ptso ¢4 and ¢s C ¢y.

To that aim, we first show that it is possible from c3 to reach a configuration ¢, by
performing a certain number of delete, transitions, such that the process p will have the
same last message in its load buffer in the configurations ¢; and ¢4 while ¢; C 4. Then,
from the configuration ¢f, the process p can perform the same transition ¢ as ¢; did (to reach
¢2) in order to reach the configuration ¢4 such that co C ¢4. Let us assume that [b1(p)]own
is of the form

(w1, (1,01, 0wn), wa, ..., W, (T, U, OWN), Wiy 41)
and [bsz(p)]own is of the form

(w'l, (2, v, own), wh, ..., w,, (x;n,v;l,own),wgﬁl) )

We define the word w € (X x V) U (X x V x {own}))" to be the longest word such that
w;nH =w' - w with wy,+1 < w’. Observe that in this case we have either w,,11 = w’ = € or
W' (Jw']) = w1 (Jwmy1]). Then, after executing a certain number |w| of delete, transitions
from the configuration cs, one can obtain a configuration ¢ = (qs, bs, mems) such that
b3 = b} [p <= bs(p) - w]. As a consequence, we have ¢; C 4. Furthermore, since ¢; and ¢4
have the same global state, the same memory valuation, the same sequence of most-recent
own-messages concerning each variable, and the same last message in the load buffers of p,
5 can perform the transition ¢ and reaches a configuration ¢4 such that ¢y C ¢4.

The following lemma shows that (7pTso, =) is a monotonic transition system.

Lemma 4.2 (DTSO monotonic transition system). The transition relation —pTso S
monotonic wrt. the ordering C.

Proof. The proof of the lemma is given in Appendix B. []

4.2.3. Conditions of Decidability. We show the first and the third conditions of the
three conditions for the decidability of the coverability problem for (7ptso,C) (as stated
in Section 4.1). The second condition has been shown to be trivial in the main proof of
Theorem 4.1.

The following lemma shows that the ordering C is indeed a well-quasi-ordering.

Lemma 4.3 (Well-quasi-ordering C). The ordering C is a well-quasi-ordering over CpTso.
Furthermore, for every two DTSO-configurations c¢1 and co, it is decidable whether c1 C co.

Proof. The proof of the lemma is given in Appendix C. []
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The following lemma shows that we can calculate the set of minimal DTSO-configurations
for the set of predecessors of any upward closed set.

Lemma 4.4 (Computable minimal predecessor set). For any DTSO-configuration c, we
can compute minpre({c}).

Proof. The proof of lemma is given in Appendix D. L]

4.2.4. From DTSO Reachability to Coverability. Let qirget be a global state of
a concurrent program P and let Mi,r4et be the set of DTSO-configurations of the form
(Qtarget, b, mem) with b(p) = € for all p € P where P be the set of process IDs in P. We
recall that qarger in TpTso if and only if Mygrger is reachable in Tptso (see Section 2 for
the definition of a reachable set of configurations). Then by Lemma 4.5, we have that the
reachability problem of qturger in TpTso can be reduced to the coverability problem of Miqpget

in (7TpTs0,C).

Lemma 4.5 (DTSO reachability to coverability). MargeT is reachable in Totso iff Miarget
1s reachable in TpTso.

Proof. Let us assume that Migrger T is reachable in Tptso. This means that there is a
configuration ¢ € Myyrg¢e¢T Which is reachable in Tptso. Let us assume that c is of the form
(dtarget; b, mem). Then, from the configuration ¢, it is possible to reach the configuration
' = (Qtarget, b’;mem), with b’(p) =€ for all p € P, by performing a sequence of delete
transitions to empty the load buffer of each process. It is then easy to see that ¢ € Mygrger
and so Mgrger is reachable in Tprso. The other direction of the lemma is trivial since

Mtarget g MtargetT- D

5. PARAMETERIZED CONCURRENT SYSTEMS

In this section, we give the definitions for parameterized concurrent systems, a model for
representing unbounded number of communicating concurrent processes under the Dual
TSO semantics, and its induced transition system. Then, we define the DTSO reachability
problem for the case of parameterized concurrent systems.

5.1. Definitions for Parameterized Concurrent Systems. Let V be a finite data
domain and X be a finite set of variables ranging over V. A parameterized concurrent system
(or simply a parameterized system) consists of an unbounded number of identical processes
running under the Dual TSO semantics. Communication between processes is performed
through a shared memory that consists of a finite number of the shared variables X over the
finite domain V. Formally, a parameterized system S is defined by an extended finite-state
automaton A = (Q, g, A) uniformly describing the behavior of each process.

An instance of S is a concurrent system P = (A4, Ag, ..., A,), for some n € N, where
for each p : 1 < p < n, we have A, = A. In other words, it consists of a finite set of processes
each running the same code defined by A. We use Inst(S) to denote all possible instances
of §. We use Tp := (Cp, Initp, Actp, —p) to denote the transition system induced by an
instance P of S under the Dual TSO semantics.

A parameterized configuration « is a pair (P, ¢) where P = {1,...,n}, with n € N, is the
set of process IDs and ¢ is a DTSO-configuration of an instance P = (Ay, Ag, ..., A,) of S.
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The parameterized configuration o = (P, ¢) is said to be initial if ¢ is an initial configuration
of P (i.e., ¢ € Initp). We use C (resp. Init) to denote the set of all the parameterized
configurations (resp. all the initial configurations) of S.

Let Act denote the set of actions of all possible instances of S (i.e., Act = Upce1(s5) Actp).
We define a transition relation — on the set C of all parameterized configurations such that

given two configurations (P, c) and (P, '), we have (P,c) 2 (P, ) for some action ¢ € Act

iff P’ = P and there is an instance P of S such that ¢ € Actp and ¢ i>7> c. The transition
system induced by S is given by T := (C, Init, Act, —).

The Parameterized DTSO Reachability Problem. A global state Qirget : P’ — Q
is said to be reachable in T if and only if there exists a parameterized configuration
a = (P,(q,b,mem)), with b(p) =€ for allp € P, such that « is reachable in 7 and
arger(1) -+ rarger([P]) < (1) - - q(|]).

The parameterized DTSO reachability problem consists in checking whether qsqrget is
reachable in 7. In other words, the DTSO reachability problem for parameterized systems
asks whether there is an instance of the parameterized system that reaches a configuration
with a number of processes in certain given local states.

5.2. Decidability of the Parameterized Reachability Problem. We prove hereafter
the following theorem:

Theorem 5.1 (Decidability of parameterized DTSO reachability problem). The parameter-
ized DTSO reachability problem is decidable.

Proof. Let § = (Q,qi"it, A) be a parameterized system and 7 = (C, Init,Act, —) be its
induced transition system. The proof of the theorem is done by instantiating the framework
of WsTs. In more detail, we will show that the parameterized transition system 7T is
monotonic wrt. an ordering <. Then, we will show the three sufficient conditions for the
decidability of the coverability problem for (7, <) (as stated in Section 4.1).

(1) We first define the ordering < on the set C of all parameterized configurations (see
Section 5.2.1).

(2) Then, we show that the transition system 7 is monotonic wrt. the ordering < (see
Lemma 5.2).

(3) For the first sufficient condition, we show that the ordering < is a well-quasi-ordering;
and that for every two parameterized configurations o and ¢/, it is decidable whether
a C o (see Lemma 5.3).

(4) The second sufficient condition (i.e., checking whether the upward closed set {a} 1, with
« is a parameterized configuration, contains an initial configuration) for the decidability
of the coverability problem is trivial. This check boils down to verifying whether the
configuration « is initial.

(5) For the third sufficient condition, we show that we can calculate the set of minimal
parameterized configurations for the set of predecessors of any upward closed set (see
Lemma 5.4).

(6) Finally, we will show that the parameterized DTSO reachability problem for the parame-
terized system S can be reduced to the coverability problem in the monotonic transition
system (7, <) (see Lemma 5.5).

This concludes the proof of Theorem 5.1. []
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5.2.1. Ordering Q. Let a = (P, (q,b,mem)) and o/ = (P, (¢, b’, mem’)) be two parame-
terized configurations. We define the ordering < on the set C of parameterized configurations
as follows: We write a < o if and only if the following conditions are satisfied:
(1) mem = mem’'.
(2) There is an injection A : {1,...,|P|} — {1,..., ||} such that

(i) for all p,p’ € P, p < p’ implies h(p) < h(p’); and

(ii) for every p € {1,...,[P[}, a(p) = d'(h(p)) and b(p) & b'(A(p)).

5.2.2. Monotonicity. We assume that three configurations ay = (P, (q1, b1, mem;y)), ag =
(P, (g2, b2, memsy)) and ag = (P, (q3, b, mems)) are given. Furthermore, we assume that

a1 < ag and ag LN ao for some transition t. We will show that it is possible to compute a
parameterized configuration ay and a run 7 such that as — a4 and as < au.

Since a1 < a3, there is an injection function h : {1,...,|P|} — {1,...,|P’|} such that:
(1) For all p,p’ € P, p < p/ implies h(p) < h(p').

(2) For every p € {1,...,|P|}, ai(p) = q3(h(p)) and by (p) C bs(h(p)).

We define the parameterized configuration o from ag by only keeping the local states
and load buffers of processes in h(P). Formally, o/ = (P, (q’, b’, mem’)) is defined as follows:
(1) mem’ = mems.

(2) For every p € {1,..., [PI}, @'(p) = as(h(p)) and b'(p) = ba(h(p)).

We observe that (q1, b1, mem;) C (q', b’, mem’). Since the transition relation —prso is
monotonic wrt. the ordering C (see Lemma 4.2), there is a DTSO-configuration (q”, b”, mem”)
such that (q’,b’,mem’) ={1s5 (q”,b”, mem”) and (qz, ba, mem;) C (q”,b”, mem”).

Consider now the parameterized configuration oy = (', (qu, bs, memy)) such that:

(1) mem” = memy.

(2) For every p € {1,..., [PI}, a"(p) = au(h(p)) and b"(p) = ba(h(p)).

(3) For every p € ({1,...,|P'|} \ {h(1),...,h(|P|)}), we have q4(p) = q3(p) and by(p) =
bs(p).

It is easy then to see that as < a4 and ag —* ay.
The following lemma shows that (77, <) is a monotonic transition system.

Lemma 5.2 (Parameterized monotonic transition system). The transition relation — is
monotonic wrt. the ordering <.

Proof. The proof of the lemma is given in Appendix E. []

5.2.3. Conditions for Decidability. We show the first and the third conditions of the
three conditions for the decidability of the coverability problem for (7, <) (as stated in
Section 4.1). The second condition has been shown to be trivial in the main proof of
Theorem 5.1.

The following lemma states that the ordering < is indeed a well-quasi-ordering:

Lemma 5.3 (Parameterized well-quasi-ordering <). The ordering < is a well-quasi-ordering
over C. Furthermore, for every two parameterized configurations o and o, it is decidable
whether a < .

Proof. The lemma follows a similar argument as in the proof of Lemma 4.3. []
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The following lemma shows that we can calculate the set of minimal parameterized
configurations for the set of predecessors of any upward closed set.

Lemma 5.4 (Computable minimal parameterized predecessor set). For any parameterized
configuration o, we can compute minpre({a}).

Proof. The proof of the lemma is given in Appendix F. L]

5.2.4. From Parameterized DTSO Reachability to Coverability. Let qsurges P —
@ be a global state. Let Miq,get be the set of parameterized configurations of the form o =
(P, (dtarget, b, mem)) with b(p) = € for all p € P’. Lemma 5.5 shows that the parameterized
reachability problem of q¢qrget in the transition system 7 can be reduced to the coverability
problem of Mygrger in (7, ).

Lemma 5.5 (Parameterized DTSO reachability to coverability). qiarger is reachable in T
iff MeargetT is Teachable in T .

Proof. To prove the lemma, we first show that Myq,ge¢ T is reachable in 7 if and only if there is
a parameterized configuration o« = (P, (q, b, mem)), with b(p) = e for all p € P, such that
« is reachable in 7 and Qiarget(1) - - Qrarget (|P']) < a(1) - - - q(|P|). Then as a consequence,
the lemma holds.

