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ABSTRACT. Each Multiplicative Exponential Linear Logic (MELL) proof-net can be ex-
panded into a differential net, which is its Taylor expansion. We prove that two different
MELL proof-nets have two different Taylor expansions. As a corollary, we prove a complete-
ness result for MELL: We show that the relational model is injective for MELL proof-nets,
i.e. the equality between MELL proof-nets in the relational model is exactly axiomatized
by cut-elimination.

In the seminal paper by Harvey Friedman [18], it has been shown that equality between
simply-typed lambda-terms in the full typed structure M x over an infinite set X is completely
axiomatized by 8 and 7: for any simply-typed lambda-terms v and u, we have (Mx F v =
u 4 v ~g, u). Some variations, refinements and generalizations of this result have been
provided by Gordon Plotkin [30] and Alex Simpson [33]. A natural problem is to know
whether a similar result could be obtained for Linear Logic.

Such a result can be seen as a “separation” theorem. To obtain such separation theorems,
it is a prerequisite to have a “canonical” syntax. When Jean-Yves Girard introduced Linear
Logic (LL) [19], he not only introduced a sequent calculus system but also “proof-nets”.
Indeed, as for LJ and LK (sequent calculus systems for intuitionnistic and classical logic,
respectively), different proofs in LL sequent calculus can represent “morally” the same proof:
proof-nets were introduced to find a unique representative for these proofs.

The technology of proof-nets was completely satisfactory for the multiplicative fragment
without units.! For proof-nets having additives, contractions or weakenings, it was easy to
exhibit different proof-nets that should be identified. Despite some flaws, the discovery of
proof-nets was striking. In particular, Vincent Danos proved by syntactical means in [6]
the confluence of these proof-nets for the Multiplicative Exponential Linear Logic fragment
(MELL). For additives, the problem to have a satisfactory notion of proof-net has been
addressed in [23]. For MELL, a “new syntax” was introduced in [7]. In the original syntax,
the following properties of the weakening and of the contraction did not hold:

e the associativity of the contraction;
e the neutrality of the weakening for the contraction;
e the contraction and the weakening as morphisms of co-algebras.

Key words and phrases: Linear Logic, Denotational semantics, Taylor expansion.

I¥or the multiplicative fragment with units, it has been recently shown [21, 22] that, in some sense, no
satisfactory notion of proof-net can exist. Our proof-nets have no jump, so they identify too many sequent
calculus proofs, but not more than the relational semantics.
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But they hold in the new syntax; at least for MELL, we got a syntax that was a good
candidate to deserve being considered “canonical”. Then trying to prove that any two
(n-expanded) MELL proof-nets that are equal in some denotational semantics are (-joinable
has become sensible and had at least the two following motivations:

e to prove the canonicity of the “new syntax” (if we quotient more normal proof-nets, then
we would identify proof-nets having different semantics);

e to prove the confluence by semantic means (if a proof-net reduces to two cut-free proof-nets,
then they have the same semantics, so they would be -joinable, hence equal).

The problem of injectivity? of the denotational semantics for MELL, which is the question
whether equality in the denotational semantics between (n-expanded) MELL proof-nets is
exactly axiomatized by cut-elimination or not, can be seen as a study of the separation
property with a semantic approach. The first work on the study of this property in the
framework of proof-nets is [25] where the authors deal with the translation into LL of
the pure A-calculus; it has been studied more recently for the intuitionistic multiplicative
fragment of LL [26] and for differential nets [27]. For Parigot’s Au-calculus, see [8] and [32].

Finally the precise problem of injectivity for MELL has been addressed by Lorenzo
Tortora de Falco in his PhD thesis [34] and in [35] for the (multiset based) coherence semantics
and the multiset based relational semantics. He gave partial results and counter-examples
for the coherence semantics: the (multiset based) coherence semantics is not injective for
MELL. Also, it was conjectured that the relational model is injective for MELL. It is worth
mentioning that the injectivity of the relational model trivially entails the injectivity of other
denotational semantics: non-uniform coherence semantics ([4] and [3]), finiteness spaces [15],
weighted sets [1]...

