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ABSTRACT. A system of communicating finite state machines is synchronizable if its
send trace semantics, i.e. the set of sequences of sendings it can perform, is the same
when its communications are FIFO asynchronous and when they are just rendez-vous
synchronizations. This property was claimed to be decidable in several conference and
journal papers for either mailboxes or peer-to-peer communications, thanks to a form of
small model property. In this paper, we show that this small model property does not
hold neither for mailbox communications, nor for peer-to-peer communications, therefore
the decidability of synchronizability becomes an open question. We close this question for
peer-to-peer communications, and we show that synchronizability is actually undecidable.
We show that synchronizability is decidable if the topology of communications is an oriented
ring. We also show that, in this case, synchronizability implies the absence of unspecified
receptions, and the channel-recognizability of the reachability set.

1. INTRODUCTION

Asynchronous distributed systems are error prone not only because they are difficult to
program, but also because they are difficult to execute in a reproducible way. The slack
of communications, measured by the number of messages that can be buffered in a same
communication channel, is not always under the control of the programmer, and even when
it is, it may be delicate to choose the right size of the communication buffers.

The synchronizability of a system of communicating machines is a property introduced
by Basu and Bultan [FBS05, BB11] that formalizes the idea of a distributed system that is
“slack elastic”, in the sense that its behaviour is the same whatever the size of the buffers,
and in particular it is enough to detect bugs by considering executions with buffers of size
one [BBO12b, BB16]. Synchronizability can also be used for checking other properties like
choreography realizability [BBO12a].
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For instance, consider the machines
P =la-b and Q ="7a-7

where P may send two messages a and b in sequence to (), and @ is ready to receive them.
These two machines form a synchronous system P|Q: the asynchronous trace la-!b-?a - 7b is
“equivalent” to the synchronous trace la - ?a - b - 7b. Two traces are considered “equivalent”
by Basu and Bultan if they present the same sequence of send actions, i.e. that they are
identical after erasing all receive actions. This is the case for the above example, as both
traces result in !a - b after erasing the receive actions. A system is language synchronizable
if all of its traces are equivalent to a synchronous trace. An additional requirement is that
two “equivalent” traces lead to the same configuration; when it is the case, the system is
called synchronizable. For instance, taking

P =la-7 and Q =7a-b+1-7a

P|@ is language synchronizable but it is not synchronizable, because the asynchronous trace
la-1b-7a - 7b does not lead to the same configuration as the synchronous trace !a - 7a - 1b - 7b.

For systems with more than two machines, there are at least two distinct reasonable
semantics of a system of communicating machines with FIFO queues: either each message
sent from P to @ is stored in a queue which is specific to the pair (P, @), which we will call
the “peer-to-peer” semantics, or all messages sent to () from several other peers are mixed
toghether in a queue that is specific to (), which we will call the “mailbox” semantics.

Basu and Bultan claimed that synchronizability is decidable, first for the mailbox
semantics [BBO12b], and later for other semantics, including the peer-to-peer one [BB16].
Their main argument was a small model property, stating that if all 1-bounded traces are
equivalent to synchronous traces then the system is synchronizable.

This paper corrects some of these claims and discuss some related questions.

e We establish the undecidability of synchronizability for systems of 3-CFSMs with the
peer-to-peer semantics (Theorem 3.14). This shows that the claim on the decidability of
synchronizability for the peer-to-peer semantics [BB16] is actually wrong.

e We provide counter-examples to the small model property for systems of 3-CFSMs both
for the peer-to-peer semantics (Example 2.2) and the mailbox semantics (Example 5.1)
which illustrate that the claims in [BBO12b, BB16] are not proved correctly. The fact
that the small model property is false for the peer-to-peer semantics is a consequence of
the previous result but this is not a consequence for the mailbox semantics.

e We prove that the small model property is true for systems of 2-CFSMs and more
generally for systems of communicating machines on an oriented ring both under the
mailbox and peer-to-peer semantics (actually both are the same in that case) and therefore
synchronizability is decidable for oriented rings (Theorem 4.16).

e We show that the reachability set of synchronizable systems is channel-recognizable
(Theorem 4.14), ie the set of reachable configurations is regular.

e Finally, we show that the counter-examples we gave invalidate other claims, in particular
a result used for checking stability [ASY16, AS18].

Outline. The paper first focuses on the peer-to-peer communication model. Section 2
introduces all notions of communicating finite state machines and synchronizability. In
Section 3, we show that synchronizability is undecidable. Section 4 shows the decidability of
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synchronizability on ring topologies. Section 5 concludes with various discussions, including
counter-examples about the mailbox semantics.

Related Work. The analysis of systems of communicating finite state machines has always
been a very active topic of research. Systems with channel-recognizable (aka QDD [BG99]
representable) reachability sets are known to enjoy a decidable reachability problem [Pac87].
Heussner et al developed a CEGAR approach based on regular model-checking [HGS12].
Classifications of communication topologies according to the decidability of the reachability
problems are known for FIFO, FIFO+lossy, and FIFO+bag communications [CS08, CHS14].
In [LMP08, HLMS12], the bounded context-switch reachability problem for communicating
machines extended with local stacks modeling recursive function calls is shown decidable
under various assumptions. Session types dialects have been introduced for systems of
communicating finite state machines [DY12], and were shown to enforce various desirable
properties.

Several notions similar to the one of synchronizability have also been studied in different
context. Slack elasticity seems to be the most general name given to a the property that a
given distributed system with asynchronous communications “behaves the same” whatever
the slack of communications is. This property has been studied in hardware design [MMO98],
with the goal of ensuring that some code transformations are semantic-preserving, in high
performance computing, for ensuring the absence of deadlocks and other bugs in MPI
programs [Sie05, VVGK10], but also for communicating finite state machines, like in this
work, with a slightly different way of comparing the behaviours of the system at different
buffer bounds. Genest et al introduced the notion of existentially bounded systems of
communicating finite state machines, that is defined on top of Mazurkiewicz traces, aka
message sequence charts in the context of communicating finite state machines [GKMO06].
Finally, a notion similar to the one of existentially bounded systems has been recently
introduced and christened “k-synchronous systems” [BEJQ18]. Existential boundedness,
k-synchronous systems, and synchronizability are further compared in Section 5.5.

2. PRELIMINARIES

2.1. Messages and topologies. A message set M is a tuple (X7, p, src, dst) where 3y
is a finite set of letters (more often called messages), p > 1 and src,dst are functions that

associate to every letter a € ¥ naturals src(a) # dst(a) € {1,...,p}. We often write a'=/
for a message a such that src(a) =i and dst(a) = j; we often identify M and Xjs and write
for instance M = {a}' "', a5?77%,...} instead of Xpy = ..., or w € M* instead of w € ¥%,.

The communication topology associated to M is the graph G, with vertices {1,...,p} and
with an edge from ¢ to j if there is a message a € X such that src(a) = ¢ and dst(a) = j.
G is an oriented ring if the set of edges of Gps is {(¢,7) | i + 1 = j mod p}.

2.2. Traces. An action A over M is either a send action !a or a receive action 7a, with
a € Y. The peer peer()\) of action A is defined as peer(la) = src(a) and peer(?a) = dst(a).
We write Act; ps for the set of actions of peer i and Actjys for the set of all actions over
M. An M-trace T is a finite (possibly empty) sequence of actions. We write Act}, for
the set of M-traces, € for the empty M-trace, and 7 - 7o for the concatenation of two
M-traces. We sometimes write !?7a for la - 7a. An M-trace 7 is a prefix of v, 7 <pef v
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if there is 0 such that v = 7 - 6. The prefix closure | S of a set of M-traces S is the set
{7 € Act) | there is v € S such that 7 <pref v}.
For an M-trace 7 and peer ids i, € {1,...,p} we write

e send(7) (resp. recv(r)) for the sequence of messages sent (resp. received) during 7, i.e.
send(la) = a, send(?a) = ¢, and send(7; - 72) = send(71) - send(72) (resp. recv(la) = e,
recv(?a) = a, and recv(7y - 72) = recv(y) - recv(2)).

e onPeer;(7) for the M-trace of actions A in 7 such that peer(\) = i.

e onChannel;_,;(7) for the M-trace of actions A in 7 such that A € {l!a,?a} for some a € M
with src(a) =i and dst(a) = j.

e buffer;,;(7) for the word w € M*, if it exists, such that send(onChannel;_,;(7)) =
recv(onChannel;_,; (7)) - w.

Example 2.1. Consider M = ({a,b},2,src,dst) with src(a) = dst(b) = 1 and src(b) =
dst(a) = 2, and let 7 =!a?b. Then send(7) = a, onPeer;(7) = 7, and buffer;_5(7) = a.

An M-trace 7 is FIFO (resp. a k-bounded FIFO, for k > 1) if for all 4,5 € {1,...,p}, for
all prefixes 7/ of 7, buffer;_,;(7’) is defined (resp. defined and of length at most k); in other
words, 7 is FIFO if for every prefix 7/ of 7, for all i # j, the sequence of messages received
from ¢ by 7 in 7/ is a prefix of the sequence of message sent from 4 to j in 7/. Intuitively, an
M-trace is FIFO if it is an execution of a machine that manipulates FIFO queues, with one
queue per pair of peers.