Let us assume that there is a parameterized configuration o = (P, (q, b, mem)),
with b(p) = € for all p € P, such that « is reachable in 7 and Qiarget(1) - - - Qrarget (|P']) =
q(1)---q(|P|). It is then easy to show that o € Mygrger T

Now let us assume that there is a parameterized configuration o/ = (P”, (q’, b’, mem’)) €
Miarget T which is reachable in 7. From the configuration ¢/, it is possible to reach the
configuration o = (P”,(q/,b”,mem’)), with b”(p) =€ for all p € P”, by performing a
sequence of delete,, transitions to empty the load buffer of each process. Since o/ € Mygrger T, we
have Qrarget (1) - - - Atarget (|P']) < d'(1) -+ - d'(|P”]). Hence, o’ is a witness of the parameterized
reachability problem of Q¢qrger in the transition system 7. L]

6. EXPERIMENTAL RESULTS

We have implemented our techniques described in Section 4 and Section 5 in an open-source
tool called Dual-TSO!. The tool checks the state reachability problems (c.f. Section 3.3 and
Section 5.1) for (parameterized) concurrent systems under the Dual TSO semantics. We
emphasize that besides checking the reachability for a global state, Dual-TSO can check the
reachability for a set of global states. Moreover, Dual-TSO accepts a more general input
class of parameterized concurrent systems. Instead of requiring that the behavior of each
process is described by a unique extended finite-state automaton as defined in Section 5,
Dual-TSO allows that the behavior of a process can be presented by an extended finite-state
automaton from a fized set of predefined automata. If the tool finds a witness for a given
reachability problem, we say that the concurrent system is unsafe (wrt. the reachability
problem). After finding the first witness for a given reachability problem, the tool terminates
its execution. In the case that no witness is encountered, Dual-TSO declares that the given
concurrent program is safe (wrt. the reachability problem) after it reaches a fixpoint in

ITo0l webpage: https://www.it.uu.se/katalog/tuang296/dual-tso
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Program 4P Safe under Dual-TSO(E) Memorax

SC TSO | #T(s) #C | #T(s) #C
SB 5 | yes no 0.3 10 641 | 559.7 10 515 914
LB 3 | yes yes 0.0 2 048 71.4 1499 475
WRC 4 | yes yes 0.0 1 507 63.3 1 398 393
ISA2 3 | yes yes 0.0 509 21.1 226 519
RWC 5 | yes no 0.1 4277 61.5 1 196 988
W-+RWC 4 | yes no 0.0 1713 83.6 1 389 009
IRIW 4 | yes yes 0.0 520 34.4 358 057
MP 4 | yes yes 0.0 883 t/o .
Simple Dekker 2 | yes no 0.0 98 0.0 595
Dekker 2 | yes no 0.1 5 053 1.1 19 788
Peterson 2 yes no 0.1 5 442 5.2 90 301
Repeated Peterson 2 yes no 0.2 7 632 5.6 100 082
Bakery 2 | yes no 2.6 82 050 t/o .
Dijkstra 2 | yes no 0.2 8 324 t/o .
Szymanski 2 | yes no 0.6 29 018 1.0 26 003
Ticket Spin Lock 3 | yes yes 0.9 18 963 t/o .
Lamport’s Fast Mutex 3 yes no 17.7 292 543 t/o °
Burns 4 | yes no | 1243 2762578 t/o o
NBW-W-WR 2 | yes yes 0.0 222 10.7 200 844
Sense Reversing Barrier | 2 | yes yes 0.1 1704 0.8 20 577

Table 1: Comparison between Dual-TSO(C) and Memorax: The columns Safe under SC
and Safe under T'SO indicate that whether the benchmark is safe under SC and TSO wrt.
its reachability problem respectively. The columns #P, #T and #C give the number
of processes, the running time in seconds and the number of generated configurations,
respectively. If a tool runs out of time, we put t/o in the #7T column and e in the #C
column.

calculation. Dual-TSO always ends its execution by reporting the running time (in seconds)
and the total number of generated configurations. Observe that the number of generated
configurations gives a rough estimation of the memory consumption of our tool.

We compare our tool with Memorax [AACT12a, AAC*13] which is the only precise and
sound tool for deciding the state reachability problem of concurrent systems running under
TSO. Observe that Memorax cannot handle the class of parameterized concurrent systems.
We use Dual-TSO(C) and Dual-TSO(<) to denote Dual-TSO when applied to concurrent
systems and parameterized concurrent systems, respectively.

In the following, we present two sets of results. The first set concerns the comparison
of Dual-TSO(C) with Memorax (see Table 1). The second set shows the benefit of the
parameterized verification compared to the use of the state reachability when increasing the
number of processes (see Table 2 and Figure 8). Our example programs are from [AACt12a,
AMT14, BDM13, AAP15, LNP™12]. In all experiments, we set up the time out to 600
seconds (10 minutes). We perform all experiments on an Intel x86-32 Core2 2.4 Ghz machine
and 4GB of RAM.

Verification of Concurrent Systems. Table 1 presents a comparison between Dual-
TSO(C) and Memorax on 20 benchmarks. In all these benchmarks, Dual-TSO(C) and
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Figure 8: Running time of Memorax and Dual-TSO(C) by increasing number of processes.
The x axis is number of processes and the y axis is running time in seconds.

Memorax return the same results for the state reachability problems (except 6 examples where
Memorax runs out of time). In the benchmarks where the two tools return, Dual-TSO(C)
out-performs Memorax and generates fewer configurations (and so uses less memory). Indeed,
Dual-TSO(C) is 600 times faster than Memorax and generates 277 times fewer minimal
configurations on average. The experimental results confirm the correlation between the
running time and the memory consumption (i.e., the tool who generates less configurations
is often the fastest).

Verification of Parameterized Concurrent Systems. The second set compares the
scalability of Memorax and Dual-TSO while increasing the number of processes. The results
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Dual-TSO()
Program Safe under TSO 4T(s) 4C
SB no 0.0 147
LB yes 0.6 1028
MP yes 0.0 149
WRC yes 0.8 618
ISA2 yes 4.3 1539
RWC no 0.2 293
W+RWC no 1.5 828
IRIW yes 4.6 648

Table 2: Parameterized verification with Dual-TSO(<).

are given in Figure 8. We observe that although the algorithms implemented by Dual-
TSO(E) and Memorax have the same (non-primitive recursive) lower bound (in theory),
Dual-TSO(C) scales better than Memorax in all these benchmarks. In fact, Memorax can
only handle benchmarks with at most 5 processes while Dual-TSO can handle benchmarks
with more processes. We conjecture that this is due to the important advantages of the
Dual TSO semantics. In fact, the Dual TSO semantics transforms the load buffers into lossy
channels without adding the costly overhead of memory snapshots that was necessary in the
case of Memorax. The absence of this extra overhead means that our tool generates less
configurations (due to the ordering) and this results in a better performance and scalability.

Table 2 presents the running time and the number of generated configurations when
checking the state reachability problem for the parameterized versions of the benchmarks in
Figure 8 with Dual-TSO(). It should be emphasized that Dual-TSO(<) and Dual-TSO(C)
have the same results for the reachability problems in these benchmarks. We observe that
the verification of these parameterized systems is much more efficient than verification of
bounded-size instances (starting from a number of processes of 3 or 4), especially concerning
memory consumption (which is given in terms of number of generated configurations). The
reason behind is that the size of the generated minor sets in the analysis of a parameterized
system are usually smaller than the size of the generated minor sets during the analysis of
an instance of the system with a large number of processes. In fact, during the analysis of
a parameterised concurrent system, the number of considered processes in the generated
minimal configurations is usually very small. Observe that, in the case of concurrent systems,
the number of considered processes in the generated minimal configurations is equal to the
number of processes in the given system.

7. CONCLUSION

In this paper, we have presented an alternative (yet equivalent) semantics to the classical one
for the TSO memory model that is more amenable for efficient algorithmic verification and
for extension to parametric verification. This new semantics allows us to understand the T'SO
memory model in a totally different way compared to the classical semantics. Furthermore,
the proposed semantics offers several important advantages from the point of view of formal
reasoning and program verification. First, the Dual TSO semantics allows transforming
the load buffers to lossy channels (in the sense that the processes can lose any message
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situated at the head of any load buffer in non-deterministic manner) without adding the
costly overhead that was necessary in the case of store buffers. This means that we can apply
the theory of well-structured systems [Abd10, ACJT96, FS01] in a straightforward manner
leading to a much simpler proof of decidability of safety properties. Second, the absence
of extra overhead means that we obtain more efficient algorithms and better scalability
(as shown by our experimental results). Finally, the Dual TSO semantics allows extending
the framework to perform parameterized verification which is an important paradigm in
concurrent program verification.

In the future, we plan to apply our techniques to other memory models and to combine
with predicate abstraction for handling programs with unbounded data domain.
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APPENDIX A. PROOF OF THEOREM 3.4

We prove the theorem by showing its if direction and then only if direction. In the following,
for a TSO (DTSO)-configuration ¢ = (q,b, mem), we use states (c), buffers(c), and
men (¢) to denote g, b, and mem respectively.

A.1. From Dual TSO to TSO. We show the if direction of Theorem 3.4. Consider a
DTSO-computation

TDTSO = Co il—>DTSO c1 t—2>DTso Co- - tl;L)DTSO Cn—1 t—n>DTso Cn
where ¢ = cgw.t and ¢; is of the form (q;, b;, mem;) for all i : 1 < i < n with q, = Qrarger
and by, (p) = € for all p € P. We will derive a TSO-computation mrso such that target (mr1s0)
is a configuration of the form (states (¢, ),b,mem (c,)) where b(p) = € for all p € P.

First, we define some functions that we will use in the construction of the computation
m1so. Then, we define a sequence of TSO-configurations that appear in m1so. Finally,
we show that the TSO-computation wrso exists. In particular, the target configuration
target (m1so) has the same local states as the target ¢, of the DTSO-computation mpTs0.

Let 1 <4y <ip < --- <14 < n be the sequence of indices such that t; t;, ...%;, is the
sequence of write or atomic read-write operations occurring in the computation mptso. In
the following, we assume that ig = 0.

For each j : 0 < j < n, we associate a mapping function index; : P — {0,...,k}*
that associates for each process p € P and each message at the position £ : 1 < ¢ <
[buffers (c;) (p) | in the load buffer buffers (¢;) (p) the index index;(p)(¢), i.e., the index of
the last write or atomic write-read operations at the moment this message has been added
to the load buffer. Formally, we define index; as follows:

(1) indexg(p) := € for all p € P.
(2) Consider j such that 0 < j < n. Recall that ¢; tjim-rso cj+1 with t;41 € A, U A;,. We

define index; ;1 based on index;:
e Nop, read, fence, arw: If ¢;;; is of the following forms (g, nop,q’), (¢,r(z,v),q’),

(q,fence,q’), or (q,arw(z,v,v’),q), then index;;1 := index;.
e Write: If ¢ is of the form (¢, w(x,v),q’), then index;;1 := index; [p <= r - index; (p)]
with i, = 5+ 1.

e Propagate: If ¢;, is of the form propagate;, then index; 1 := index; [p <= r - index;(p)]
where r : 0 < r < k is the maximal index such that ¢, < j 4+ 1.
e Delete: If t; is of the form delete,,, then index; := index;j;1 [p <= index;;1(p) - r] with
r = index;(p)(]index;(p)|).
Next, we associate for each process p € P and j : 0 < j < n, the memory view view)(c;)
of the process p in the configuration c; as follows:
(1) If buffers (c;j) (p) = €, then viewy(c;) := r where r : 0 < r < k is the maximal index
such that i, < j.
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(2) If buffers (c;) (p) # €, then view,(c;) := index;(p)(|index;(p)|)-

Example A.1. We give an example of how to calculate the functions index and view for
a DTSO-computation. Let consider the following DTSO-computation

t1 to t3 ta ts
TDTSO = €0 —DTSO €1 —?DTSO €2 —DTSO €3 —DTSO €4 —DTSO C5

containing only transitions of a process p with two variables z and y where ¢; = (q;, b;, mem,;)
for all 7: 0 <7 <n =5 such that:

a0(p) = qo, bo(p) = ¢, memy(z) = 0,memg(y) =0, ¢ = (qo,w(z,1),q1),
ai1(p) = ¢, bi(p) = (z,1,0WN), mem;(z) = 1, mem;(y) =0, to= propagateg,
q2(p) = q1, ba(p) = (y,0): (z,1,0WN), memy(z) =1 memy(y) =0, t3= delete,,

as(p) = q1, bs(p) = (y,0), mems(z) = 1, mems(y) =0, t4=(q1,r(y,0),q2),
a4(p) = q2, ba(p) = (y,0), memy(z) = 1,memy(y) =0, t5 = delete,,

as(p) = g2, bs(p) =¢, mem;(z) = 1, mems(y) = 0.

We note that n = 5 and mpTsp contains only transitions of the process p. We also note
that k = 1 and 47 = 1 is the index of the only write transition #; occurring in the computation
mpTso. Following the above definitions of index and view, we define the functions index
and view as follows:

(1) For each j : 0 < j <n =5, we define the mapping function index;(p):

indexo(p) = €, index;(p) =1, indexa(p) = 1.1,
indexs(p) =1, index4(p) =1, indexs(p) = e.
(2) For each j: 0 < j <n =25, we define the memory view viewy(c;):
view,(cp) = 0, view,(c1) = 1, view)(c2) = 1,
view)(c3) =1, view,(cq) = 1, view)(cs) = 1. A

Now, let < be an arbitrary total order on the set of processes and let p,,;n and Pmas
be the smallest and largest elements of < respectively. For p # ppas, we define suce(p) to
be the successor of p wrt. <, i.e., p < succ(p) and there is no p’ with p < p’ < succ(p). We
define prev(p) for p # pmin analogously.