We presented an abstract of a proof of this conjecture in [10]. This result can be seen as

a semantic separation property in the sense of [18];

a semantic proof of the confluence property;

a proof of the “canonicity” of the new syntax of MELL proof-nets;

a proof of the fact that if the Taylor expansions of two cut-free MELL proof-nets into
differential nets coincide, then the two proof-nets coincide.

Differential proof-nets [17] are linear approximations of proof-nets that are meant to allow
the expression of the Taylor expansion of proof-nets as infinite series of their linear approxi-
mations, which can be seen as a syntactic counterpart of quantitative semantics of Linear
Logic (see [16] for an introduction to the topic). Now, in the present paper, we not only
provide a fully detailed proof of this result, we also prove a more general result: We show
that if the Taylor expansions of any two MELL proof-nets into differential nets coincide,
then the two proof-nets coincide, i.e. we removed the assumption of the absence of cuts.
Then the injectivity of the relational semantics becomes a corollary of this new result. By
the way, the proof is essentially the same as before.?

2The tradition of the lambda-calculus community rather suggests the word “completeness” and the
terminology of category theory rather suggests the word “faithfulness”, but we follow here the tradition of
the Linear Logic community.

3The two main differences are the following ones:

(1) The pseudo-experiments we consider are not necessarily induced by experiments any more, which means
that we consider simple differential nets that might reduce to 0 and have no counterpart in the denotational
semantics.

(2) The constraints on the basis k of the k-heterogeneous pseudo-experiments we consider are stronger.
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In [35], a proof of the injectivity of the relational model is given for a weak fragment. But
despite many efforts ([34], [35], [2], [28], [27], [29]...), all the attempts to prove the conjecture
failed up to now. New progress was made in [13], where it has been proved that the relational
semantics is injective for “connected” MELL proof-nets. Even though, there, “connected” is
understood as a very strong assumption, the set of “connected” MELL proof-nets contains
the fragment of MELL defined by removing weakenings and units. Actually [13] proved a
much stronger result: in the full MELL fragment, two cut-free proof-nets R and R’ with
the same interpretation are the same up to the map associating auxiliary doors with their
box (we say that they have the same LPS* - for instance, there are exactly four different
proof-nets whose LPS is the LPS depicted in Figure 22, p. 22: These four proof-nets are the
ones depicted in Figure 23, Figure 24, Figure 25 and Figure 26, p. 38). We wrote: “This
result can be expressed in terms of differential nets: two cut-free proof-nets with different
LPS have different Taylor expansions. We also believe this work is an essential step towards
the proof of the full conjecture.” Despite the fact we obtained a very interesting result about
all the proof-nets (i.e. also for non-“connected” proof-nets®), the last sentence was a bit
too optimistic, since, in the present paper, which presents a proof of the full conjecture, we
could not use any previous result nor any previous technique/idea.

Let us give one more interpretation of its significance. First, notice that a proof of this
result should consist in showing that, given two non [-equivalent proof-nets R and R’, their
respective semantics [R] and [R'] are not equal, i.e. [R]\ [R'] # 0 or [R']\ [R] # 0.° But,
actually, we prove something much stronger: We prove that, given a proof-net R, there exist
two points a and 8 such that, for any proof-net R’, we have ({e, 5} C [R'] & R ~3 R').

Now, the points of the relational model can be seen as non-idempotent intersection
types’ (see [9] and [11] for a correspondence between points of the relational model and
System R - System R has also been studied recently in [5]). And the proof given in the
present paper uses MELL types only to derive the normalization property; actually we
prove the injectivity for cut-free proof-nets in an untyped framework:® Substituting the
assumption that proof-nets are typed by the assumption that proof-nets are normalizable
does not change anything to the proof.” In [12], we gave a semantic characterization of
normalizable untyped proof-nets and we characterized “head-normalizable” proof-nets as
proof-nets having a non-empty interpretation in the relational semantics, while [14] gave a
characterization of strongly normalizable untyped proof-nets via non-idempotent intersection

4The LPS of a cut-free proof-net is the graph obtained by forgetting the outline of the boxes but keeping
the trace of the auxiliary doors. The acronym LPS originally stands for “Linear Proof-Structure”; this
terminology might be misleading since the LPS is much more informative than the result of an injective
1-experiment but is well-established, so we keep the acronym forgetting what it stood for.