An M-trace is synchronous if it is of the form !?a;y - !7as - - - !7a, for some ¢ > 0 and
ai,...,ag € M. In particular, a synchronous M-trace is a 1-bounded FIFO M-trace (but

the converse is false). An M-trace 7 is stable if buffer;_,;(7) = e for all i # j € {1,...,p}.

. causal .
Two M-traces 7,v are causal-equivalent T "~ v if

e 7,v are FIFO, and
e for all i € {1,...,p}, onPeer;(7) = onPeer;(v).

Intuitively, 7 %™ 4 if 7 is obtained from v by iteratively commuting adjacent actions that
are not from the same peer and do not form a “matching send/receive pair” (this is why 7, v

are deemed to be FIFO). The relation aw i a congruence with respect to concatenation.

2.3. Peers, systems, configurations. A system (of communicating machines) over a
message set M is a tuple S = (Py,...,Pp) where for all i € {1,...,p}, the peer P; is a finite
state automaton (Q;, go,i, Ai) over the alphabet Act; 5y and with (implicitly) Q; as the set
of accepting states. We write L(P;) for the set of M-traces that label a path in P; starting
at the initial state go ;.

Let the system S be fixed. A configuration v of S is a tuple (g1, ...,qp, W12, .., Wp—1,p)
where ¢; is a state of P; and for all 7 # j, w;; € M* is the content of channel ¢ — j. A
configuration is stable if w; j = € for all ¢,j € {1,...,p} with i # j.

Let v = (q1, - Qps w125+, Wp—1p); ¥V = (@15 -5 Gy Wy g5+ - -, wy,_y ) and m € M with
src(m) =i and dst(m) = j. We write ~ M v (resp. v I v') if (gi,'m, q;) € A; (resp.
(gj,7m, q;) € Aj), w;j = w; j-m (resp. w;; = m~wg7j) and for all k, ¢ with k # i (resp. with

k#3j), qr = q), and w}M = wy ¢ (resp. wé,k =wpg). F1 =X X\, we write Ls for

/\—1>3)‘—2>3 e )‘—">3. We often write — instead of —+s when S is clear from the context. The
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1,12 1,12 1p1—3 2,12 2 .32

?a1—>2

?b1%3 !63—)2 763%2 !d2al

Figure 1: System of Example 2.2 and Theorem 2.4.

initial configuration of S is the stable configuration vo = (go,1,...,90,p, €, --.,€). An M-trace
T is a trace of system S if there is v such that 79 — ~. Equivalently, 7 is a trace of S if

e it is a FIFO trace, and

e for alli e {1,...,p}, onPeer;(1) € L(P;).

For k > 1, we write Tracesi(S) for the set of k-bounded traces of S, Tracesy(S) for the set
of synchronous traces of S, and Traces(S) for J,.~, Tracesy(S).

Example 2.2. Consider the message set M = {a'72 b 73, 372 427!} and the system
S = (P1, Py, P3) where Py, Pa, Py are as depicted in Fig. 1.

L(P) = | {la=2 . 1a172 . 1p1=3)
L(Po) = | {7a!72 24172 . 28372 | 2322 121}
L(P3) = | {7173 . 1372},

1—2 1—=2 | !?b1—>3 . !63—>2 . ?a1—>2 . ?a1—>2 . 763—>2‘ Let

An example of a stable trace is la la
7 =lal72 . 1g122 179173 126372 . 1¢27 L) Then 7 € Tracesy(S) is a 2-bounded trace of the

1—>2al—>27 €, d2—>1

-
SyStem 87 and Yo — (q3,17 45,2,42,3, 0 , €€ 6)'

Two traces 11, 79 are S-equivalent, denoted with 7 L Ty, if 71,79 € Traces(S) and there
that if

causal
~J

is v such that 79 — ~ for both ¢ = 1,2. It follows from the definition of

causal

S
71 ~ 7o and 71,7 € Traces(S), then 71 ~ 7.

2.4. Synchronizability. Following [BBO12b], we define the observable behaviour of a
system as its set of send traces enriched with their final configurations when they are stable.
Formally, for any k > 0, we write J;(S) and Zy(S) for the sets

Ji(S) = {send(7) | T € Tracesy(S)}

Ti(S) =  Ju(S)U{(send(7),7) | 70 = 7, stable, T € Traces(S)}.

Synchronizability is then defined as the slack elasticity of these observable behaviours.

Definition 2.3 (Synchronizability [BB11, BBO12b]). A system S is synchronizable if
Zo(S) = Z(S). S is called language synchronizable if Jy(S) = J(S).

For convenience, we also introduce a notion of k-synchronizability: for £ > 1, a system
S is k-synchronizable if oy(S) = Zj(S), and language k-synchronizable if Jyp(S) = Jx(S). A
system is therefore (language) synchronizable if and only if it is (language) k-synchronizable
for all £ > 1.

Theorem 2.4. There is a system S that is 1-synchronizable, but not synchronizable.
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Proof. Consider again the system S of Example 2.2. Let viji := (¢i,1, 95,2, @3, €, - - -, €). If
the buffers are 1-bounded, P; must wait that the first a message has been received before
sending the b message. Therefore

Jo(S)
J(S) = J(S)
On the other hands, if the buffers can host two transiting messages, it becomes possible for

P to send b before the first a is received by Po, so it becomes possible for Ps to receive b and
send ¢, and finally P» may decide to receive ¢ before receiving any a message. Consequently,

jz(S) — i {a1—>2 . a1—>2 . b1—>3 . CS—>2 . d2—>1}
Zr(S) = Jr(S)UStab forall k >0

where Stab = {(6, 'YO)a (ala2’ 'YllO)a (al~>2 . a1~>27 7220)’ (a1~>2 . a/1~>2 . b1~>3’ 7321)7 (a1~)2 . a1~>2 .
blaS . C3~>2,,7332)}. ]

i {a1—>2 . a1—>2 . b1—>3 . C3—>2}

This example contradicts! Theorem 4 in [BB16], which stated that Jo(S) = J1(S)
implies Jo(S) = J(S). This also shows that the decidability of synchronizability for peer-
to-peer communications is open despite the claim in [BB16]. The next section closes this
question.

Remark 2.5. In Section 5, we give a counter-example that addresses communications with
mailboxes, i.e. the first communication model considered in all works about synchronizability,
and we list several other published theorems that our counter-example contradicts.

3. UNDECIDABILITY OF SYNCHRONIZABILITY

In this section, we show the undecidability of synchronizability for systems with at least three
peers. Although the reachability problem is undecidable for two peers, we cannot establish
the undecidability of the synchronizability of a system with two peers. The reasons for that
are twofolds.

First, synchronizability only deals with messages that are sent and received, which is
orthogonal to reachability. We therefore rely on the undecidability of the message reception
problem: given a FIFO automaton A (i.e. an automaton that can both enqueue and dequeue
messages in a unique channel) and a special message m, decide whether there exists a trace
of A that contains ?m.

Second, synchronizability constrains a lot the communications. In particular, when
an automaton must be in a mixed state (ready to send and receive), it imposes some
commutativity of the two actions (see next section), and as a consequence, a synchronizable
system with two peers cannot simulate a FIFO automaton. A third peer is necessary to get
rid of all the constraints imposed by synchronizability.

To sum up, we reduce the message reception problem on a FIFO automaton A to the
synchronizability of a system with three peers: we construct a system SJ’Q’m such that the
synchronizability of S;’Lm is equivalent to the non-reception of the special message m in A.

lsee also the discussion in Section 5.2
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3.1. An Undecidable Problem on FIFO automata. A FIFO automaton is a finite
state automaton A = (Q, Acts, A, gp) over an alphabet of the form Acty, for some finite set
of letters ¥ with all states being accepting states. A FIFO automaton can be thought as a
system with only one peer, with the difference that, according to our definition of systems,
a peer can only send messages to peers different from itself, whereas a FIFO automaton
enqueues and dequeues letters in a unique FIFO queue, and thus, in a sense, “communicates
with itself”. All notions we introduced for systems are obviously extended to FIFO automata.
In particular, a configuration of A is a tuple v = (¢, w) € @ x X*, it is stable if w = ¢, and
the transition relation v — ~/ is defined exactly the same way as for systems.Let us now
state the problem that we will consider

Definition 3.1 (Message reception problem). The message reception problem is the following
decision problem

Input: a FIFO automaton A = (@, Acty, A, qo) and a distinguished message m € .
Question: is there a trace 7 such that 7 - ?m € Traces(A) ?

Remark 3.2. A similar but different problem to the message reception problem is the
executable reception problem in [BZ83] which consists to decide for a given control-state ¢

and a message m such that ¢ —?in—>, whether there exists a reachable configuration (g, mw)
with w € ¥* : this problem is proved undecidable for systems of 2-CFSMs in the (non
available) associated technical report [BZ81]. The proof reduces the halting problem to the
executable reception problem by using the two unidirectional FIFO channels to simulate the
tape of a Turing machine. We present another proof technique (using the undecidability of
the existence of a tiling [LP98]) for another model, the FIFO automata model and another
property. Then we will simulate any FIFO automaton A by an associated particular system
of 3-CFSMs S 4 that will have the property to be synchronizable iff a message m never
appears in a trace of A. We dont try to simulate A by a system of 2-CFSMs since for systems
of 2-CFSMs, synchronizability is decidable and message reception problem is undecidable.