The computation m1so will consist of k + 1 phases (henceforth referred to as the phases
0,1,2,...,k). In fact, mrso will have the same sequence of memory updates as mTptso. At
the phase r, the computation 7150 simulates the movements of the processes where their
memory view index is r. The order in which the processes are simulated during phase r
is defined by the ordering <. First, process pm, will perform a sequence of transitions.
This sequence is derived from the sequence of transitions it performs in mptsg where its
memory view index is r, including “no”, write, read, fence transitions. Then, the next
process performs its transitions. This continues until p,,q, has made all its transitions. When
all processes have performed their transitions in phase r, we execute exactly one update
transition (possibly with a write transition) or one atomic read-write transition in order to
move to phase » + 1. We start the phase r + 1 by letting p..;, execute its transitions, and so
on.

Formally, we define a scheduling function a(r,p,f) that gives for each r : 0 < r < k,
p € P, and £ > 1 a natural number j : 0 < 7 < n such that process p executes the transition
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t; as its (" transition during phase r. The scheduling function « is defined as follows where

r:0<r<k,pelP,and £ > 0:

(1) afr,p,¢ + 1) is defined to be the smallest j such that a(r,p,¢) < j, t; € A, and
view,(c;) = r. Intuitively, the (¢ + 1) transition of process p during phase r is defined
by the next transition from (., that belongs to A,. Notice that a(r,p,f+1) is
defined only for finitely many £.

(2) If {j | viewp(cj) =1} # 0, we define a(r, p,0) := min{j | view,(c;) = r}. Otherwise, we
define a(r, p,0) := a(r — 1,p,#(r — 1,p)) where

#(r,p) := maz{l| ¢ > 0,a(r,p,{) is defined}.

Intuitively, phase r starts for process p at the point where its memory view index
becomes equal to 7. Notice that a(0,p,0) = 0 for all p € P since all processes are initially
in phase 0.

Example A.2. In the following, we show how to calculate the scheduling function «(r, p,¢)
and f(r,p) where r : 0 <r <k, p € P, and ¢ > 0 for the DTSO-computation mptso given in
Example A.1. We recall that £k = 1, n = 5 and the definitions of the two functions index
and view are given in Example A.1. We also recall that mptso contains only transitions of
the process p. The constructed TSO-computation mrsg from mptso will consist of k +1 = 2
phases, referred as the phase 0 and the phase 1. In order to define the transitions of the
process p in different phases, for each r: 0 <r < k =1 and £ > 0, the scheduling function
a(r,p,£) and §(r, p) is defined as follows:

a(O,p, 0) = 07 a(l,p, 0) = 17 a(l,p, 1) = 47

In order to define mrsp, we first define the set of configurations that will appear in
mrso- In more detail, for each 7 : 0 < r < k,p € P, and £ : 0 < ¢ < #(r,p), we define a
TSO-configuration d,, ¢ based on the DTSO-configurations that are appearing in mpTs0.
We will define d,. ), , by defining its local states, buffer contents, and memory state.

(1) We define the local states of the processes as follows:

o states (dyp ) (p) := states (Co(rpp) (p). After process p has performed its 0™ tran-
sition during phase r, its local state is identical to its local state in the corresponding
DTSO-configuration ¢,y p.¢)-

e If p’ < p then states (d,,¢) (p') := states (Ca(r,p',u(r,p'))) (p), i.e. the state of p’ will
not change while p is making its moves. This state is given by the local state of p’
after it made its last move during phase 7.

e If p < p then states (d, /) (p/) := states (Ca(r,p/,o)) (p'), i.e. the local state of p’ will
not change while p is making its moves. This state is given by the local state of p’
when it entered phase r (before it has made any moves during phase ).

(2) To define the buffer contents, we give more definitions. For a DTSO-message a of the form
(z,v), we define DTS02TSO (a) to be e. For a DTSO-message a of the form (z,v, OWN),
we define DTS02TS0 (a) to be (z,v). From that, we define DTS02TSO (¢) = € and
DTS02TS0 (ayas - - - a,) := DTSO2TSO (ay) - DTSO2TSO (as) - - - DTS02TSO (ay,), i.c., we con-
catenate the results of applying the operation individually on each a; with 1 <7 < n. We
define DTS02TS0 (w) for a word w € (X x V) U (X x V x {owN}))" as follows: If |w| =
0 then DTS02TS0. (w) := ¢, else DTS02TS04 (w) := DTS02TSO (w(1)w(2) - - - w(|w| — 1)).
In the following, we give the definition of the buffer contents of d,
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e buffers (d,, () (p) := DTSO2TS04 (buffers (ca(,.’M)) (p)) After process p has per-
formed its ¢" transition during phase r, the content of its buffer is defined by
considering the buffer of the corresponding DTSO-configuration c, ;¢ and only
messages belong to p (i.e., of the form (x,v, OWN)).

e If p < p then buffers (d, ) (p) := buffers (co(rp 4(rp))) (P)- In a similar manner
to the case of states, if p’ < p then the buffer of p’ will not change while p is making
its moves.

o If p < p then buffers (d, ) (p) := buffers (Ca(ryp0)) (P)- In a similar manner to
the case of states, if p < p’ then the buffer of p’ will not be changed while p is making
its moves.

(3) We define the memory state as follows:

e mem (d, ) :=mem(c;, ). This definition is consistent with the fact that all processes
have identical views of the memory when they are in the same phase r. This view is
defined by the memory component of ¢;,..

Example A.3. In the following, we give the configurations d,,, forallr: 0 <r <k, p € P,
and ¢ : 0 < ¢ < §(r,p) that will appear in the constructed TSO-computation wrsp from
mpTso given in Example A.1. We call that k = 1, n = 5, and mpTso contains only transitions
of the process p. We also recall that the scheduling function a(r,p,¥) and f(r, p) are given
in Example A.2.

Foreachr:0<r <k=1and ¢:0 </ <4{(r,p), we define the TSO-configurations
drpe = (Arp,e, brpe, mem,, ) based on the DTSO-configurations that are appearing in
mpTso as follows:

dopo : q0,p,0(P) = qo, bopo(p) = e, memy 5, o(z) = 0, memy ,o(y) =0,
dipo:  dipo@) =q, bipolp)=¢  memiyo(r) =1,memyo(y) =0,
dyp: q1,p,0(p) = q2, bi,1(p) =€, mem; ;1 (z) = 1,mem; p(y) = 0.
Finally, we construct the TSO-computation
t t t
7150 = do.p0 =150 400 —>T50 d1p0 —>T50 d1p1
where
d67p70 = (qé),p,O’ b6,p70’ mem67p70) )
tll = (qu W(ZL’, 1)7 QI) ’
ty = update,,
tg = (q17 r(y7 0)7 QQ) ;
and:
d6,p,0 : q6,p,0(p) =41, b{),p,O(p) = (‘7:7 1)7 memf),p,o(l’) =0, mem6,p,0(y) =0.

Since there is only one update transition in both two computations mptso and 7rsgo, it
is easy to see that mrso has the same sequence of memory updates as mptso. It is also
easy to see that dopo = cinit and dypg ) = dip1 = (states(c;),b,mem(c5)) where
b(p) = buffers (c5) (p) = €. Therefore, T150 is a witness of the construction. A

The following lemma shows the existence of a TSO-computation mrso that starts from
the initial TSO-configuration and whose target has the same local state definitions as the
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target ¢, of the DTSO-computation mptso. This concludes the proof of the if direction of
Theorem 3.4.

Lemma A.4. dj
more, dg

Prin ;0 110, 150 A s i (kypmas) JOT s0me TSO-computation wrso. Further-
o0 1s the initial TSO-configuration and

dy,
where buffers (p) = buffers (c,) (p) =€ for all p € P.

yPmin

apmaz’ﬂ(k:pmaz) = (States (Cn) 7b7 mem (Cn))

Proof. Lemmas A.8-A.11 show that the existence of the computation 7150. Lemma A.13
and Lemma A.12 show the conditions on the initial and target configurations. []

First, we start by establishing Lemma A.5, Lemma A.6, and Lemma A.7 that we will
use later.

Lemma A.5. For every j: 0 < j <n and process p € P, the following properties hold:

(1) [index; ()| = [butters (c;) (p)].

(2) For every 1,0y : 1 < {1 < £y < |index;(p)|, index;(p)(¢2) < index;(p)(¢1) < j.

(3) For every £1,0y : 1 < {1 < £y < |index;(p)| such that buffers (c;) (p) ({1) is of the form
(x,v,0WN), index;(p)(¢2) < index;(p)(f1).

(4) For every £ : 1 < ¢ < |buffers(c;) (p)|, if r = index;(p)(¢) and buffers (c;) (p) (¢) is
of the form (x,v,0WN), then t; € A, and it is of the form (q,w(z,v),q’).

(5) For every £ :1 < ¢ < |buffers(c;) (p)|, if r = index;(p)(¢) and buffers (c;) (p) (¢) is
of the form (z,v), then mem (¢;,) (x) = v.

(6) For every ri,rg : 0 < 1rp < ro < k such that 1 = MIN{index;(p)(¢)|£ : 1 < ¢
lindex;(p)|}, tr, € Ap, and ty, is of the form (g, w(x,v),q’), then there is an index € : 1
¢ < lindex;(c;)(p)| such that index;(p)(¢) = ro and buffers (c;) (p) ({) = (z,v, OWN).

<
<

Proof. The lemma holds following an immediate consequence of the definition of index;. []

Lemma A.6. For every process p € P and index j : 0 < j < n, viewp(c;) < view,(cjt1).
Furthermore, iyiew,(c;) < J and lyiew,(c;4,) < J + 1.

Proof. The lemma holds following an immediate consequence of the definitions of view, and
index;. []

Lemma A.7. For every natural number j such that a(r,p,l) < j < a(r,p,f +1) — 1,
DTS02TSO0 (buffers (c;) (p)) = DTS02TSO, (buffers (cj+1) (p)).

Proof. The proof is done by contradiction. Let us assume that there is some j : a(r, p, ) <
j<a(r,p,£+ 1) —1 such that

DTS02TSO04 (buffers (c;) (p)) # DTS02TSO, (buffers (cj4+1) (p)) -

Observe that the only three operations that can change the content of the load buffer
of the process p are write, delete and propagation operations. Since t; ¢ A, (and so
no write operation has been performed) and propagation will append messages of the
form (x,v), this implies that t; is a delete transition of the process p (i.e., t; = delete,).
Now, the only case when DTS02TSO0. (buffers (c;) (p)) # DTS02TS04 (buffers (cjy1) (p)) is
where buffers (¢;) (p) is of the form w - (y,v’, OWN) - m with m € {(z,v), (z,v,0WN) |z €
X,v € V}. This implies that buffers (cj4+1) (p) = w - (y,v',0WN). Now we can use the
third case of Lemma A.5 to prove that view,(cj;1) > viewp(c;). This contradicts the
fact that view,(cj11) < viewy(co(rpet1)) (see Lemma A.6) since we have viewp(cq(rpo)) =
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viewy, (Co(rpe+1)) = 7 (by definition), view,(c;) > viewp(co(rpe)) (see Lemma A.6) and
view,(cj1) > viewy(c;). []

Now we can start proving the existence of the computation m1so by showing that we
can move from the configuration dy.p ¢ to dyp¢11 using the transition ¢q (.5 r41)-

ta(r,p,£+1)

Lemma A.8. If ¢ < {(r,p) then d, ¢ TS0 drp41-

Proof. We recall that ¢y ¢41) € Ap by definition. Therefore, ¢ (.5 ¢41) 1S DOt a propagation
transition nor a delete transition. Furthermore, suppose that ¢, ., ¢y1) is an atomic read-
write transition. It leads to the fact that view,(ca(rpe41)) > Viewp(Co(rp,r)), contradicting
to the assumption that we are in phase r. Hence, t4(.p ¢41) 18 not an atomic read-write
transition.
Let to(rpet1) € Ap be of the form (g, op,q’). To prove the lemma, we will prove the

following properties:
(1) states (d o Tpg)) (p) = q and states (d,p¢11) = states (da(r,p@) [p < ¢],
(2) states (drpe41) (p') = states (drp¢) (p') for p’ # p,
(3) buffers (drpei1) (i) = butfers (dnye) (¢) for o/ # p,
() men(thy) = oo (1)) mom ).

transition t, (., ¢11). In means that with the propertles (1)- ( ), the property (5) allows

a(r p,l+1)
that duyp T2 160 i,

We prove the property (1). We see from definition of « that t; ¢ A, for all j :
a(r,p,l) < j < afr,p,l +1). It follows that states(c;)(p) = states (ca(rap@) (p) for
all 7 : a(r,p,l) < j < a(r,p,f + 1). In particular, we have states (ca(r,neﬂ),l) (p) =

to(r,p,l+1)
states (ca(r,p@) (p). Then, from the fact that c,(.po41)—1 DTSO Ca(rp,e+1) and
the definitions of d,. 5, o and d,.;, o1 1, we know that states (d, ,¢) (p) = states (Ca(,,.’p’g)) (p) =

states (Ca(r,p,£+1)—1) (p) = q. It follows that

states (d,p¢+1) (p) = states (Ca(r,p,e+1)) (p) =4
This concludes the property (1).
We prove the property (2). We see from the definitions of dy(rp ) and do(rp 1)
that if p’ < p then states (d,pe41) (P) = states (coprp aeyp))) (P)) = states (drpe) ().
Moreover, we have if p < p’ then

states (dype41) () = states (Cary0) (p') = states (drpy) (¢) -
This concludes the property (2).

We prove the properties (3) and (4). In a similar manner to the case of states, we
can show the property (3). By the definitions of dy ;¢ and dq (. pe41) and the fact that
¢ < l+1< 4(r,p), we have mem (d,p¢) = mem(c;.) = mem(dype41). This concludes the
property (4).

Now, it remains to prove the property (5). We consider the cases where op is a write or
a read operation. The other cases can be treated in a similar way.

e op = w(x,v): We see from Lemma A.7 that for all: j: a(r,p,f) < j < a(r,p,{+ 1)

DTS02TS0; (buffers (Co(rpp) (P)) = DTSO2TSO, (buffers (c;) (p))
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In particular, we have
DTS02TS0, (buffers (Co(rpyr)) (p)) = DTSO2TSO,. (buffers (Co(rpoi1)-1) (1))

. ta(r,p,t+1)
Then, since co(rpei1)-1 ————

DTSO Ca(rpt+1); W€ have buffers (Ca(r,p,€+1)) (p) =
(z,v,0WN) - buffers (Co(rpet1)-1) (P)-

We will show that buffers (ca(r,neﬂ),l) (p) # € by contradiction. Let us suppose
that buffers (ca(np,ul),l) (p) = e. By definition, we have view,(cq(rp41)) = ' such
that i,» = a(r,p,f + 1). Furthermore, by applying Lemma A.6 to Ca(ryp,0), We know that
ir < a(r,p,?). Then, since a(r,p,l) < a(r,p,f + 1) by definition, we have i, < i,.
This contradicts to the fact that view,(ca(rp41)) = r by definition. Therefore, we have
buffers (Ca(r7pvg+1),1) (p) # e.

As a consequence of the fact that buffers (ca(np’g_,_l)_l) (p) # €, we know that

DTS02TS0,. (buffers (co(rpet1)) (P)) = (2,v) - DTS02TSO,. (buffers (co(rpe)—1) (P))
Then, since
DTS02TS0, (buffers (Co(rpyr)) (p)) = DTSO2TS0, (buffers (Co(rpor1)-1) (P))

it follows that buffers(d,,s+1) = (x,v) - buffers(d,, ). Hence this implies that

ta(r,p,e+1)
dr,p,i —TSO dr,p,tz+1-

op = r(xz,v): We see from Lemma A.7 that for all j : a(r,p,¢) < j < a(r,p,{+1)
DTS02TS0, (buffers (Co(rpr) (p)) = DTSO2TSO, (buffers (c;) (p))
In particular, we have

DTS02TS0,. (buffers (co(rpe)) (P)) = DTS02TSO, (buffers (co(rpet1)-1) (1))

Then, since cy(rpe41)—-1 ———DTSO Ca(rpi+1)> We have buffers (ca(r7p75+1)) (p) =
buffers (co(rpe+1)-1) (). Therefore, buffers (dyp41) (p) = buffers(d.p¢) (p). We
consider two cases about the type of the operation op:

— Read own write: We see that there is an i : 1 < ¢ < |buffers (ca(r,pxﬂ),l) (p) | such

that buffers (ca(T,p’g+1)_1) (p) (1) = (z,v,0WN), and that there areno j : 1 < j < 7 and
v' € V such that buffers (co(rpe+1)-1) (P) (j) = (x,v',0WN). As a consequence, this
implies that there is an ¢’ : 1 <4 < |DTS02TS0. (buffers (Ca(ryp’g+1),1) (p)) | such that
DTS02TSO0,. (buffers (ca(r,p’gﬂ)_l) (p) (7)) = (x,v) and there are no j/ : 1 < j/ < i
and v € V such that DTS02TS0 (buffers (co(rpe+1)-1) (P) (j)) = (x,v'). From the
fact that

buffers (d,pe41) (p) = buffers (d,p¢) (p) = DTS02TSO04 (buffers (co(rprt1)-1)) -

ta(1',p,2+1)
we have dy ¢ 2D c0 dr g,

— Read memory: We consider two cases:
> buffers (ca(,n’pyul),l) (p) (i) = (z,v,0WN) where i = |[buffers (ca(r,pjﬂ),l) (p) |
and there are no j : 1 < j < i and v’ € V such that buffers (Ca(r,p,£+1)—1) (p)(y) =
(z,v", 0WN): Since viewp(Cq(rp4+1)—1) = 7, this implies from Lemma A.5 that ;. €
A, and it is of the form (¢, w(z,v),q"). Hence, we see that mem(¢;,) () = v and
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t(! T
thus mem (d, p¢) () = mem (dyp ¢+1) () = v. Therefore, we have d,, ¢ e o

drp,e+1-

> (z,v',0WN) & buffers (ca(np’g_,_l)_l) (p) for all ' € V: Thus buffers (ca(r’pl_,_l)_l)
is of the form w - (z,v). Since view,(cq(yp,e4+1)-1) = 7, this implies from Lemma A.5
that mem (¢;,) (x) = v and thus mem (d, ,¢) () = mem (d, p ¢4+1) () = v. Therefore, we

ta(7',p,€+1)
have dr,p,ﬂ ——TSO dr,p,f+1'

This concludes the proof of Lemma A.8. []

Lemma A.9. If p < ppas then dr,p,ﬁ(r,p) = dr,succ(p),l)'

Proof. To prove the lemma, we will prove the following properties:

(1) states (d,pp(rp)) (/) = states (d, syec(p)0) (') for all p’ € P,

(2) buffers (dr,p,ﬁ(T,p)) (p') = buffers (dmucc(p)’o) (p') for all p’ € P,

(3) mem (drpgrp)) = mem (dr suce(p) 0)-

We prove the property (1) by considering four cases:

e p' = p: From the definitions of d, scc(p)¢ and d, p 4(r ), We have states (dn succ(p),e) (p) =
states (d,ps(rp)) (p) for all £ : 0 < € < f(r,succ(p)). In particular, we see that
states (dr,succ(p),o) (p) = states (dr,p,ﬁ(r,p)) (p).

e p' = succ(p): From the definitions of d, ;¢ and d,. succ(p)0, States (drpe) (suce(p)) =
states (dr,succ(p),o) (succ (p)) for all £ : 0 < £ < f(r,p). In particular, we see that
states (d,,’p’ﬁ(r,p)) (succ (p)) = states (dT,succ(p)70) (succ (p)). It follows from p’ = suce (p)
that states (d,p4(p)) () = states (d; suce(p)0) ()

e p' < p < succ(p): From the definitions of d, syce(p)e and dyp 4(rpry, We know that
states (d; sycc(p)e) (/) = states (d,.p 4rpr)) (') for all £:0 < € <4 (r, suce (p)). In par-
ticular, we see that states (dr,succ(p),o) (p') = states (d,,yp/,ﬁ(,,’p/)) (p). Also, by a similar
argument, we have states (dy () (p') = states (d,.,y 4(rp)) (') for all £: 0 < £ < (r,p).
In particular, we see that states (dr,pm(np)) (p') = states (dhp’,ﬂ(hp’)) (p'). Hence, we
have states (d; succ(p),0) (0) = states (dypp(rp)) (7).

e p < succ(p) < p': From the definitions of d, syce(p)r and dy, o, we can see that
states (d, syec(p)¢) (P) = states (dny o) (p) for all £ : 0 < £ < §(r,p). In particu-
lar, we see that states (d,.,succ(pw) (p') = states (dp ) (p/). Also, by a similar argu-
ment, we have states (d, ;) (p/) = states (dy ) (p/) forall £: 0 < ¢ < #(r,p). In
particular, we see that states (dnp’ﬂ(,q,p)) (p') = states (d,p ) (p'). Hence, we have
states (d; succ(p),0) (P) = states (dypp(rp)) ().

We prove the properties (2) and (3). By a similar manner to the case of states,
we can show the property (2). Finally, to show the property (3), by the definition of
dy.ph(rp)s it follows that mem (dnp,ﬁ(r,p)) =mem (¢;,). Also, by a similar argument, we have

mem (dr,succ(p),o) = mem (¢;,. ). Hence, we have mem (dr,p,ﬁ(r,p)) = mem (dmucc(pm).
This concludes the proof of Lemma A.9. []

Lemma A.10. Ifr < k and t;, ., € Apu such that t; ., is of the form (q,arw(z,v,v"),¢),
tir
then d7‘7pmawvﬁ(7"7pmaw) —+1>TSO errl,pmm,O'

Proof. To prove the lemma, we will prove the following properties:
(1) states (drp,.. 4(rpme)) (P) = states (dry1p,,..0) (p) for all p # p*,
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(2) buffers (d,p, .. t(rpmae)) (P) = buffers (dry1p,.,..0) (p) for all p # p*,

(3) states ( v pmas £ (rpmas ) ) (p*) = ¢, and states (dy11,p,,,0) (P") = ¢,

(4) butfers (d,p, .. 4(rpma)) P*) = buffers (drt1,ppin,0) (P*) =€,

(5) mem (dy.p,,, (rpmar)) () = v and mem (dy11,p,,,,,0) () = v'.

We show the property (1). Let p € P\ {p"}. From the definition of d,.,, . ¢ pu
drpi(rp)s SE2LES (drpys (rpmas)) () = states (drpuip) (0) = states (Cagrpprp)) (P)
and states (dy41,,,,0) (p) = states (dry1p0) (p) = states (Cari10)) (p). From the
definition of «, it follows that t; ¢ A, for all j : a(r,p,§(r,p)) < j < a(r +1,p,0). This
implies that states (Ca(rJrl,p,O)fl) (p) = states (Ca(r,p,ﬁ(r,p))) (p). Now we have two cases:
o {j|viewy(cj) =r+1} = 0: We see that o(r + 1,p,0) = a(r,p,4(r,p)), and hence that

states (dyp, . 4(rpmas)) (P) = states (drt1p,..,0) (P)-

o {j|viewp(cj) =+ 1} # 0: Since viewp(Cq(r41,p,0)—1) = 7, We can show that to41p,0) &
Ap. This is done by contradiction as follows. In fact if ¢, 41,,0) € Ap, then it is either a
write transition or an atomic read-write transition. This implies that in both cases that
buffers (ca(r+17p,0),1) (p) = € and that view,(cq(r41,p,0)) = @(r +1,p,0). Hence, we have
a(r+1,p,0) =7+ 1, and this leads to a contradiction since ¢; , € A,u. Thus, we have
states (dr,pmm,ﬁ(r,pmw)) (p) = states (dr+1,pmm,0) (p)

In a similar manner to the case of states, we can show the property (2). Now we
show the properties (3) and (4). Using a similar reasoning as for the process p, we
know that states (Ca(r+]_7pu70),l) (p*) = states (c a(r’pu7ﬁ(r7pu))) (p*). From the definition

. +1,p%,0 .
of mpTs0, it follows that cu(ri1pe,0)-1 %DTSO Ca(r41,pu,0)- Furthermore, since

viewp( Ca(r1pv,0)) = 7+ 1 and viewy(co(ri1pv,0-1) < 7+ 1, we know that o1 pu0) =
This implies that buffers (c a(r+17pu70),1) (p") = buffers (Ca(r+1’pu70)) (p*) = € and

) and

t; 1t
states (CQ(TH’pu’O),l) (p") = q and states (CQ(THJMO)) (p*) = ¢'. Now since

DTS02TS0, (buffers (Co(rpup(rpuy)) (P")) = DTS02TSO, (buffers (Co(ri1pm0)-1) ("))

we see that

buffers (dr,pmaz,ﬁ("',pmaz)) (pu) = buffers (dr+17pmin70) (pu) =€
and that states (d

7,Pmaz §(T,Pmaz
the properties (3) and (4).