Lemma 3.3. The message reception problem is undecidable.

Proof. We consider the problem of the existence of a finite, but arbitrarily large, tiling for a
given set of Wang tiles and a pair of initial and final tiles. More precisely, consider a tuple
T = (T, to,tp, H, V) where
e T is a finite set of tiles,
e to,tr € T are respectively the initial tile and the final tile, and
e H V CT x T are horizontal and vertical compatibility relations.
Without loss of generality, we assume that there is a “padding tile” [J such that (¢,00) € HNV
for all t € T. For a natural n > 1, a n-tiling is a function f: N x {1,...,n} — T such that
e f(0,1) = to,
e there are (ip,jr) € N x {1,...,n} such that f(ir,jr) = tp,
o (f(iyj), f(i,7+1)) € H for all (i,j) e Nx{1,...,n— 1}, and
o (f(i,7),f(i+1,4)) €V forall (,j) e Nx {1,...,n}.
The problem of deciding, given a tuple 7 = (T to,tr, H, V), whether there is some n > 1
for which there exists a n-tiling, is undecidable [LP98], intuitively because it is equivalent to
the halting problem for a Turing machine working with a half-infinite ribbon.

In the remainder, we explain how this tiling problem can be reduced to the message
reception problem. Intuitively, we construct a FIFO automaton that outputs the first row of
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the tiling, storing it into the queue, and guessing at the same time the width n of the tiling.
Then, for all next row ¢ + 1, the automaton outputs the row tile after tile, popping a tile of
row 7 in the queue in between so as to check that each tile of row i + 1 vertically coincides
with the corresponding tile of row 3.

More precisely, let T = (T to,tr, H,V) be fixed. We define the FIFO automaton
Ar = (Q.2,A, qo0) with Q = {q1,0, @)=, @t Ge—t,)—¢ | t € T,¥' € TU{$}} U {q0,q1},
Y. =TU{$}, and A C Q x Acty x @, with

A {(90, %0, qt0,0) } U {(at,0, ', a7 0) | (t t) e HYU{(g0,!8, 1) | t €T}
{(q1,7¢ U= ) te T)}U{(% 1, qe=v) | (t,¥) €V}

%qu ¢, 7t q<_ —t|=t') !teTt’eTu{$}}

{(qe=t=s, '$ q)|teT}

Qe=t,|=t', ,q<_ w) | (t,t") € H and (t',t") e V}
Note that the automaton moves to state ¢ —; after it has popped the first tile ¢ of row 4 (it
needs to remember it), then moves to state g, — after it has decided to put a tile ¢’ on row
i+ 1 above tile ¢ (it only needs to remember t'), then moves to state g.—y - after it has
popped the second tile t” of row ¢, and so on. Therefore, any execution of A7 is of the form

cccacl

!tl,l : !tl’g . '!th 1% - ?tl,l : !t271 : ?tLQ . !t272 e '!t27n 7818 - ?tg,l : !t3,1 s

where t1 1 = to, (tij,tiv1,;) € V and (¢ j,ti j+1) € H. The following two are thus equivalent:

e there is n > 1 such that 7 admits a n-tiling
o there is a trace 7 € Traces(A) that contains 7¢p. L]

Note that, from this result, we can easily deduce the undecidability of the reachability
problem for a system consisting of two machines, a sender and a receiver, a FIFO channel
between them, and an extra channel with rendez-vous synchronization. Indeed, such a
system may simulate a FIFO automaton: the sender does exactly the same as the FIFO
automaton, except that for reception it uses a rendez-vous synchronization to ask the receiver
for performing a reception, and waits for an acknowledgment that this reception has indeed
been done. In the following, we will exploit this idea, although not with two machines and a
rendez-vous channel, but with three machines and FIFO channels only.

3.2. A System that Simulates a FIFO Automaton. We are now going to define a
communicating system that simulates a FIFO automaton A. This system, that we will write
S 4, will later be completed so as to reduce the message reception problem to synchronizability.
The system S 4 consists of three peers Py, P2 and Ps that are connected through the following
topology.

Intuitively, we want P; to mimick A’s decisions and the channel 1 — 2 to mimick A’s queue.
When A would enqueue a letter a , peer 1 sends a2 to peer 2, and when A would dequeue
a letter a, peer P; sends to peer Py via peer P3 the order to dequeue a, and waits for the
acknowledgement that the order has been correcly executed. So the only role of P3 is to
enable a second channel between P; and P, for “rendez-vous communications”.
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Let us now define these peers and S 4 more formaly. Let A = (Q 4, Acts, A 4, qo) a FIFO
automaton be fixed. Let M be such that all messages of ¥ can be exchanged among all
peers in all directions but 2 — 1, i.e.

M = {a1—>27al—)3’a2~>3’a3~>17a3~>2 ’ a € Z}

Peer P; is obtained by replacing every la transition of A with a !a'~? transition, and every
?a transition with the sequence of transitions la'73?a¢37!. Formally, P; = (Q1,qo1, A1) is
defined by Q1 = QaW{gs | § € A4} and

Ar = {(g,'a'7%,¢) | (g,'a,q) € Aa}
U {(Q7 !a1_>37 QtS)a (Q57 ?a3—>1,q/) | o= (qa ?a,q') € A.A}

The modus operandi of Ps and Ps is rather simple: P3 propagates all messages it receives,
and Py executes all orders it receives and sends back an acknowledgement when this is
done. So both Py and Ps operate with an “infinite loop”. For some technical reason that
will be later explained, we need to make sure that P, never comes back to its initial state.
To do so, we simply “unroll the loop” once in Py. Formally, let Py = (Q2,qo,2, A2) and
P3 = (@3,90,3, Az) be defined by

Q2 = {902,012} U{qa,1,q2 | a € X} Q3 = {03} U{da,1,90,2, 93 | a € X}
AQ == {(qO,Q7 ?a3—>27 qa,l)a (QI,27 ?a3_>27 Qa,1)7 (qa717 ?a1_>27 qa,2)7 (Qa,Qv !CL2—>3, QI,Z) ’ a < 2}
A3 = {(%,37 ?a1_>37 Q(I,l)a (Qa,h !CL3_>2, %1,2)7 (Qa,Qa ?a2—>37 qa,3)7 (qa,37 !CL3—>1, QO,3) | ac E}

Example 3.4. Consider ¥ = {a,m} and the FIFO automaton A = ({qo, q1}, Acts, A, qo)
with transition relation A4 = {(qo,!a, q), (q0,'m, q1), (¢1,?a,q0), (1, 7m, qo)}. Then A and
the peers Py, P2, P3 are depicted in Fig. 2.

Let S4 = (P1, P2, Ps). There is a tight correspondence between the k-bounded traces of
A, for k > 1, and the k-bounded traces of S4: every trace 7 € Tracesi(A) induces the trace
h(7) € Tracesi(S.4) where h : Acts, — Act}; is the homomorphism from the traces of A to
the traces of Sy defined by h(la) =!la'™? and h(?a) =!7a'73 - 124372 . 2¢1 72 . 124273 . 174371
The converse is not true: there are traces of S that are not prefixes of a trace h(7) for some
7 € Traces,(A). This happens when P; sends an order to dequeue a!™3 that correspond
to a transition 7a that A cannot execute. In that case, the system blocks when P, has to
execute the order. To sum up, we obtain the following result.

Lemma 3.5. For all k > 0,

Tracesi(Sa) = J {h(7) | 7 € Traces;(A)}
U 4 {h(r) - 12a*73 - 12372 | 3¢, b,w, ¢ s.t.
7 € Tracesi,(A), (qo, €) = (¢, bw), (¢,%a,¢) € Aand b # a}.

3.3. A Synchronizable System. Let us fix a special message m € 3. In this section, we
define a system S’ ,, = (P1, Py, P3) where Py and Pj are like in the system Sy, but P is
a new peer. This system will later be combined with S4 so as to form the whole system
that will be used in the reduction of the message reception problem to the synchronizability

problem. The main purpose of S,lél,m = (P1, P}, Ps) is to be a synchronizable system that

will “make synchronizable” all traces of S4 except the ones that contain m?~3, which are

the only ones we want to care about in the reduction. Our outline for this section is therefore
the following: (1) define S’ ,,, (2) compute its synchronous traces, (3) show that they “make
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Figure 2: The FIFO automaton A of Example 3.4 and its associated systems Sy =
(P1, P2, P3) and S:4,m = (P1, P, Ps). The sink state ¢, and the transitions

20032
q = ¢, are omitted in the representation of PJ.
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synchronizable” the asynchronous traces of S4 where !m?~3 does not occur, and (4) show
that it is a synchronizable system.

Let us start with the definition of Sy ,, = (P1,P3, P3). Intuitively, the new peer P will
always be able to receive any message from peer Py, in particular at the time the message is
sent. Moreover, like Py, P4 will also be able to receive orders to dequeue from peer Ps, but
instead of executing the order before sending an acknowledgement, it will ignore the order
as follows. If P} receives the order to dequeue a message a'=? # m!=~2 P} acknowledges P3
but does not dequeue a in the 1 — 2 queue. If the order was to dequeue m, P4 blocks in the
sink state ¢, and does not send an acknowledgement to P3. As for Ps, we “unroll the loop”
so as to make sure that it not possible to come back to the initial state of Pj. Formally, P
is defined as follows.