We show the property (5). From the definition of mprso, it follows that mem (c;,,,) =
men (¢;.) [ < v'] with mem (¢;,.) () = v. Then from the definitions of d and
dr1,pmin,0, We have the property (5).

This concludes the proof of Lemma A.10. L]

) (0*) = q and states (dr41,p,,,,0) (p*) = ¢'. This concludes

T\Pmaz )ﬁ("':pmam )

Lemma A.11. Ifr <k and t; , € Apu such that t; , is of the form (¢, w(z,v),q’), then
drvpmazaﬁ(npmaz) ;TSO d7’+17pmm,0'

Proof. To prove the lemma, we will prove the following properties:

(1) states (drp,.. 4(rpma)) (P) = states (dry1p,,,.0) (p) for all p # p*,

(2) buffers (dr,pmax,ﬁ(r,pmaz)) (p) = buffers (dy41p,,,,0) (p) for all p # p*,
(3) The contents of buffers states (d,p, .. 4(rpma)) (P*) and states (dri1p,,,,0) (p*) are

compatible, i.e. with the properties (1)-(2), the property (3) allows d, ;... ¢(rpmas) 5150
dr+1 yPmin 70 °
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We show the property (1). Let p € P\ {p"}. From the definitions of d,;, .. 4(rpmas

drpp(rp)s SPES (i trpmar)) (P) = states (drpyiry)) (p) = states (Cappiirp)) (P)

and that states (dy11p,,,,0) (p) = states (dry1,0) (p) = states (co(11,0)) (p). From

the definition of «, it follows that t; & A, for all j : a(r,p, 4 (r,p)) < j < a(r +1,p,0). This
implies that states (ca(r+17p70)_1) (p) = states (Ca(r,p,ﬁ(np))) (p). Now we have two cases:

o {j|viewy(cj) =r+1} = 0: We see that o(r + 1,p,0) = a(r,p,4(r,p)), and hence that
states (dyp, . 4(rpmae)) (P) = states (dri1p,..,0) (p)-

o {j|viewy(c;) = r+ 1} # 0: Since viewy,(Ca(r41,p,0)-1) = 7, We can show that to,41,.0) &
Ap . This is done by contradiction as follows. In fact if Zy(,41,p,0) € Ap, then it is either a
write transition or an atomic read-write transition. This implies that in both cases that
buffers (Ca(r+17p,0)—1) (p) = € and that viewy(cq(r41,p,0)) = @(r +1,p,0). Hence, we have
a(r+1,p,0) = r + 1, and this leads to a contradiction since ¢; , € A,u. Thus, we have
states (dyp, . #(rpmas)) (P) = states (dri1p,..,0) (p)-

In a similar manner to the case of states, we can show the property (2). Now we
show the property (3). Using a similar reasoning as for the process p, we know that
states (COC(T,_;’_l,pu,O)_l) (p*) = states (c a(npu,ﬁ(npu))) (p*). From the definition of mpTs0,

) and

it follows that cq(r41,5u,0)-1 M>DT30 Ca(r4+1,pv,0)- Furthermore, from the fact that

viewy, (Co(r41,p,0)) = 7+ 1 and viewp(cqo(r41,pu,0—1) < 7+ 1, we have two cases to consider:

e buffers (Ca(r+17pu70)71) (p*) = e It follows from the conditions for view,(cq(y41pu 0)) and

viewy, (Co(r41,pu,0)-1) that toi1puy = ti,,,, buffers (Ca(r+1 v, ))( “) = (x,v, OWN),
and that states (Ca(r41,,0)-1) (p“) = ¢ and states (Ca(r41,m,0) (P*) = ¢'. From
DTS02TS0,. (buffers (Co(rpu g(rpuy)) (P*)) = DTSO2TSO, (buffers (co(i1pm0)-1) ("))

we have buffers (drpmz,ﬁ(r’pmaz)) (p = buffers (dy41p,.,,0) (p*) = €. Moreover, we

)
have states (d,p,. . t(rpme)) (P*) = ¢, and states (dry1p,,,0) (p*) = ¢’- Then, it is
)

tl'r 1
casy to see that mem (¢;,,,) = mem (¢;,) [z <= v]. Hence, we have d,.p, 40 150
, update,u . /
d' ——5750 dr+1,p,,0 for some configuration d'.

e buffers (Ca(r+17pu70),1) (p") # e It follows from the conditions for view,(cq(y41,pu 0)) and
viewp(ca(HLpu’O),l) that tq(11,u,0) is a delete transition of the process p“. As a conse-
quence, buffers (Ca(r_‘_l’pu’o)_l) (p") = w-(z,v,OWN)-m and buffers (Ca(r_j’_l’pu’o)) (") =
w - (x,v,0WN). Hence, we see that

DTS02TS0,. (buffers (Co(r41,pm,0)) (P*)) = DTS02TSO4 (buffers (co(ri1pm0)—-1) (P"))- (2, 0)

and therefore buffers (dy41,,,,,0) (p*) = buffers (d.,. .. t(rpma)) (P*) (z,v). Further-
more, we have states( Ca(r+1,p%,0 ) (p") = states (Ca(r+17pu70)_1) (p*) and this implies

that states (d,p, .. #(rpma)) (P*) = states (dry1,p,,.,,0) (P*). Then, it is easy to see that

update,u
men (¢;,,,) =mem(c;, ) [z <= v]. Hence, we have Ay pras H(Fspomas) — 150 r 41 pyin 0-

This concludes the proof of Lemma A.11. []

The following lemma shows that the TSO-computation m1go starts from the initial
TSO-configuration.

Lemma A.12. dyy,,,.0 s the initial TSO-configuration.
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Proof. Let us take any p € P. By the definitions of dy p, ... 0, do.p.0, and (0, p,0), it follows
that states (dop,,,.0) (p) = states (dop0) (p) = states (ca(0p,0)) (p) = states (co) (p)
Qinit- Also, buffers (dop,..0) (p) = buffers (doypo) (p) = DTS02TSO4 (buffers (co) (p)) =
e. Finally, we have mem (doy,,,,.0) = mem(c;,) = mem (cp). The result follows immediately for
the definition of the initial TSO-configuration. This concludes the proof of Lemma A.12.[]

The following lemma shows that the target of the TSO-computation m1go has the same
local process states as the target ¢, of the DTSO-computation mpTso.

Lemma A.13. states (dk,pmz,ﬁ(k,pmm)) = states (¢,).

Proof. Let us take any p € P. By the definitions of dy p, .. t(k.pmes) @0 i p (k. p)» it follows

that states (dyp,... s(kpu.)) (P) = states (dipskp) () = states (cagrpsrgp)) (). By
definition of a(k,p,t(k,p)), we know that t; &€ A, for all j : a(k,p,t(k,p) < j < n.
Therefore, we have states(c¢j) (p) = states(cy)(p) for all j : a(k,p,t(k,p) < j <
n. In particular, we have states (co(kpt(kp)) (P) = states(c,)(p). Hence, we have

states (g p,... 4(rpmes)) (P) = States (¢,) (p). This concludes the proof of Lemma A.13.[]

A.2. From TSO to Dual TSO. We show the only if direction of Theorem 3.4. Consider
a TSO-computation

11 to th—1 t
TTSO = €0 —TSO €1 —TSO €2 *** ——TSO Cn—1 —>TSO Cn-

where ¢y = ¢yt and ¢; is of the form (q;, b;, mem,) for all i : 1 <4 < n with g, = Qrarger- In
the following, we will derive a DTSO-computation mpTtso such that states (target (mptso)) =
states (¢, ), i.e. the runs mrso and mpTso reach the same set of local states at the end of
the runs.

Similar to the previous case, we will first define some functions that we will use in the
construction of the computation mptso. Then, we define a sequence of DTSO-configurations
that appear in mptso. Finally, we show that the DTSO-computation mptso exists. In
particular, the target configuration target (mptso) has the same local states as the target ¢,
of the TSO-computation 7mrsg.

For every p € P, let Ay*™ C A, (resp. Apy®™ C A, U {update,}) be the set of write
(resp. update) and atomic read-write transitions that can be performed by process p. Let
AJ, be the set of read transitions that can be performed by p.

Let I =iy ...14,, be the maximal sequence of indices such that 1 < i1 <is < - - <ip <n
and for every j : 1 < j < m, we have ¢;; is an update transition or an atomic read-write
transition (i.e., t;; € Upep Ap™" ). In the following, we assume that ig = 0. Let I, be the
maximal subsequence of I such that all transitions with indices in I, belong to process p.

Let I’ = ¢} ...4], be the maximal sequence of indices such that 1 <} < i}, <--- <l <
n and for every j : 1 < j < m, we have ti} is a write transition or an atomic read-write

transition (i.e., ty € Uycp Ap"™™). Let I, be the maximal subsequence of I” such that all
J

transitions with indices in I}, belong to process p. Observe that |I,| = |I].

For every j : 1 < j < m, let proc(j) be the process that has the update or atomic
read-write transition ¢;; where i; € I. We define match (i;) to be the index of the write (resp.
atomic read-write) transition tnaten(i;) that corresponds to the update (resp. atomic read-
write) transition ;. Formally, match (i;):=[ where 3k : 1 < k < ||, [, (k) = ij, 1(k) =1
and 1 <1 < n. Observe that if ¢;; is an atomic read-write operation, then match (i;) = i;.
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Example A.14. We give an example of how to calculate the function match for a T'SO-
computation. Let us consider the following TSO-computation
t1 to t3
TTSO = Co —?TSO €1 —>TSO €2 —*TSO €3

containing only transitions of a process p with two variables = and y where ¢; = (q;, b;, mem,;)
for all 7: 0 <7 <n = 3 such that:

d0(p) = q, bo(p) =¢, (z)

ai(p) =q, bi(p)=(z,1), mem;(z)=0, mem;

a(p) =q, ba(p) =c¢, (z)

as(p) = a2, bs(p) =c¢, mem;3(z) = 1, mem;

Following the above definitions of I and I’, I = i; = 2 (hence, m = 1) is the maximal
sequence of indices of all update or atomic read-write transitions in mrsg. In a similar way,
I' =4} =1 is the maximal sequence of indices of all write or atomic read-write transitions
in mrso. We note that ¢;, = t2 is an update transition, and t;, = t1 is a write transition.

) tl - (QO7W(«T71)7(]1)7
,  ta = update,,

) t3 == ((Jh r(y70)7 QZ) )

1
Since the TSO-computation contains only transition of the process p, it follows that I = I,
and I' = I. Following the above definition of match, with m = 1 and n = 3, we have
match (i) = match (2) = 1. A

For every j : 1 < j < n such that ¢{; € A} is a read transition of process p, we
define fromMem(t;) as a predicate such that fromMem(¢;) holds if and only if (z,v) ¢
buffers (¢j_;) for all v’ € V.

For every j:1 < j <n and p € P, we define the function label,(j) as follows:
(1) label,(j) := (=, v) if t; € A} is of the form (g,r(z,v),q") and fromMem(t;) holds.
(2) labely(j) := (z,v,0WN) if t; = update, and match (j) = [ with ¢; of the form (¢, w(z,v), ¢').
(3) labely(j) := € otherwise.
Given a sequence f1---f, with k > 1 and 1 < /¢, < nforalli:1 <14 <k, we define
label, (¢1 - - £) = labely(¢1) - - - label, (k1) - label,(¢x). Let label ™ (¢y---£y) with & > 1
and 1 < ¢ < n foralli:1 < i < k be the reversed string of label,(¢;---¢;), i.e.
labell? ({1 - - - £x) := label, () - label,(£—1) - - - label, (£1).

Example A.15. In the following, we give an example of how to calculate the functions
fromMem and label for the T'SO-computation mrso given in Example A.14. We recall that
n = 3 and the function match is given in Example A.14. We also note that ¢3 is the only read
transition in 7mrsp. Following the above definition of fromMem, we have that fromMem(t3)
holds. Then following the definition of match, for every j : 1 < j < n = 3, we define the
function label,(j) as follows:

label,(1) =€, label,(2) = (z, 1, own), label,(3) = (y,0). A

Below we show how to simulate all transitions of the TSO-computation 71so by a
set of corresponding transitions in the DTSO-computation mptsg. The idea is to divide
the DTSO-computation to m + 1 phases. For 0 < r < m, each phase r will end at the
configuration d,41 by the simulation of the transition fyaten(,,,) in mrso. Moreover, in
phase 7 : 0 < r < m, we call the process proc (r + 1) as the active process, and other
processes as the inactive ones. We execute only the DTSO-transitions of the active process
p = proc (r + 1) in its active phases. For other processes p’ # p, we only change the content
of their buffers in the active phases of p. In the final phase r = m, all processes will be
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considered to be active because the index i,,1 is not defined in the definition of the sequence
I. The DTSO-computation mptso will end at the configuration d,41.

For every r: —1 < r < m and p € P, we define the function pos (r,p) in an inductive
way on r:
(1) pos(—1,p) :=0 for all p € P.
(2) pos (r,p) :=pos(r —1,p) for all p # proc(r+1) and 0 <r < m.
(3) pos (r,p) :=match (i,41) for p=proc(r+1) and 0 <r < m.
In other words, the function pos (r, p) is the index of the last simulated transition by process
p at the end of phase r in the computation 7m1so. Moreover, we use pos (—1,p) to be the
index of the starting transition of process p before phase 0.

Example A.16. In the following, we give an example of how to calculate the function pos
for the TSO-computation mrso given in Example A.14. We recall that m = 1 and 7150
contains only transitions of the process p. We also recall that the function match is given
in Example A.15. Following the above definition of pos, for every r: —1 <r <m =1, we
define the function pos (r, p) as follows:

pos (_17p) = Oa pos (Ovp) =L TAN

Let dg = cﬁit = (Qinit, Dinit, memy,;;). We define the sequence of DTSO-configurations
di,...,dm,dmt1 by defining their local states, buffer contents, and memory states as follows:
(1) For every configuration d,4; where 0 <r < m:

o states (d,41) (p) := states (cpos(rp)) (P),

e men (dy41) :=mem (¢, ., ),

e buffers (dy11) (p) := label¥(pos (r,p) + 1+ ip41).

(2) For the final configuration dy,+1:

e states (d,+1) (p) := states (¢,) (p),

e mem (dy,41) :=mem (cy),

e buffers (dp+1) (p) := €.

Example A.17. In the following, we give an example of how to calculate the sequence
of configurations dy, ..., dn, dyna1 that will appear in the constructed DTSO-computation
mpTso from the T'SO-computation 715o given in Figure A.14. We recall that m =1, n = 3,
and the TSO-computation mrso contains only transitions of the process p. We also recall
that the functions label and pos are given in Example A.15 and Example A.16, respectively.

The DTSO-computation mptso will consist of m + 1 = 2 phases, referred as the phase
0 and the phase 1. For each r : 0 < r < m + 1 = 2, we define the DTSO-configuration
d, = (q)., b, mem,) based on the TSO-configurations that are appearing in mrso as follows:

dp : qy(p) = qo, bi(p) = e, memy(z) = 0, mem((y) = 0,
dy : a;(p) = a1, b’ (p) = (z,1, own), mem (z) = 1, mem/ (y) = 0,
dy : a>(p) = ¢, bi(p) =, memj(z) = 1, memj(y) = 0.

Finally, we construct the DTSO-computation as follows:

# ) # t n
m™Ts0 = do —pTso d1 —pTs0 d12 —DpTs0 d13 —DTS0 d14 —>DTs0 d2
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where di2 = (q}y, by, mem2), dis = (qi3, b3, memy3), diy = (qiy, by, memyy), ) =
(qo,w(z,1), q1), th = propagate), th = delete, t) = (q1,r(y,0), g2), t5 = delete,, and:

dig : q/12(p) =41, b/12(p) = (yv 0) : (377 1, OU}TL), mem/12(x) =1, mem,l?(y) =0,

d13 : qlld ) =q, blld( <y70)7

dia:  qu) =g, bup) = (y,0), mem(,(z) = 1, memj,(y) = 0.
Since there is only one update transition in mptso and 7rsg, it is easy to see that m1so
has the same sequence of memory updates as mptso. It is also easy to see that dy = an‘t
and d3 = (states (c3),b,mem (c3)) where b(p) := e. Therefore mprso is a witness of the
construction. A

(p p) = mem’3(z) = 1, memi;(y) =0,
(p p) =

Lemma A.18 shows the existence of a DTSO-computation mptsg that starts from the
initial TSO-configuration and whose target has the same local state definitions as the target
¢, of the TSO-computation mrsg. The only if direction of Theorem 3.4 will follow directly
from Lemma A.18. This concludes the proof of the only if direction of Theorem 3.4.

Lemma A.18. The following properties hold for the constructed sequence dy, ..., dpm, dmy1:
e For everyr:0<r<m, d =pTso dyt1,
® dp SpT50 dmt1-

Proof. We show the proof of the lemma follows directly Lemma A.19 and Lemma A.23. To
make the proof understandable, below we consider a fence transition ¢t = (g, fence, ¢') such

that c i>TSO ¢ for some ¢, ¢ as an atomic read-write transition of the form (¢, arw(z,v,v),¢")
where v € V is the memory value of variable x € X in ¢. For a given TSO-computation
TTso, we can calculate such value v for each fence transition mrg0. L]

Lemma A.19. If 0 < r < m, then d, =p1so drs1.

Proof. We are in phase r. Because from the configuration d,, the memory has not been
changed until the transition ¢;, , ,, we observe that all memory-read transitions of the process
p between transitions t;. and t; ., will get values from mem (d,) where p € P. Therefore,
we can execute a sequence of propagation transitions to propagate from the memory to
the buffer of process p to full fill it by all messages that will satisfy all memory-read
transitions of p between t; and t; ,,. We propagate to processes according to the order

<: first to the process ppin and last to the process ppq:. We have the following sequence:
/\Propagate ) /\Propagate
dy ADTSO dbmin ... QDTSO d¥™* . The shape of the configuration dv™ is:

o states (d7"") (p) = states (Cpos(r—1,)) (P),
o mem (d¥™*) = mem (c;,. ),
e buffers (d"*) (p) = label;¥ (pos (r — 1,p) + 1---ipy1 — 1).

Below let p = proc (r + 1) be the active process in phase r of the DTSO-computation.
For each transition ¢ in the sequence of transitions (including updates) of the active process,
5€q=(tpos(r—1,p)+1 " 'tmatch(irﬂ))|Apmc(r+1)u{updateproc(rﬂ)}’ we execute a set of transitions in
the DTSO-computation as follows:
e To simulate a memory-read transition, we execute the same read transition. And then we

execute a delete transition to delete the oldest message in the buffer of proc (r + 1).
e To simulate a read-own-write transition, we execute the same read transition.
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e To simulate a write transition, we execute the same write transition. This transition must
be the transition tya¢cn(i,.,)- According to Dual TSO semantics, we add an own-message
to the buffer of proc (r 4+ 1).

e To simulate an arw transition, we execute the same atomic read-write transition. This
transition must be the transition tyagcn(i, ;) and match (iy11) = dp11-

e To simulate an update transition, we execute a delete transition to delete the oldest
message in the buffer of proc (r + 1).

e To simulate a nop transition, we execute the same transitions in the DTSO-computation.

Let B(r,1) indicate the index in the TSO-computation of the /! transition in the

sequence seq where 1 < [ < |seq|. Formally, we define B(r,1) := j where 1 < j < n,

t; € (Ap U {update,}) and seq(l) = t;. Let configuration d,; where 0 < r < m be the

DTSO-configuration before simulating the transition with the index 5(r,l). We define d,;

by defining its local states, buffer contents, and memory state:

states (d,;) (p)=states (cpos(r_l’p)) (p) for all inactive process p and all [ : 1 <[ < |seq],
states (d;) (p) = states (cﬁ(r,l)_l) (p) for the active process p and all [ : 1 <[ < |seq|,
mem (d,;) = mem (¢;,) for the active process p and all [ : 1 <1 < |seq|,
buffers (d, ;) (p)=label;(pos (r —1,p) + 1-- i1 — 1) for all inactive process p and all
1:1<1<|seq],
buffers (d, ;) (p)=label;¥(8(r,l) - - -ir+1 — 1) for the active process p and all [ : 1 <1 <
|seql.

The Lemma A.20, Lemma A.22, and Lemma A.21 imply the result. More precisely, it
shows the existence of a DTSO-computation that starts from the DTSO-configuration df™**
and whose target is the configuration d,;1. This concludes the proof of Lemma A.19. []

Lemma A.20. d, = di™* for 0 <r < m.

Proof. We show that d,; and di™* have the same local states, memory, and buffer contents.
We consider two cases for the active and inactive processes.
e For inactive process p # proc (r + 1), it is easy to see that:
— states (d,1) (p) = states (Cpos(r—l,p)) (p) = states (d¥™*") (p) by the definitions of
configurations d,; and armar,
— buffers (d,1) (p)=label(pos (r — 1,p) +1---ipy1 — 1) = buffers (d;"*") (p) by the
definitions of configurations d,; and d&™*".
e For the active process p = proc (r + 1):
— states (d1) (p) = states (cg(r1)-1) (P) = states (Cpos(r—1,)) (P) by the definition of
B(r,1). Therefore states (d,1) (p) = states (&™) (p).
— buffers (d.1) (p)=label7¥(8(r,1) - - -ir41 — 1) = label(pos (r — 1,p) +1---ip11 — 1)
by the definition of 3(r,1). Therefore buffers (d,1) (p) = buffers (&F""") (p).
In both cases, for the memory, mem (d,1) = mem (¢;,) = mem (d¥™"*") by the definitions of
configurations d,; and armer,
This concludes the proof of Lemma A.20. L]

tmatch(ir+1 )

Lemma A.21. dr,|seq\ DTSO dr41 for 0 < r < m.

Proof. To prove the lemma, we will show the following properties:

(1) 3d;. ., : Ay |seq| MDTSO d,..y, i.e. the transition tmaten( is feasible from the

configuration d,. |seq|-

ir+1)
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(2) Moreover, d,. ;=d,41.

Let p = proc (r 4+ 1) be the active process. We show the property (1) by considering
two cases:

e match (i,41) is a write transition: By simulation, we execute the same transition in the
DTSO-computation. It is feasible since states (dmse(”) (p) = states (05(T7|Seq|),1) (p) =
states (qnatch(irﬂ)_l) (p) by the definitions of 3(r, |seq|) and d,. |seq- This concludes the
property (1).

e match (i,41) is an atomic read-write transition: We notice that match (i,41) = p41. It
is feasible since states (dr’|seq‘) (p) = states (Cﬁ(r,l)—l) (p) = states (cmatch(irﬂ)_l) (p),
mem (dr7|38q|) =men (¢;, ), and

buffers (dn|36q|) (p) = buffers (cﬁ(r,l),l) (p) = buffers (cmatch(irﬂ),l) (p) =¢
by the definitions of 3(r, |seq|) and d,. |s¢q- This concludes the property (1).

We show the property (2) by showing that d;.,; and d,;; have the same local states,
memory, and buffer contents. Recall that the ¢paten(i,,,) can be a write transition or an
atomic read-write transition.

We consider inactive processes. For an inactive process p # proc (r + 1), we have:

e Since the transition ty.¢cn(;,.,) is of the active process, we have states( r+1) (p) =
states (&) (p). Moreover, by the definition of d""**, we see that states (d7""*") (p) =
states (cpos(r_Lp)) (p) . Hence, by the definition of d, 1,

states (d;) (p) = states (d,41) (p) .

e Since the transition Zp.tcn(;,,) is of the active process, we have buffers ( ;+1) (p) =
buffers (d7"*") (p). Moreover, by the definition of d@"™**, we have buffers (&) (p) =
label;™ (pos (r — 1,p) + 1+ +4r41 — 1). Hence, by the definition of d;11,

buffers (d,, ) (p)) = buffers (dr41) (p).

We consider the active process p = proc (r + 1) for the case that the transition tyagcn(i, ;)
is a write one. By executing the same transition, we add an owing message to the buffer of
process p and change the memory.

e Since the transition fpagcn(; is of the active process, we have

r+1)
states (d).,) (p) = states (cg(y)) (p) -
Moreover, it follows from the fact 5(r,1) = match (i,41) and the definition of pos (r, p) that
states (Cﬁ(r,l)) (p) = states (Qnatch(ir_,_l)) (p) = states (cpos(r,p)) (p). Hence, it follows
by the definition of d,1; that states (d, ;) (p) = states (d,41) (p).

e Since the transition Zpatcn(;, ;) is of the active process, we have buffers (d; +1) (p) =
label; (iy4+1) - buffers (dyjseql) (P ) Then, it follows from the definition of
dr’lse?e!v that bufferresv(drﬂ) (p) = labell(iry1) - Iabelrer‘;\(/ (r, \seq\.) sl = 1) =
label;?(i+1) - label ™ (match (ip11) - dpp1 —1) = label;(match (ipq1) - ipp1) =
label;™ (pos (r,p) - - zr+1) label;> (pos (r,p) + 1+ - dry1). Hence, it follows by the defini-
tion of dy41 that buffers ( 7"+1) (p) = buffers (dy+1) (p).