Q5 = {202,902 U{g 1 laeX,a#m,}U{q}

Ay = {(q2,7a" 2, q9), (¢, 7072, q) | a € ,q # qo2}
U {(QO,% ?:?3;27 qtlz,l)v (q(/),27 ?a3~)27 q(/z,l)v <q<Iz717 !a2H37 q6,2)7 ’ a€X,a# m}
U {(¢,"m’7%,q1) | ¢ € @3}

Example 3.6. For ¥ = {a,m}, and A as in Example 3.4, P} is depicted in Fig. 2 (omitting
the transitions to the sink state q).

Let us now compute the set of all synchronous traces of &4, . Observe first that
the system S, = (P1,P;,P3) contains many synchronous traces: when P; sends a

message a'!™?, it can always do it synchronously, because P} is always ready to receive
it. When P; sends an order for dequeuing, the transmission of this order to P4 through
P3 can be synchronous. If this order is not the order to dequeue m'~2, then P} sends
the acknowledgment to P; through Ps, which can also happen synchronously. Note in
particular that, unlike in S4, peer 1 does not block forever after it has sent an order '3 in
a configuration where the first message to be dequeued in channel 1 — 2 is not a, because
P, now acknowledges any order (except for m). Therefore any trace 7 labeling a path in
automaton P; can be lifted to a synchronous trace 7’ € Traceso(S:47m) provided !m!'~3 does

not occur in 7. However, if P; takes a !m!'™?3 transition, it gets blocked for ever waiting for
m3~1. Therefore, if 'm!'=3 occurs in a synchronous trace 7 of S:4,m’ it must be in the last
four actions, and this trace leads to a deadlock configuration in which both 1 and 3 wait for
an acknowledgement and 2 is in the sink state.

Let us now formalize further these observations. Let L™(A) be the set of traces 7
recognized by A as a finite state automaton (over the alphabet Acty) such that either ?m
does not occur in 7, or it occurs only once and it is the last action of 7.

Example 3.7. With A as in Example 3.4, L™(A) = | ((!a* Im-?a)* - la* - Im - ?m).

The next lemma formalizes the observations we did about how synchronous traces of
8,/4,m correspond, up to an homomorphism, to L™(.A), and gives the desired computation of

the synchronous traces of S’y , .

Lemma 3.8. Tracesp(S)y,,) = L {M(7) | 7 € L™(A)}, where h' : Acty; — Act}y is the
morphism defined by a

e h'(la) =!7a'72 for alla € %,

o h'(7a) =!7a'73 - 17a372 . 124273 . 126371 for all a # m, and

o 1/(?m) =17m!3 - 17m372,
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¢

As a consequence, we get the following result, which will be later used to “make

synchronizable” all traces of S4 that do not contain !m?=3.

Lemma 3.9. For all trace 7 € Traces(S4) such that 'm?73 & 7, there is a synchronous
trace 7' € Traceso(S)y ,,,) such that send(7) = send(7').

Proof. Let 7 € Traces(S4) such that !m?73 & 7 be fixed. By Lemma 3.5, there is 7 €
Traces(A) such that 7 = h(7p). By definition of h, ?m does not occur in 79. Let 7/ = h/(19).
By Lemma 3.8, 7' € Traceso(S/y ,,,), and by definition of & and /', and the fact that ?m does

not occur in 7y, send(7) = send(7’). []

Let us finally establish the synchronizability of S:A,m' We consider some arbitrary
asynchronous trace 7 € Traces(S/’L\,m) that we need to be equivalent, up to receive actions,
to a synchronous trace. Let us reason message by message on 7, by case analysis on the
channel of the message.

e If P; sends a message a' 2 to P}, it is always possible to make sure that P} receives it
immediately. Indeed, there are two cases: if a' 7?2 was not received in 7, adding ?a'~?

right after la' ™2 in 7 yields a valid trace in Traces(S'y ,,), because the transitions ?a'~? in

122 was received in 7 but not immediately

P, do not modify the control state; similary, if a
after la'™2, it is possible to move ?a'~? immediately after la'™? in 7 while keeepin a

valid trace in Traces(S/ ,,), again because the transitions ?a’~? in P} do not modify the

control state. In the remainder, we therefore assume that all la!™?

followed by ?a'=2.

o If P; sends a message to Ps, it is always possible to make sure that Ps receives it
immediately. Indeed, it is always the case that whenever P; sends a message to Ps3, Ps is
in its initial state, otherwise P; would be waiting for an acknowledgment from Ps, and
won’t be able to send a message to Ps.

e For the same reason, if P} sends a message a>7? to Ps, it must be the case that Ps is
blocked waiting for this message, and we can either move ?a?73 right after !a®>=3 or insert
it in 7 if it was not there.

e For the same reason, if P3 sends a message to Py, it is always possible to make sure that
Py receives it immediately.

e Finally, let us consider the case of P3 sending a message a®7? to P}. It must be the
case that P} is either in its initial state g2 or in the similar receiving state go o at the
moment of the sending. Indeed, if P was in a state g, ;, P3 would be blocked waiting
for an acknowledgment from P, so it would not have been able to send a message to P5.
So P4 is either in its initial state g2 or in the similar receiving state go o at the moment
of the sending !a®~2. With the same reasoning, it also holds that the buffer 3 — 2 was
empty before the sending of a®72. Since there are no send transitions from gg 2 and 40,2/ »
and since we assumed above that all ?a'~? immediately follow their matching send in
7, the only possible first action of P} in 7 after la3~?2 is 7a372. If this action exists in 7,
we can move it right after the sending of P3 up to causal equivalence. If 7a?~3 does not
happen in 7 after this la®7?2, it means that no further action of P} occurs in 7 after la®=2.
So we can insert 7372 in 7 right after !a3~? while keeping a valid trace in Traces(8j47m).

in 7 are immediately

In order to sum up what we showed with this case analysis, let us introduce the
homomorphism h” : Actj; — Act}, such that
° h//(!a1—>2) :!?al—>27
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o 1"(?a'7?) = ¢, and
e h”(\) = X otherwise.
For any given 7 € Traces(S; ), our case analysis shows that h"(7) € Traceso(Sy,,). It

is also easy to observe that send(7) = send(h”(7)). As a consequence, we get the desired
result.

Lemma 3.10. S:4’m 1s synchronizable.

3.4. Reducing the Message Reception Problem to Synchronizability. We are
now close to reach our initial goal, namely to reduce the message reception problem to
synchronizability. Let us consider the system S | = (P1,P2 U Py, P3), where Py U Py =
(Q2 U QY, qo2, Ao U Ab) is obtained by merging the initial state g2 of Pa and Ps.

It is now time to explain why we defined Py and P} so that it is not possible to come
back to the initial state gg 2. While doing so, we make sure that any trace of Sﬁ’m is either

a trace of S4 or a trace of S;l,m‘
Traces;(Sy ,,) = Traces(Sa) U Traces;,(S)y ),
In particular,
T(Shm) = Te(SA) U Tk(Sa ), and  Li(Sh ) = Te(Sa) U Le(Shm)-

The next lemma establishes the soundness of the reduction of message reception to
language synchronizability. The reduction to synchronizability will be later treated.

Lemma 3.11. S8’ is not language synchronizable iff there is a trace T € Traces(A) such
that ?m occurs in T.

Proof. (=) Assume that S.ié/l,m is not language synchronizable and let us show that there is
a trace 7 € Traces(A) such that ?m occurs in 7.

Let us first observe that if Sy ,, is not synchronizable, then J(S ,,)\Jo(S}4 ,,,) # 0. Since
by Lemma 3.10 84 ,, is synchronizable, J(S/y ,,) \ Jo(Sy ) = 0. So J(Sa) \ Jo(S4,,) # 0,
and in particular

TS0\ To(Sla ) # 0.

Let 71 € Traces(S4) be such that send(71) & Jo(Sam)- Then !m?>3 occurs in 71. Indeed, if
it was not the case, then by Lemma 3.9, we would have send(71) € Jo(S4,m). Now, since
Im?~*3 occurs in 71, by Lemma 3.5, there is a trace 7 € Traces(A) such that h(7) = 71, and
by definition of h, ?m occurs in 7.

(<) Assume that there is a trace 7 € Traces(.A) such that ?m occurs in 7, and let us
show that &) , is not language synchronizable. By Lemma 3.5, h(7) € Traces(S4). In order
to show that gjc,lm is not synchronizable (resp. not language synchronizable), let us show
that send(h(7)) € J(8% ,,) and send(h(7)) & Jo(S ,,)-

e send(h(7)) € J(S},,)- Indeed, send(h(7)) € J(Sa) because h(r) € Traces(Sa), and
J(Sa) € T(S) )
e Let us show that send(h(7)) ¢ Jo(Sh )+ Since Jo(S4 ) = Jo(Sa) U To(S)y ), We need

to show that send(h(7)) € Jo(Sa) an&send(h(v-)) Jo 5,,4,@)-
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3 occurs in h(7), but by

2—3

— send(h(7)) & Jo(S}y,,)- Indeed, since ?m occurs in 7, Im?2~

definition, P}, contains no !m?~3 transition, so a trace that contains !m can’t be

trace of S ,,, therefore send(h(7)) & Jo(Sy ,,)-

— send(h(7)) € Jo(Sa). Let us assume by absurd that there is a synchronous trace 7’ €
Tracesy(S.4) such that send(7’) = send(h(7)). By Lemma 3.5, there is 79 € Tracesy(.A)
such that either 7/ is a prefix of h(7g), or 7/ is a prefix of h(mg) -!?7a'™3 - 124372 for some
a € X. Since 7' is a synchronous trace, and by definition of h, 79 must only contain
receptions, and since 7y corresponds to a trace in A, 7y is the empty trace. So 7’ is a
prefix of 17473 1?2¢372 for some a € ¥, and !a®>73 does not occur in 7/. This contradicts
send(7') = send(h(7)) and the fact that !a>73 does occur in h(7).

[

Let us now establish the soundness of the reduction of message reception to synchroniz-
ability, instead of language synchronizability. It is slightly more involved due to the possible
existence of stable traces of S4 that are not “catched” by a stable synchronous trace of S.A.
This is actually only a minor problem, and we will actually fix it with the following extra
hypothesis on the FIFO automaton .A.

Definition 3.12. A FIFO automaton A is good for reduction if the only stable trace of A
is the empty trace.

Note that the FIFO automaton A that we defined in the proof of the undecidability
of the message reception problem is good for reduction: indeed, after the first row of the
tiling has been queued, the automaton always queues a new tile right after it has dequeued
a tile, or queues the marker of the end of the row ($) right after it dequeues it. So the buffer
always contains either at least one tile or the $ marker, except in the initial configuration.

Lemma 3.13. Assume that A is good for reduction. Then SZ\,m is mot synchronizable iff
there is a trace T € Traces(A) such that Tm occurs in T.

Proof. Let us show that, under the hypothesis that A is good for reduction, SZ\,m is
synchronizable if and only if S:47m is language synchronizable, which, by Lemma 3.11 will
entail what we need to prove.

(=) Let us assume that SZLm is synchronizable and let us show that SZLm is language syn-
chronizable. This implication actually holds for any system S. Indeed, if S is synchronizable,
then Z(S) \ Zo(S) = 0. Since J(S) C Z(S), we have in particular

J(S)\Lo(S) = 0.
By definition, Zy(S) = Jo(S) U Stab, where Stab is a set of pairs (send(7),~); such pairs do
not belong to J(S), so
J(S)\Lo(S) = T(S) \ Jo(S)-
As a consequence, J(S) \ Jo(S) = 0, and since Jy(S) C J(S), we finally get
J(S) = Zo(S).

(<) Let us assume that Jix(S},,) = Jo(S},,), and let us show that Z,,(S) ,,) =
Zo(S% )~ The inclusion Zo(S8% ,,,) € f(SJ’f"m) holds for any system. Let us therefore show
that I;(S.Zl,m) C Io(Shm)- Since Ik(S;’Lm)i: Z(Sa) UZk(S) ) for all k > 0, we have to
show that Z(S4) C Zo(S4) UZLo(Sly ) and Z(Sy ) € Zo(Sa) UZo(S) ,)-

o I(S) ) € Zo(Sa) UIo(Sy ,) follows from Lemma 3.10.
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e Let us show that Z(Sa) C Zo(Sa) UZo(S),,)- Since S, is language synchronizable by
hypothesis, we have in particular that J(A) C Jo(Sa) U Jo(S) ,,,)- So we only need to
prove that for all stable trace 7 of Sy, there is a stable synchronous trace 7 of S;’Lm
leading to the same configuration and such that send(7) = send(7’). We will actually show
that the only stable traces of Sy are synchronous, and therefore we can even take 7/ = 7.

Let 7 € Traces(S4) a stable trace be fixed, and let us show that 7 is synchronous.
By Lemma 3.5, there is a trace 79 € Traces(A) and a message a € ¥ such that either
7 = h(m), or 7 = h(1g) - 17a' 73, or 7 = h(7g) - 1?7a' 73 - 1?7372, By definition of h, if 7 is
stable, then g is stable too. Since A is good for reduction, 7y must be the empty trace.
So either 7 is the empty trace, or 7 =!?a'73, or 7 =!7a'73 . 174372, In all cases, T is a
synchronous trace, which ends the proof.

[]
Theorem 3.14. Synchronizability (resp. language synchronizability) is undecidable.

Proof. Let a FIFO automaton A that is good for reduction over the message alphabet X
and let a message m € ¥ be fixed. By Lemma 3.11, S ,, is (language) synchronizable iff
Tk(Sa)\ Jo(Sy ) = 0. By Lemma 3.13, 7i(Sa) \ Jo(S)y,,) = 0 iff there is no trace 7 such
that 7 - ?m € Traces(A). By Lemma 3.3, this is an undecidable problem. ]

4. THE CASE OF ORIENTED RINGS

In the previous section we established the undecidability of synchronizability for systems
with (at least) three peers. In this section, we show that this result is tight, in the sense that
synchronizability is decidable if G is an oriented ring, in particular if the system involves
two peers only. This relies on the fact that 1-synchronizability implies synchronizability for
such systems. In order to show this result, we first establish some confluence properties on
traces for arbitrary topologies. With the help of this confluence properties, we can state a
trace normalization property that is similar to the one that was used in [BBO12b] and for
half-duplex systems [CF05]. This trace normalization property implies that 1-synchronizable
systems on oriented rings have no unspecified receptions?, and their reachability set is
channel-recognizable. Finally, this trace normalization property leads to a proof that
1-synchronizability implies synchronizability when G is an oriented ring.

4.1. Confluence properties. The following confluence property holds for any synchroniz-
able system (see also Fig 3).

Lemma 4.1 (Weak commutativity). Let S be a 1-synchronizable system. Let T € Tracesy(S)
and a,b € M be such that

(1) 7-la € Traces; (S),

(2) 7-1b € Traces1(S), and

(3) src(a) # src(b).

If v1,v9 are any two of the six different shuffles of la - ?a with 1b-?b, then T - vy € Traces(S),

S
T -vg € Traces(S) and 7 - vy ~ T - v3.

2An unspecified reception occurs when a process P is in a receiving state, some messages awaits for P
receiving them, but they are not the ones that P may dequeue. See [CF05] for formal definitions.
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Figure 3: Diagrammatic representation of Lemma 4.1

Remark 4.2. This lemma should not be misunderstood as a consequence of causal equiv-
alence. Observe indeed that the square on top of the diagram is the only square that

commutes for causal equivalence. The three other squares only commute with respect to

S causal . .
~, and they commute for "~ only if some extra assumptions on a and b are made. For

ausal

instance, the left square does commute for “~" if and only if dst(a) # src(b).
Before we prove Lemma 4.1, let us first prove the following.

Lemma 4.3. Let a,b be two messages such that src(a) # src(b). Then for all peers i, for
all shuffle v of la - 7a with b - b, either onPeer;(v) = onPeer;(!7a - 17b) or onPeer;(v) =
onPeer;(17b - 17a).

Proof. Let i and v be fixed. Since src(a) # src(b), it is not the case that both la and !b
occur in onPeer;(v). By symmetry, let us assume that !b does not occur in onPeer;(v). We
consider two cases:

(1) Let us assume that ?a does not occur in onPeer;(v). Then onPeer;(v) € {la, ?b,!a - 7b},
and in all cases, onPeer;(v) = onPeer;(!7a - 17b).

(2) Let us assume that ?a occurs in onPeer;(v). Then !a does not occur in onPeer;(v),
therefore onPeer;(v) contains only receptions, and onPeer;(v) € {?a,?a - 7b,?b,?b - 7a}.
In every case, either onPeer;(v) = onPeer;(!7a - 17b) or onPeer;(v) = onPeer;(17b-17a). [

Let us prove now Lemma 4.1.

Proof. Observe first that, since src(a) # src(b), 7-la-1b € Traces; (S) and 7-!b-la € Traces; (S),
and since S is 1-synchronizable, 7 - 17a-17b € Tracesy(S) and 7 - 17b-17a € Tracesy(S). By
Lemma 4.3, it follows that for all shuffle v of la - 7a with 1b-?b, 7-v € Traces;(S). It remains
to show that

for all two shuffles v, v/ of la - ?a with 1b-?b, 7-v L7 (P)

Let 7op =la-1b-7a-7b and 14 =!0-la - 7a - 7b, and let v be a shuffle of la - 7a with 1b- 7b.
Since S is 1-synchronizable, the stable configuration that 7 - v leads to only depends on
the order in which the send actions !a and !b are executed in v, i.e. either 7-v L Tab OT
roul Tpe. Moreover, Tgp caysal Tha, hence (P). ]

Our aim now is to generalize Lemma 4.1 to arbitrary sequences of send actions (see
Lemma 4.9 below and the corresponding diagram). For this, we need to reason by induction
on the length of the sequence of send actions. The first step is to establish the following

property: a synchronous trace followed by a sequence of send actions can be completed to
form a fully synchronous trace.
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Figure 4: Diagram of Lemma 4.5

Lemma 4.4. Let S be a 1-synchronizable system. Let T € Tracesy(S) and ay,---,a, € M
be such that

(1) 7-lay - -lay € Traces,(S)

(2) src(aq) = src(aj) for alli,j € {1,...,n}.