We consider the active process p = proc (r + 1) for the case that the transition tyagcn(i, )

is an atomic read-write one. By simulation, we execute the same transition and change the
memory.
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e Since the transition tp.scn(;,.,) is of the active process, we have states (d;ﬂ) (p) =

r+1
states (cg(ry)) (p). Moreover, it follows from the fact 3(r,1) = match (i,41) and the defini-
tion of pos (r, p) that states (Cﬁ(r’l)) (p) = states (cmatch(ir+1)) (p) = states (cpos(r,p)) (p).
Hence, it follows by the definition of d,41 that states (d. ;) (p) = states (dr+1) (p).

e Since the transition tya¢cn(s,.,) is of the active process, we have buffers (d;+1) (p) =e.
From the definitions of d,4; and pos (r,p) and the fact match (iy4+1) = ir+1, we have
buffers (d,11) (p) = Iabelzrf'"(pos (ryp)+ 1 ipg1) = IabeI;fV(match (lpg1) + 1 dpyy) =
labell® (4,41 4 1- - - ip41) = €. Hene, it follows that buffers (d]_,) (p)=buffers (d,41) (p).

For both cases, for the memory, we have mem (d. ;) (p) = mem (c;,,,) = mem (d,41) from
the fact that we change the memory by transition ty.ccn( and by the definition of d,1.
Finally, we have d; ;=d,;1.

This concludes the proof of Lemma A.21. []

r+1)

Lemma A.22. d,; 5bTso dyit1 for 0 <r<m, 1 <1< |seq|.

Proof. The transition tg,;) can be a read-from-memory, read-own-write, nop, update one.
First, we give our simulation of the transition ¢g(,; from the configuration d,; and show
that this simulation is feasible. We consider different types of the transition tg(,.;). Let
process p = proc (r + 1) is the active process.

® ig(r1) is a read-from-memory transition: By simulation, we execute the same transition in
the DTSO-computation. Note that under the DTSO semantics, this transition will read an
element in the buffers. Then we delete the oldest element in the buffer of the active process.
The transition ¢g,.;) is feasible because by the definition of d,.;, we have states (d,) (p) =
states (cg(rp—1) (p) and buffers (d,;) (p) = labellsV(B(r,1) - - -ipy1 — 1).

® tg(r1) is a nop transition: By simulation, we execute the same transition in the DTSO-
computation. The nop transition is feasible because by the definition of d,;, we have
states (d,) (p) = states (cgp-1) (p)-

® i5(r;) 1S a read-own-write read transition: By simulation, we execute the same transition
in the DTSO-computation. Observe that states (d,;) (p) = states (cg(,)-1) (p). We
show the read-own-write transition is feasible in the DTSO-computation. In the TSO-
computation, this read must get its value from a write transition t] € A} that has the

corresponding update transition t, € A;pdate. According to the TSO semantics, the write
comes and goes out the buffer in FIFO order. We have the order of these transitions in
the TSO-computation: (i) transition ta(r,1) is between transitions t) and tmaten(i,1)» and
(ii) transition t; is between transitions tg(.;) and fyagcn(i,,,)- Moreover, (iii) there is no
other write transition of the same process and the same variable between transitions ¢}
and tg(.;). In the simulation of the DTSO-computation, when we meet the transition
t} we put an own-message m to the buffer of the active process. From that we do not
meet any write transition to the same variable of the active process until the simulation
of transition tg(,;). Moreover, the message m exists in the buffer until the simulation of
transition tg(,;) because the update transition t}, is after the transition ta(r1)- Therefore
the message m is the newest own-message in the buffer that can match to the read tg, -
In other words, the read transition ¢g,;) is feasible.

® t3(r1) is an update transition: By simulation, we delete the oldest own-message in the buffer
of the active process in the DTSO-computation. This transition is feasible because by the
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definition of d, ;, we have states (d,;) (p) = states (Cﬁ(nl)—l) (p) and buffers (d,;) (p) =
label; ™ (B(r,1) -+ - ipy1 — 1).
We have show our simulation of the transition ¢g(,,;) in the DT'SO-computation is feasible.
Let d;"’l 41 be the configuration in the DTSO-computation after the simulation. We proceed
the proof of the lemma by proving that d’nl 1= +1- To do this, we will show that d%l 41
and d, ;1 have the same local states, memory, and buffer contents.
We consider inactive processes. For an inactive process p # proc (r + 1), we have:

e Since in the simulation, we only execute the transition of the active process, we have
states (d;7l+1> (p) = states (d2™"") (p). Moreover, by the definition of di™*"  we see
that states (&) (p) = states (Cpos(r—l,p)) (p) . Hence, it follows by the definition of
d, ;41 that states (d%lﬂ) (p) = states (drj+1) (p)-

e Since in the simulation, we only execute the transition of the active process, we have
buffers <d27l+1) (p) = buffers (d¥™"") (p). Moreover, by the definition of d¥""*, we see
that buffers (d7""") (p) = label;™(pos (r — 1,p) + 1+ 4,41 — 1). Hence, it follows by the
definition of d, ;41 that buffers (d,_ ) (p) = buffers (dy ;1) (p).

We consider the active process p # proc(r+ 1) for the case that the transition

ta(r1) is a read-from-memory one. From the simulation of ig.;, states (d/r,l+1> (p) =

states (CB(T’H_I)_I) (p). We have states (d,;+1) (p) = states (05(,4,14_1)_1) (p) from the def-
inition of d,. ;1. Furthermore, because we delete the oldest message in the buffer of the
process p after we execute the read transition, it follows by the definition of d, ;41 that

buffers (d;ﬂ,lH) (p) = label?(B(r,l + 1)+ -ip41 — 1) = buffers(dyi41) (p). Finally, by
the definitions of d,; and d,;41, we have mem (d;@lﬂ) = men (d,;) = mem (¢;,) = mem (dyj41).

Hence, it follows that d;  =d; 141
We consider the active process p # proc (r 4+ 1) for the case that the transition ¢ B(ril) 1S a

nop one. From the simulation of ¢4, ;), states (d;,l—s-l) (p) = states (Cﬁ(r,l+1)—1) (p). From
the definition of d,;41, states (dyi41) (p) = states (¢g(r1+1)-1) (p). From the definitions
of d.; and d, 41, buffers (d;7l+1> (p) = buffers(d,;) (p) = label ¥ (B(r, 1) -irp1 — 1) =
label;™ (B(r,l + 1) -+ ip11 — 1) = buffers (d,41) (p). Finally, by the definitions of d,; and
dy+1, we have mem <d;~,l+1) = mem (d,;) = mem(c;,) = mem(d,;41). Hence, it follows that

d;«,z+1:dr,l+1-
We consider the active process p # proc(r+1) for the case that the transi-
tion tg(, ;) is a read-own-write one. From the simulation of the transition, we have

States (d/r,l+1> (p) = states (cgpi41)-1) (). Then from the definition of dy.i4q, we
have states (d;11) (p) = states (cg(11)-1) (p). It follows from the definitions of d,,;
and d, ;41 that buffers (d;7l+1> (p) = butfers(d.;)(p) = label7¥(B(r,l)- - ipp1 —1) =
label7¥ (B(r,l + 1) -+ -ip41 — 1) = buffers (d;41) (p). Finally, by the definitions of d,.; and
dy+1, we have mem (d;,l+1) = mem (d,;) = mem (c¢;.) = mem(d,;41) . Hence, it follows that

/
d'r,l+1 :drvlJrl :
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We consider the active process p # proc(r+ 1) for the case that the transition
ts(ryy is an update one. From the simulation of the transition, states (d;H_l) (p) =
states (C,B(r,l+1)—1) (p). We have states (Cﬁ(r,l+1)—1) (p) = states (dr4+1) (p) from the def-

inition of d,. ;1. Moreover, we have buffers (d;’lﬂ) (p) = label’® (B(r,l + 1)+ +ip11 — 1) =

buffers (d,;11) (p). Futhermore, by the definitions of d,.; and d, ;11, we have mem (d;,lﬂ) =

mem (d,.;) = mem (c;,) = mem (dy;41) . Hence, it follows that d.,, ,=d, ;1.
This concludes the proof of Lemma A.22. []

Lemma A.23. dm LDTSO dm+1.

Proof. We are in the final phase r = m. Observe that in this phase we do not have
any write and atomic read-write transitions. Because from the configuration d,, until
the end of the TSO-computation the memory has not been changed, we observe that all
memory-read transitions of a process p € P after transitions ¢;,, get their values from
mem (d,,). Therefore, we can execute a sequence of propagation transitions to propagate
from the memory to buffer of the process p to full fill it by all messages that will satisfy
all memory-read transitions of p after t;, . We propagate to processes according to the

order <: first to process pmi, and last to process ppq:. We have the following sequence:
(Apropagate)* i (Apropagate)* ma
dm ————pTs0 A" - -+ ————pTs0 dh™.

Next we simulate the remaining transitions (tpos(m—l,p)—‘,-l ... tn)|ApU{updatep} for each
process p of the TSO-computation mrso according to the order <: first process pmi» and
last process pmaz-

e To simulate a memory-read transition, we execute the same read transition. And then we
execute a delete transition to delete the oldest message in the buffer of the process p.

e To simulate a read-own-write transition, we execute the same read transition.

e To simulate an update transition, we execute a delete transition to delete the oldest
message in the buffer of the process p.

e To simulate a nop transition, we execute the same transitions in the DTSO-computation.

Following the same argument as in Lemma A.20, Lemma A.21, and Lemma A.22 we show
that all simulations of transitions are feasible. As a consequence, from the configuration d,,
we reach the configuration d,,+1 where for all p € P: states (dpy+1) (p) = states (¢,) (p),
buffers (d+1) (p)=¢, and mem (d,,+1) = mem (cy,).

This concludes the proof of Lemma A.23. []

APPENDIX B. PROOF OF LEMMA 4.2

Let ¢; = (q;, b;, mem;) be DTSO-configurations for i : 1 < ¢ < 3. Let us assume that
1 i>DT50 cy for some t € A, U {propagatez,deletep} and p € P. We will define ¢4 =

(q4, bs, memy) such that cs 5bo7so ¢4 and ¢a T ¢ys. We consider the following cases

depending on ¢:

(1) Nop: t = (q1,n0p,q2). Define q4 := qq, by := b3, and mem, := memy = mems =
mem;. We have cg i>D-|-so cy.

(2) Write to memory: ¢t = (¢, w(z,v),q’). Define q4 := qa, by := bg [p <= (z,v,0WN) - b3(p)],

t
and memy, := mems. We have c¢3 —pTso ¢4.
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Propagate: ¢ = propagate;;. Define q4 := q2, memy := mem; = mem3 = mem;, and

by := b3 [p <> (z,v) - bg(p)] where v = memy(z). We have c3 LbTs0 .

Delete: ¢t = delete,. Define q4 := q2 and memy := memy = mem3 = mem;. Define

b4 according to one of the following cases:

e If by = by [p <> ba(p) - (x,v)], then define by := bs. In other words, we define ¢4 := c3.

e If by = ba[p <> ba(p) - (z,v,0WN)] and (x,v',0WN) € ba(p) for some v’ € V, then
define by := bs. In other words, we define ¢4 := c3.

e If by = by [p + ba(p) - (x,v,0WN)] and there is no v € V such that (z,v',0WN) €
ba(p). Since bi(p) C bs(p), we know that there is an ¢ and therefore a smallest ¢ such
that bs(p)(i) = (x,v, OWN). Define by := b3 [p <= b3(p)(1) - bs(p)(2) - - - bs(p) (i — 1)].

. L. delete,, P delete,,
We can perform the following sequence of transitions c3 ——pTso ¢ ———DTs0

delete .
. ——bTso ¢4. In other words, we reach the configuration

|—i

f delete, ;
“ DTSO €lbs (p)

¢y from c3 by first deleting |bs(p)| — i messages from the head of bs(p).

Read: t = (¢,r(z,v),q"). Define q4 := q2, and mem, := mem; = mems = mem,;.

We define by according to one of the following cases:

o Read-own-write: If there is an i : 1 < i < |by(p)| such that by(p)(i) = (x,v, OWN),
and there are no j : 1 < j < i and v/ € V such that by(p)(j) = (z,v’,0WN). Since
b1(p) C bs(h(p)), there is an ¢’ : 1 < i’ < |bs(p)| such that bs(p)(i') = (z,v, OWN),
and there are no j : 1 < j < ¢ and v € V such that bs(p)(j) = (x,v’,0WN). Define
b, := bs. In other words, we define ¢4 := c3.

e Read from buffer: If (z,v', 0WN) & by (p) for all v € V and by(p) = w- (x,v). Let i be
the largest ¢ : 1 < i < |bs(p)| such that bs(p)(i) = (x,v). Since by (p) C bs(p), we know
that such index i exists. Define by := bg[p <= b3(p)(1) - b3(p)(2) - - - bs(p)(i — 1)].