Then T -17ay - - - ?a, € Tracesy(S).

Proof. By induction on n. Let ai,...,a,41 be fixed, and let 7, = 7-17a1---7a,,. By
induction hypothesis, 7, € Tracesy(S). Let 7, = 7, - !ay41. Then

e onPeer;(7),, ;) = onPeer;(7,) for all i # src(a,41), and 7, € Traces(S)
e for i = src(any1), onPeer;(7),, ;) = onPeer;(7 - lay - - -la,41) and 7 - lay - - - la, € Traces(S)
e 7)., is 1-bounded FIFO

therefore 7], ; € Traces; (S).
By 1-synchronizability, it follows that 7),_; - 7a,+1 € Tracesy(S). ]

The second step is a confluence property that allows to commute a synchronization on
one message and a sequence of synchronizations on other messages with different senders
(see also the diagram on Figure 4).

Lemma 4.5. Let S be a 1-synchronizable system. Let T € Tracesy(S) and a,by, ..., b, € M
be such that

(1) 7-17a € Tracesy(S)

(2) 7176y ---17b,, € Tracesy(S)

(3) src(a) # src(b;) for alli € {1,...,n}.
Then the following holds

o 7-17a-17by - - - 17b,, € Tracesy(S),
o 7-17by---17b, - 1?7a € Tracesy(S), and

o 7 12a 12y 12y & 7120y -+ 120, - a.

Proof. By induction on n. Let a,b; ...,b,11 be fixed, let 7,, = 7 -17b1 - - - 17b,,. By induction
hypothesis, 7, - 17a € Tracesy(S), and by hypothesis 7, - 17b,+1 € Tracesy(S). By Lemma 4.1,
Tn  17a - 17by11 € Traceso(S), T - 17bp11 - 17a € Tracesy(S), and

S
T 120 1261 2 7 - 174 - 120

On the other hand, by induction hypothesis, 7, - 7a L7 1%- 1?61 - - - 17b,, and by right

S
congruence of ~

S
Tn 1?20 - 12001 ~ 7170170y - 17by 41
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Figure 5: Diagram of Lemma 4.6

By transitivity of r‘z, we can relate the two right members of the above identities, i.e.
Tn it 120 2 712012y - 12y
which shows the claim. ]

The next lemma expresses the following, rather technical property: considering two
sequences of synchronizations that are orthogonal (with different senders), it is possible to
combine them in a single synchronous trace by shuffling the synchronization in any order.
Diagramatically, it expresses that all paths that result from a shuffle inside the diamond
lead to the same configuration (see Figure 5).

Lemma 4.6. Let S be a 1-synchronizable system. Let T € Tracesy(S) and ay, ..., an,b1,...,by €
M be such that

(1) 7-1?7ay---1?a, € Tracesy(S)

(2) 7-17by -+ - 1?by, € Traceso(S)

(3) src(aq) # src(by) for alli e {1,...,n}, j€{l,...,m}

Then for all shuffle ¢y ...cman of a1+ an with by - - by,

o 7-17¢cy - 17¢ 1 € Tracesy(S), and

o 7121 N2ay 12y - 12 DT 120y - e

Proof. By induction on n + m. Let ai,...,an,b1...,by, be fixed, and let ¢ - - - cpim be a
shuffle of a7 - - - a,, with by ---b,,.

e Assume that ¢; = ay. Let 7/ = 7-17a;. By Lemma 4.5, 7/ - 17b1 - - - 1?b,,, € Tracesy(S), and
by hypothesis 7/ - 17ag - - - 17a,, € Tracesy(S), so we can use the induction hypothesis with
(a},....,a,_y) = (az,...,an). We get 7/ -17cy---17¢,, € Tracesy(S), and

S
71212, T ag - 2ay, 1201 - 120,

which shows the claim.
e Agsume that ¢; = b;. Then by the same arguments,

S
T 1% e, ~ 71701120, - 7ay - - 1 7ay,
Since this holds for all shuffle ¢y, ..., ¢p4m, this also holds for ¢y = a1, ...,¢y = an, Cne1 =
b1, , Cn+tm = bm, which shows the claim. ]

The next lemma generalizes Lemma 4.4: a sequence of send following a synchronous
trace can be completed in a synchronous trace, regardless whether these sends are from the
same sender or not.

Lemma 4.7. Let S be a 1-synchronizable system. Let 7 € Traceso(S) and mq,--+,m, € M
be such that T -!mq ---m, € Traces,(S) Then 7 -17mq ---17m,, € Tracesy(S).
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Figure 6: Diagrammatic representation of Lemma 4.9

Proof. By induction on n. Let my,...,m, be fixed with n > 1. There are two subsequences
ai,...,ar and by, ..., b, such that

o src(ag) =src(my) for all £ € {1,...,r},

e src(by) # src(my) for all £ € {1,...,m},

e my---my, is a shuflle of ay - - - a, with by --- b,

By hypothesis, 7 - la;---la, € Traces(S) and 7 - by ---1b,, € Traces(S). By Lemma 4.4,
7-1?2aq -+ -17a, € Tracesy(S), and by induction hypothesis 7 - 1?7y - - - 17b,,, € Tracesy(S), and
finally by Lemma 4.6 7 - 17mq - - - 17m,, € Tracesy(S). []

The next lemma, the last one before the main lemma we aim at, is a purely combinatorial
property that does not have anything to do with synchronizability. It says that if a trace is a
shuffle of two synchronous traces, and if it projected on a given machine, then this projection
looks like the projection of a synchronous trace that is a shuffle of the original messages.

Lemma 4.8. Let ai,...,a,,b1, - ,by, € M, and let T be a shuffle of ?ay ---17a, with
17by -+ 1?0y, Then for all i € {1,...,p} there is a shuffle ¢1---cpym of ay---an with
by -+ - by, such that onPeer;(17) = onPeer;(17¢q -+ - 17¢pim).

Proof. Let us fix 7 = A1+ Ay(nym) a shuffle ?ay ---17a,, with 176 ---17b,,. Consider the

trace 7/ = 71] - - - Té(n_i_m) where, for all k € {1,...,2(n+ m)}, 7 is defined as follows:

e if there are m, j such that Ay =!m* ™7 or Ay =?m/ %, then 7/, =!7m

e otherwise, if Ay, =!my, then 7; =!7my, else \; =?my, and 7], =€

Then by construction 7’ is of the form !?¢y - - 1?¢p 1, With ¢, ..., ¢him a shuffle of ay, ..., ay,
with by, ..., by,. Moreover, onPeer;(7') = onPeer;(7), which ends the proof. ]

We are now ready to generalise Lemma 4.1 to an arbitrary long sequence of send actions,
which is the main property we wanted to establish with this long serie of lemmas.

Lemma 4.9 (Strong commutativity). Let S be a 1-synchronizable system. Letaq,...,an,b1,...

M and T € Tracesy(S) be such that

(1) 7-lay---la, € Traces,(S),

(2) 7-1by - 1by, € Traces,,(S), and

(3) src(aq) # src(by) for alli € {1,...,n} and j € {1,...,m}.

Then for any two different shuffles vi,vy of 7ay - Tag - - - 17a, with !7by - 17bg - - - 17by,, it holds
that T - vy € Traces(S) , 7- vy € Traces(S) and 7 - vy L£r. V.

Proof. Let 7 € Traceso(S) and aq,...,an,b1,...,by, be fixed. Let v be a shuffle of
7ay -+ -17a, with 17by - -17b,,. We want to show that 7 -v € Traces(S). Clearly, 7-v €
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Traces(S) is a FIFO trace. Therefore, it is enough to find for all i € {1,...,p} a trace 7;
such that

7; € Traces(S) and onPeer;(7 - v) = onPeer;(7;). (4.1)
Let ¢ € {1,...,p} be fixed, and let us construct 7; that validates (4.1). By hypothesis
7-lay---la, € Traces(S) and 7 - 1b; - - - b, € Traces(S)
therefore, by Lemma 4.7,
7-1?7a1 ---1?a, € Tracesy(S) and 7 -17b; - - - 17b,, € Tracesy(S). (4.2)

On the other hand, by Lemma 4.8, there is a shuffle ¢; ... cpym of a1 ---ap with by --- by,
such that

onPeer;(v) = onPeer;(17¢y - - 17¢pim) (4.3)
Let 7; = 7-17¢1 -+ 17¢p4m. By Lemma 4.6 and (4.2), 7; € Traceso(S), and by (4.3), the
second part of (4.1) holds. ]

4.2. Trace normalization. In this section and the next one, it will be necessary to assume
that the communication topology is an oriented ring.

Definition 4.10 (Normalized trace). A M-trace 7 is normalized if there is a synchronous
M-trace 19, n > 0, and messages aq,...,a, such that 7 =79 - lay - - - la,.

Lemma 4.11 (Trace Normalization). Assume M is such that the com- _ NUT
. . . . . 0
munication topology Gy is an oriented ring. Let S = (P1,...,Pp) be a !

1-synchronizable M -system. For all T € Traces(S), there is a normalized !m’lfff!’mk

trace norm(7) € Traces(S) such that T £ norm(T).

Proof. By induction on 7. Let 7 = 7’ - A, be fixed. Let us assume by induction hypothesis

that there is a normalized trace norm(7’) € Traces(S) such that 7/ £ norm(7'). Let us
reason by case analysis on the last action A of 7. The easy case is when A is a send action:

then, norm(7’) - A is a normalized trace, and norm(7’) - A £72 by right congruence of

£. The difficult case is when \ is ?a for some a € M. Let i = src(a), 7 = dst(a), i.e.

i+ 1 =7 mod p. By the definitions of a normal trace and Caﬁfal, there are 7 € Tracesy(S),
aiy...,0p,01,...,by € M such that

norm(7’) cansal 7o lay -+ lag 1oy - lby,
with src(ag) =i for all k € {1,...,n} and src(by) # i for all k € {1,...,m}. Since G/ is an
oriented ring, dst(a;) = j, therefore a; = a (because by hypothesis j may receive a in the
configuration that norm(7’) leads to). Let norm(7) = 7§ -la - ?a-1by - - 1by, - lag - - - la, and let

us show that norm(7) € Traces(S) and 7 L norm(7).
Since norm(7’) € Traces(S), we have in particular that 7 - la € Traces;(S) and 7 -
b1 - - by, € Traces(S). Consider the two traces

vi= 7hla- a1y lby - 7by - by
Vg = Té'a'bl'bn‘?a?bl?bn
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By Lemma 4.9, vy, v9 € Traces(S) and both lead to the same configuration, and in particular
to the same control state g for peer j. The actions 7by, 7bs,...7b, are not executed by peer
j (because src(m) # i implies dst(m) # j on an oriented ring), so the two traces

v = T1h-la-?a- by by,

vh= T1h-la-1by--1by, - Ta

lead to two configurations 7/, 74 with the same control state ¢ for peer j as in the configuration
reached after v or va. On the other hand, for all k& # j, onPeery(v]) = onPeery(v}), therefore

v} L v. Since 7-la-lag - - la, € Traces, (S), and onPeer;(7)-la) = onPeer;(v]) = onPeer;(v5),
the two traces

vy = 71)-la-?a- by -1y - lag - Hlay,

vl = 71)-la-1by-- by - a-lay--lay,

belong to Traces(S) and vf £ vY. Consider first v{: this is norm(7) as defined above,

S . s ausal
therefore norm(7) € Traces(S), and norm(7) X vY. Consider now v4. By definition, vf “~*

norm(7’) - 7a. By hypothesis, norm(7’) £ 7/, therefore norm(7') - 7a “=* 7. To sum up,
norm(7) £ vl ™ norm(7') - ?a £ 7, therefore norm(7) L. []

Note how we used the hypothesis that the communication topology is an oriented ring
in the proof of Lemma 4.11. As a hint that this trace normalization does not hold if a peer
can send to two different peers, consider the following example:

Example 4.12. Let P; =la-!b, Py =7a, P3 =7b, in other words, P; sends a message to both
P2 and Ps, and they can receive this message. The system is obviously 1-synchronizable.

But the only trace g-equivalent to 7 =la-1b-7bis 7 itself, which is not a normalized trace.

4.3. Reachability set. As a consequence of Lemma 4.11, 1-synchronizability implies several
interesting properties on the reachability set.

Definition 4.13 (Channel-recognizable reachability set [Pac87, CF05]). Let S = (Py,..., Pp)
with P; = (Qi, Ai, qo,i). The (coding of the) reachability set of S is the language Reach(S) over

the alphabet (MUUY_, Q;)* defined as {g1 -+ - gp-w1 -+ wp | Y0 L1y s Gy Wi,y e wp), T €
Traces(S)}. Reach(S) is channel recognizable (or QDD representable [BG99)) if it is a recog-
nizable (and rational) language.

Theorem 4.14. Let M be a message set such that Gy is an oriented ring, and let S be a
M -system that is 1-synchronizable. Then

(1) the reachability set of S is channel recognizable,
(2) for all T € Traces(S), for all o = =, there is a stable configuration 7', n > 0 and

? L7
mi,...mp € M such that v —"" o/,
In particular, S does not have unspecified receptions.

Proof.

(1) Let S be the set of stable configurations v such that vy — v for some 7 € Tracesy(S);
S is finite and effective. By Lemma 4.11, Reach(S) = |J{Reach'(y) | v € S}, where

lag-lan
Reach'(y) = {q1-+gp - w1+ wy | ¥ ==
M} is an effective rational language.

(g1, qp,wi,...,wp),n > 0,a1,...a, €
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To-!my--Imy

(2) Assume vy — 7. By Lemma 4.11, 79 =27 + for some 79 € Tracesy(S). Then

causal
T0-!my---my ~" 1971 where 7 :=laj---la, - by - by for some aq,...,a,,b1,by

such that src(a;) # src(b;) for all i € {1,...,n} and j € {1,...,m}. By Lemma 4.9,
To-71 - 71 € Traces(S) (where 771 =?aq - - - 7ay, - 7b1 - - - 7by, ), and therefore ~y SIULENPVRRENGV
for some stable configuration +'. []

4.4. 1-synchronizability implies synchronizability.

Theorem 4.15. Let M be a message set such that Gps is an oriented ring. For any
M-system S, S s 1- synchronizable if and only if it is synchronizable.

Proof. We only need to show that 1-synchronizability implies synchronizability. Let us
assume that S is 1-synchronizable. Let synch(7) denote the unique synchronous M-trace
such that send(synch(7)) = send(7). We prove by induction on 7 the following property
(which implies in particular that S is synchronizable):

for all 7 € Traces(S), there are mi,...,mp € M such that
(C1) synch(7) € Tracesy(S) .
(C2) 7-?mq---7my € Traces(S), and “~. synch(7)
(C3) 7-Tmy---Tmy L synch(T). T
Let 7 = 7" - X be fixed and assume that there are m/,...,m; € M R
such that 7" - ?m/ ---?mj_ € Traces(S), synch(r’) € Tracesy(S), and my - Ty

' tmy - tmy L synch(7’). Let us show that (C1), (C2), and (C3)

hold for 7. We reason by case analysis on the last action A of 7.

e Assume A =?a. Then synch(7) = synch(7’) € Tracesy(S), which proves (C1). Let
i = dst(a). Since peer i only receives on one channel, there are my, ..., my_1 such that
7' tml - Tm), s 2 Tmy - Tmp_1.

Since 7' - ?7m/) - ?m), 2 synch(7) by induction hypothesis, (C2) and (C3) hold.

e Assume A =la. By Lemma 4.11, there is norm(7') = 7 - !m/ - - -!mj with 7y € Traces(S)
such that 7/ 2 norm(7’). Since 7/ ?7m/ - - - ?mj, leads to a stable configuration, m/, ..., mj
is a permutation of m/, ..., m}, that do not swap messages of a same channel. Since G/
is an oriented ring, norm(7’) 70 - !mf -+ -!mj.. Since 7" - la € Traces(S), it holds that
70 - !my - - -Imy - la € Traces(S), which implies by Lemma 4.9 that the two traces

causal
~Y

vy = T1-my-mltmy - tmy - la - Ta
va= To-!my-Imp - la--tml - Pmy - Ta

belong to Traces(S) and verify vy £ vy. Consider first vy, and let vy =19 Imf - Imy -
?mf ---?mj. Since norm(7’) e - 'mf - Im) £+ and 7 my -y, 2 synch(7'), it
holds that v} £ synch(7’). Therefore, synch(7’) - la - 7a = synch(7) belongs to Traces(S),

causal

. S .
which shows (C1), and synch(7) ~ v;. Consider now vy, and let v5 = 79-!m} - - -Imj -la "~
S .
norm(7’) - la. Then v ~ 7" -la = 7, therefore 7 - ?m/ - - -?m] - 7a € Traces(S), which shows

(C2), and 7-?m) ---?mj - 7a £ vy. Since vy 2 vy X synch(7), this shows (C3). []
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Theorem 4.16. Let M be a message set such that Gy is an oriented ring. The problem of
deciding whether a given M -system is synchronizable is decidable.

Since a system with two machines is a particular case of a system that is an oriented
ring, we deduce from the above result that synchronizability is decidable in that particular
case.

Theorem 4.17. Synchronizability is decidable for systems of 2-CFSMs.

5. EXTENSIONS AND RELATED WORKS

5.1. Synchronizability for other communication models. We considered the notions of
synchronizability and language synchronizability introduced by Basu and Bultan [BB16] and
we showed that both are not decidable for systems with peer-to-peer FIFO communications,
called (1-1) type systems in [BB16]. In the same work, Basu and Bultan considered the
question of the decidability of language synchronizability for other communication models.
All the results we presented so far do not have any immediate consequences on their claims
for these communication models. Therefore, we briefly discuss now what we can say about
the decidability of language synchronizability for the other communication models that have
been considered.

5.1.1. Bags. In [BB16], language synchronizability is studied for systems where peers com-
municate through bags instead of queues, thus allowing to reorder messages. Language
synchronizability is decidable for bag communications: Traces’™(S) is the trace language
of a Petri net, Tp(S) = {7 € Act}, | send(7) € \75&9(8)} is an effective regular language, S
is language synchronizable iff Traces’™(S) C Ty(S), and whether the trace language of a
Petri is included in a given regular language reduces to the coverability problem. Lossy
communications where not considered in [BB16], but the same kind of argument would also
hold for lossy communications. However, our Example 2.2 is a counter-example for Lemma 3
in [BB16], i.e. the notion of language 1-synchronizability for bag communications defined
in [BB16] does not imply language synchronizability. The question whether (language)
synchronizability can be decided more efficiently than by reduction to the coverability
problem for Petri nets is open.