. L. delete, , deletep
We can perform the following sequence of transitions cs ——pTso ¢, ——DbTso

delete delete .
ch —DTs0 C\,bg (p)|—i —bTso c4. In other words, we reach the configuration

¢y from c3 by first deleting |bs(p)| — i messages from the head of bs(p).
Fence: ¢t = (q,fence,¢’). Define q4 := q2, by := ¢, and mem, := mems,. We can
perform the following sequence of transitions
delete), , delete, ’ delete,, ’ t
Q3 ——DTSO &1 ——*DTSO Q2" ——*DTSO Q|py(p)| —?DTSO (4.

In other words, we reach the configuration ¢4 from c3 by first emptying the content of
bs(p) and then performing .

ARW: t = (q,arw(x,v,v"),¢'). Define q4 := q2, by := ¢, and mem, := mem,. We can
reach the configuration ¢4 from c3 in a similar manner to the case of the fence transition.
This concludes the proof of Lemma 4.2. []

APPENDIX C. PROOF OF LEMMA 4.3

First we show that the ordering w C w’ is a well-quasi-ordering. It is an immediate
consequence of the fact that (i) the sub-word relation is a well-quasi-ordering on finite words
[High2], and that (ii) the number of own-messages in the form (z,v, own) that should be
equal, is finite.
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Given two DTSO-configurations ¢ = (q,b,mem) and ¢ = (q¢’,b’, mem’). We define
three orders Cstete, Tmem  and CPWer over configurations of Cprso: ¢ T ¢ iff q = ¢,
c C™™ ¢ iff mem’ = mem, and ¢ TP ¢ iff b(p) C b/(p) for all process p € P.

It is easy to see that each one of three orderings is a well-quasi-ordering. It follows that
the ordering C on DTSO-configurations based on Cstate Cmem  and CPWer i a well-quasi-
ordering.

Since the number of processes, the number of local states, memory content, and the
number of own-messages that should be equal are finite, it is decidable whether ¢; C cs.

This concludes the proof of Lemma 4.3. L]

APPENDIX D. PROOF OF LEMMA 4.4

Consider a DTSO-configuration ¢ = (q, b, mem). Let we recall the definition of minpre({c}):
minpre({c}) := min (Pres ({c} 1) U {c} T). We observe that

minpre({c}) = min (UteAuAumin{c’\ L c} U {c}) .

For t € AU A", we select min{c’\ L c} to be the minimal set of all finite DTSO-

configurations of the form ¢ = (q',b’, mem’) such that one of the following properties is

satisfied:

(1) Nop: ¢ = (qi,nop,q2), q(p) = ¢2 for some p € P, ¢ = qp«+> @], b’ = b, and
mem’ = mem.

(2) Write: t = (q1,w(z,v),q2), a(p) = g2 for some p € P, b(p) = (z,v,0WN) - w for some w,
mem(z) = v, mem’(y) = mem(y) if y # x, ¢ = q[p < ¢1], and one of the following
properties is satisfied:

e b/ =bp++— w.
e b'=Dbp+ w-(x,0, 0wn) - wsy] for some v € V where wy-we = w and (x,v”, own) ¢
wy for all v" € V.

(3) Propagate: ¢ = propagate; for some p € P, mem(r) = v, ' = q, mem’ = mem,
b(p) = (x,v) - w for some w, and b’ = b [p <= w].

(4) Read: t = (g1, r(z,v),q2), a(p) = g for some p € P, o = q[p > 1], and mem’ = mem,
and one of the following conditions is satisfied:

e Read-own-write: there is an i : 1 < ¢ < |b(p)| such that b(p)(i) = (z, v, own), and
there are no j : 1 < j < i and v' € V such that b(p)(j) = (z,v’, own), and b’ = b.

e Read from buffer: (z,v',0WN) & b(p) for all v' € V, b(p) = w - (x,v) for some w, and
b’ = b.

e Read from buffer: (z,v', own) & b(p) for all v' € V, b(p) # w - (z,v) for all w, and
b’ =Db[p < b(p) - (z,v)].

(5) Fence: t = (¢1,fence, q2), q(p) = ¢2 for some p € P, b(p) = ¢, d = q[p < ¢, b’ = b,
and mem’ = mem.

(6) ARW: ¢ = (q1,arw(z,v,v"),¢q2), mem(z) = ¢/, mem’ = mem [z + v], q(p) = g2 for
some p €P, b(p) =¢,qd =qlp+ q¢1], b’ =b.

(7) Delete: t = delete,, for some p € P, ' = q, mem’ = mem. Moreover, (z,v, own) ¢ b(p)
for some z € X and all v € V, b’ = b [p <= b(p) - (z, v, own)] for some v' € V.

This concludes the proof of Lemma 4.4. []
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APPENDIX E. PROOF OF LEMMA 5.2

Let oy = (P, ¢;) and ¢; = (q;, b, mem;) for ¢ : 1 < i < 4. We show that if ag iN oo and
a1 < og for some t € Ay U {propagateg, deletep} and p € Py (note that P; = Py) then the
configuration ay exists such that ag —* a4 and as < ay. First we define P4:=P3. Because
of a1 < ag, there exists an injection h : P; +— P3 in the ordering a; < a3. We define an
injection A/ : Py — P4 in the ordering as < ay such that h = h’'. Moreover, for p € Py, let
q4(p) := qz2(h'(p)) if the process p € Pq, otherwise q4(p) := q3(p). We define ¢4 depending
on different cases of t:

(1) Nop: t = (q1,nop, g2). Define by := b3 and mem, := mem; = mems = mem;. We

have Qa3 i>|:)T50 ay.

(2) Write: t = (¢,w(z,v),q). Define by := bs [h(p) + (z,v,0WN) - bs(h(p))] and mem, :=
mems. We have aj i>DTSQ Qy.

(3) Propagate: ¢ = propagate;. Define mem, := mem; = memz = mem; and by :=

bs [h(p) <= (x,v) - bs(h(p))] where v = memy(x). We have ag Y0750 Q.
(4) Delete: t = delete,. Define memy := memy = mem3s = mem;. Define by according

to one of the following cases:

e If by = by [p <= ba(p) - (z,v)], then define by := bs. In other words, we have ay = as.

e If by = ba[p <= ba(p) - (z,v,0WN)] and (x,v',0WN) € ba(p) for some v’ € V, then
define by := bs. In other words, we have ay = as.

e If by = ba [p <= ba(p) - (z,v,0WN)| and there is no v’ € V with (z,v’, OWN) € ba(p),
then since by (p) C bs(h(p)) we know that there is an ¢ and therefore a smallest i such
that bs(h(p))(i) = (x,v,0WN). Define

by = by [h(p) < bs(h(p))(1) - bs(h(p))(2) -+ bs(h(p)) (i — 1)]

. L. delete,, , deletep
We can perform the following sequence of transitions ag ——pTso @} ——DpTs0

, delete,, delete),
Qo -+ ——DTSO a|b3 (h(p))|—i —'DTSO Q4. In other words, we reach the configura-

tion ay from ag by first deleting |bg(h(p))| — i messages from the head of bs(h(p)).
(5) Read: ¢t = (¢, r(z,v),¢'). Define mem, := memsy. We define by according to one of the
following cases:

e Read-own-write: If there is an i : 1 < ¢ < |by(p)| such that by(p)(i) = (z,v, OWN),
and there are no 1 < j < i and v' € V such that by(p)(j) = (z,v',0WN). Since
b1(p) C bs(h(p)), there is an ¢’ : 1 < i’ < |by(p)| such that by(p)(i') = (z,v, OWN),
and there are no 1 < j < i’ and v € V such that by(p)(j) = (z,v',0WN). Define
b4 := bs. In other words, we have that ay = as.

e Read from buffer: If (x,v', OWN) & by (p) for all v’ € Vand by = by [p +> ba(p) - (x,v)],
then let i be the largest i : 1 < i < |bz(h(p))| such that bs(h(p))(i) = (x,v). Since
b1(p) C bs(h(p)), we know that such an i exists. Define

by := b3 [h(p) <= bs3(h(p))(1) - bs(h(p))(2) - - - bs(h(p))(i — 1)]
We can reach the configuration oy from as in a similar manner to the last case of the
delete transition.

(6) Fence: t = (q,fence,¢'). Define by := € and mem, := mem,. We can perform

delete,, delete, delete,
the following sequence of transitions asg —DbTso 041 —bTs0 a2 - ———DTSO
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a1b3 ()] i>D-|-so ay. In other words, we can reach the configuration oy from «ag by first

emptying the contents of bs(h(p)) and then performing ¢.
(7) ARW: ¢t = (q,arw(z,v,v"),q'). Define by := € and mem, := memsy. We can reach the
configuration a4 from ag in a similar manner to the case of the fence transition.

This concludes the proof of Lemma 5.2. []

APPENDIX F. PROOF OF LEMMA 5.4

Consider a parameterized configuration o = (P, ¢) with ¢ = (q, b, mem). We recall the
definition of minpre({a}): minpre({a}):=min (Pres ({a} 1) U{a} 1). We observe that

minpre({a}) = min <Ut€AuAnmin{a'l o L a} U {oz}) .

For t € AUA", we select min{o/ | o EN a} to be the minimal set of all finite parameterized

configurations of the form o/ = (P, ¢’) with ¢ = (¢, b’, mem’) such that one of the following

properties is satisfied:

(1) Nop: ¢t = (g1,n0p,q2), 4(p) = g2 for some p e P, P =P, ' = q[p+ ¢1], b’ = b, and
mem’ = mem.

(2) Write: t = (q1,w(z,v),q2), mem(x) = v for some v € V, mem’(y) = mem(y) if y # x,
and one of the following conditions is satisfied:

e q(p) = g2 for some p € P, Pr=P q = alp < ql, b’ = b[p <> w], b(p) = (z,v, OWN)-
w for some w € (X x V) U (X x V x {owN}))".

e q(p) = ¢z for some p € P, P =P, ¢ = q[p + q1], b(p) = (x,v,0WN) - w for some
we (XxV)UXxVx{owN})", b =blp<«> wy-(z,v, own) - ws] for some v’ €
V where wy,ws € (X x V)U (X x V x {oWN}))", wy - we = w and (z,v”, own) & wy
for all v € V. In other words, (z,v’, own) is the most recent message to variable x
belonging to p in the buffer b’(p). This condition corresponds to the case when we
have some messages (z,v’, own) that are hidden by the message (z,v, own) in the
buffer b(p).

e q(p) # g2 or b(p) # (z,v,0WN)-w forany p € P, w € (X x V) U (X x V x {owN}))*,
P =Py {p/} for some p' & P, q/(p/) = q, q/(p//) _ q(p//) if p # p, b,(p/) _
((x1,v1, OWN)|€)((z2, v2, OWN)|€) - - - (T, Um, OWN)|€) where x; # zj, v; € V, 1 <
i,7 <|X|and b'(p”) = b(p”) if p” # p’. In other words, we add one more process p’
to the configuration o’.

(3) Propagate: t = propagate; for some p € P, mem(z) = v, P’ =P, ¢’ = q, mem’ = mem,

b(p) = (z,v) - w for some w € ((X x V) U (X x V x {owN}))*, and b’ = b [p +> w].

(4) Read: ¢t = (q1,r(z,v),q2), q(p) = q2 for some p € P, P =P, ¢ = q[p <> q1], and
mem’ = mem, and one of the following conditions is satisfied:

o Read-own-write: there is an i : 1 < ¢ < |b(p)| such that b(p)(i) = (z,v, own), and
there are no j : 1 < j < i and v' € V such that b(p)(j) = (z,v’, own), and b’ = b.

e Read from buffer: (z,v’,0wWN) & b(p) for all v € V, b(p) = w - (z,v) for some
we (XxV)U(XxVx{own}))", and b’ = b.

e Read from buffer: (z,v’,own) ¢ b(p) for all v € V, b(p) # w - (x,v) for any
we (XxV)U(XxVx{own}))*, and b’ = b[p +> b(p) - (x,v)]. This condition
corresponds to the case when we have some messages (x,v) that are not explicitly
presented at the head of the buffer b(p).
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(5) Fence: t = (qi1,fence, q2), q(p) = ¢q2 for some p € P, b(p) = ¢, P =P, ¢ = q[p + q,
b’ = b, and mem’ = mem.
(6) ARW: t = (q1,arw(z,v,v"),q2), mem(z) = v/, mem’ = mem [z < v], and one of the
following conditions is satisfied:
e q(p) =g forsome pe P, b(p)=¢,P =P, qd =qp+< ¢, b =b.
d(p) # g2 or b(p) # € for any p € P, ]P”—IP’U{p}forsomep P d@p) = q,
d") =a”) itp” #£p, b () =¢ and b'(p”) = b(p”) if p” # p’. In other words,
we add one more process p’ to the configuration /.
(7) Delete: t = delete, for some p € P, P’ =P, ¢’ = q, mem’ = mem, (z,v, own) ¢ b(p)
for some z € X and all v € V, b’ = b [p <= b(p) - (z, v, own)] for some v' € V.
This concludes the proof of Lemma 5.4. []
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