5.1.2. Mailbozes. The other communication models considered in [BB16] keep the FIFO
queue model, but differ in the way how queues are distributed among peers. The x-1 (mailbox)
model assumes a queue per receiver. This model is the first model that was considered for
(language) synchronizability [BB11, BBO12b]. Our Example 2.2 is not easy to adapt for
this communication model. We therefore design a completely different counter-example.

Example 5.1. Consider the system of communicating machines depicted in Fig. 7. Assume
that the machines communicate via mailboxes, like in [BB11, BBO12b], i.e. all messages
that are sent to peer i wait in a same FIFO queue Q;, and let J, 71(8) denote the k-bounded
send traces of S within this model of communications. Then J _1(8) = jl*_l(S) =+
jQ*fl(S ), as depicted in Figure 7. Therefore S is language 1-synchronizable but not language
synchronizable, which contradicts Theorem 1 in [BB11], Theorem 2 in [BBO12a], and
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Figure 7: Language 1-synchronizability does not imply language synchronizability for 1-x
(mailbox) communications ¢ la [BB11, BBO12b].

(S) = J{ aabed,
aach,

Theorem 2 in [BB16]. It can be noticed that it does not contradict Theorem 1 in [BBO12b],
but it contradicts the Lemma 1 of the same paper, which is used to prove Theorem 1.

5.2. Analysis of the original mistake. We analyse the original mistake looking at the
proof of Theorem 1 in [BB11]. The proof attempt is by absurd: the authors assume a
sequence of send actions m; ...m, that exists in Z(S) but not in Z;(S). There exists a prefix
mq ...my in Z1(S) such that my...my1 & Z1(S). So there are two traces 7 € Traces(.S)
and 7' € Traces;(S) with send(7) = my...my41 and send(7') = mq...m;. The authors
claim that the only reason why 7/ cannot be extended (in Traces;(S)) to a trace that ends
with !m;y1 is because the buffer where m;1, should go is full. But they miss another
explanation: it could simply be that the configuration after 7/ has control states from which
it is not possible to take a transition labeled with a !m; 1, even after a few receptions. This
configuration has a priori nothing in common with the configuration reached in 7 right
before !my4 1.

5.3. Realizability of choreographies. Let us recall that a choreography C' is a finite
automaton describing the exchange of messages between processes. A transition (g, m*™7,¢)
in C is interpreted as follows: process F;, in state g, sends message m to process P; and
moves to state ¢/; and in the same way, process P;, in state g, receives message m from
process P; and moves into state ¢’. The communication has to be specified and can be done
by rendez-vous, bags, fifo channels ; the topology of communications could be peer-to-peer or
with mailboxes. From a choreography C', one may construct the system S of communicating
processes P; such that each process P; is the (natural) projection of C' ; then C' coincides with
the synchronous composition of the peer-to-peer system of P; (Proposition 4 in [SAAB20]).
But choreography-defined peer-to-peer systems form a strict subclass of peer-to-peer systems.
Since the word realizability is used with different meanings, for example in [BBO12a]
and in [SAAB20], we distinguish here two notions of realizability. A choreography C' is
said mailboz-realizable (resp. peer-to-peer-realizable) if the system Sc with respect to the
mailbox semantics (resp. with respect to the peer-to-peer semantics) is synchronizable.
Basu, Bultan and Ouederni considered the question of the decidability of the mailbox-
realizability of choreographies [BBO12a]. Assuming (from a previous paper from Basu and
Bultan [BB11]) that Zy(S) = Z1(S) implies Zy(S) = Z(S), they established the decidability of
the mailbox-realizability of choreographies. Our counter-example shows that this decidability
proof is not correct hence the decidability of the mailbox-realizability is, to the best of
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our knowledge, still an open problem. They did not studied the peer-to-peer-realizability
problem.

Very recenly, Schewe et al [SAAB20] considered the peer-to-per-realizability problem and
proposed a proof of decidability noticing that all our counter-examples are not choreography-
defined peer-to-peer systems. They did not studied the mailbox-realizability problem.

5.4. Branching synchronizability and stability. Branching synchronizability is defined
in [OSB13] and Theorem 1 says that a system S of processes communicating through fifo
channels and mailboxes is branching synchronizable iff its associated synchronous system
Srdv 18 branching equivalent (i.e. bisimilar) to S in which all channels are bounded by 1.
It is immediate to deduce from Theorem 1 that branching synchronizability is decidable
but this is false. The proof of Theorem 1 is not given in [OSB13] and it is said that it is
on the web page of the first author, Ouederni; we did not found the complete paper on her
web pages. Stability [ASY16] seems to be another name for branching synchronizability.
More precisely, let LTS}C (S) denote the labeled transition system restricted to k-bounded
configurations, where receive actions are considered as internal actions (7 transitions in CCS

dialect). A system S is k-stable if LTS'(S) prageh LTS, (S), where P8 denotes the branching
bisimulation. In particular, a system that is O-stable is synchronizable. Theorem 1 in [ASY16]

claims that the following implication would hold for any k > 1: if LTS,(S) brageh LTS}, 11(8),

then LTS}, 41(S) brageh LTS, 42(S). Our example 2.2 is a counter-example to this implication
for k = 0, and it could be generalized to a counter-example for other values of k by changing
the number of consecutive a messages that are sent by the first peer (and, symmetrically,
received by the second peer). Therefore the claim of Theorem 1 in [ASY16] is not correct.

In [AS18], the authors consider the LTS} (S) (note the “?”) associated with a given
system: this LTS is the “standard” one that keeps the receive actions as being “observable”.
A new notion, also called stability is defined accordingly: a system (strongly) k-stable if

LTS"(S) brageh LTSY(S), and (strongly) stable if it is strongly k-stable for some k. It is
not difficult to observe that a system is strongly k-stable if and only if all its traces are
k-bounded: indeed, if all traces are k-bounded, LTS"(S) = LTSY(S), and if not, there is
a trace with k + 1 unmatched send actions in LTS"(S), therefore LTS"(S) is not trace
equivalent to LTS} (S). All results of [AS18] are therefore trivially correct.

5.5. Existentially bounded systems. Existentially bounded systems have been introduced
by Genest, Kuske and Muscholl [GKMO06]. A system S is existentially k-bounded, k > 1,

if for all trace T € Traces(S), there is a trace 7/ € Traces),(S) such that 7 “=* 7/, Unlike
synchronizability, existential boundedness takes into account the receive actions, but bases
on a more relaxed notion of trace (also called message sequence chart, MSC for short).

Existential boundedness and synchronizability are incomparable. For instance, a system
with two peers P; and Ps, defined (in CCS notation) as P, =la and P, = 0 (idle), is
existentially 1-bounded, but not synchronizable. Conversely, there are synchronous systems
that are not existentially 1-bounded: consider P =la.la||?b.7b (i.e. all shuffles of the two), and
Q =7a.7a||'blb, and assume that P, (Q are represented as (single-threaded) communicating
automata. Then this system is synchronous, but the trace lala!b!b?a?a?b?b is not causally
equivalent to a 1-bounded trace.



33:26 A. FINKEL AND E. LOZES Vol. 19:4

Although Genest et al did not explicitly defined it, one could consider existentially
0-bounded systems. This is a quite restricted notion, but it would imply synchronizability
and would generalize half-duplex systems.

Genest et al showed that for any given k > 1, it is decidable whether a given system S
of communicating machines with peer-to-peer communications is existentially k-bounded
(Proposition 5.5, [GKM10]). Note that what we call a system is what Genest et al called a
deadlock-free system, since we do not have any notion of accepting states.

5.6. Communication layers. Finally, following the work of Lipton on reduction [Lip75],
there has been recently a lot of interest on the verification of FIFO systems on the idea
of grouping communications in closed rounds [CCM09, KQH18], in particular to abstract
a round of communications as a single operation. In [BEJQ18], the authors define the
notion of k-synchronous systems: a system & of machines communicating with mailboxes is
k-synchronous if for all 7 € Tracesi(S), there are 7,..., 7, such that

causal
~ T1*Tn,

e for all i =1,...,n 7; contains at mots k send actions, and
e every message received in 7; has been sent in 7;

The classes of k-synchronous systems, of existentially £ bounded systems, and the one of
synchronizable systems are incomparable, although they share very similar ideas.

6. CONCLUSION AND PERSPECTIVES

We established the undecidability of synchronizability for communicating finite state machines
communicating with peer-to-peer channels. We also proposed a counter-example for an
argument of the proofs that synchronizability is decidable for mailbox communications.
Finally, we showed the decidability of synchronizability for systems organized on an oriented
ring.

Although we identified some problems and fixed them, our work leaves open a bunch of
questions. The first one is the decidability of synchronizability for the mailboxes semantics
- we only found a counter example to the proof of Basu and Bultan, but we did not show
that it is undecidable. Another question is the decidability of the LTL/CTL model checking
for synchronizable systems, either on traces, or on sequences of configurations. We also left
open the exact complexity of synchronizability for oriented rings. We believe these questions
are rather technical and sometimes very challenging.
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