Sand even adding the MIX rule

6The converse, i.e. two [-equivalent proof-nets have the same semantics, holds by soundness.

"Idempotency of intersection (a N« = a) does not hold.

80Qur proof even works for “non-correct” proof-structures (correctness is the property characterizing nets
corresponding in a typed framework with proofs in sequent calculus): we could expect that if the injectivity
of the relational semantics holds for proof-nets corresponding with MELL sequent calculus, then it still holds
for proof-nets corresponding with MELL+MIX sequent calculus, since the category Rel of sets and relations
is a compact closed category. The paper [20] assuming correctness substituted in the proof the “bridges”
of [13], which are essentially connected components (in the strong sense of the term since the notion of
bridge ignores boxes - we will consider other “connected components” in our proof), by “empires”, which, in
contrast, discriminate between the connectors ® and 7.

9Except that we have to consider the atomic subset of the interpretation instead of the full interpretation
(see Definition 4.10).
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types. Principal typings in untyped A-calculus are intersection types which allow to recover
all the intersection types of some term. If, for instance, we consider the System R of [9] and
[11], it is enough to consider some injective 1-point? to obtain the principal typing of an
untyped A-term. But, generally, for normalizable MELL proof-nets, injective k-points, for
any k, are not principal typings; indeed, two cut-free MELL proof-nets having the same
LPS have the same injective k-points for any & € N. In the current paper we show that a
1-point and a k-heterogeneous point'' together allow to recover the interpretation of any
normalizable MELL proof-net; by the way, our result cannot be improved in such a way
that one point would be already enough for any MELL proof-net (see our Proposition 3.52).
So, our work can also be seen as a first attempt to find a right notion of “principal typing”
of intersection types in Linear Logic. As a consequence, the introduction of technologies
allowing to compute directly by semantic means this principal typing should make possible
normalization by evaluation, as in [31] for A-calculus; that said, the complexity of such a
computation is still unclear.

Section 1 formalizes untyped proof-structures (PS’s) and typed proof-structures (typed
PS’s). Taylor expansion is defined in Section 2. Section 3 presents our algorithm leading
from the Taylor expansion of R to the rebuilding of R and proves its correctness, which
shows the invertibility of Taylor expansion (Corollary 3.51). Section 4 is devoted to show
the completeness (the injectivity) of the relational semantics: for any typed PS’s R and
R', we have ([R] = [R'] & R ~s R') (Corollary 4.37), where ~g is the reflexive symmetric
transitive closure of the cut-elimination relation, by showing first that cut-free PS’s are
characterized by their relational interpretation (Theorem 4.20).

Notations. We denote by € the empty sequence.

For any n > 2, for any au, ..., a1, we define, by induction on n, the (n + 1)-tuple
(a1,...,ant1) by setting (a1, ...,an+1) = (a1, (a2, s, ..., apt1)).

For any set E, we denote by P(E) the set of subsets of E, by Ppn(E) the set of finite
subsets of E and by Po(E) the set {E € P(F); Card (&) = 2}.

A multiset f of elements of some set € is a function & — N; we denote by Supp(f) the
support of f i.e. the set {e € &; f(e) # 0}. A multiset f is said to be finite if Supp(f) is
finite. The set of finite multisets of elements of some set € is denoted by Mg, (E).

If fis a function & — &', xg € € and y € &', then we denote by flxo — y] the function
E — & defined by flzo — y|(x) = 5(%) Ziifig’ If f is a function & — &' and
& C dom(f) = &, then we denote by f[&) the set {f(z);x € &} and by f. the function
PB(E) — P(E) that associates with every E € P(E) the set f[E).

1. SYNTAX

1.1. Differential proof-structures. We introduce the syntactical objects we are interested
in. As recalled in the introduction, correctness does not play any role, that is why we

10An injective k-point is a point in which all the positive multisets have cardinality k£ and in which each
atom occurring in it occurs exactly twice.

11k—hetemgeneous points are points in which every positive multiset has cardinality k? for some j > 0
and, for any j > 0, there is at most one occurrence of a positive multiset having cardinality k7 (see our
Definition 4.17).
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do not restrict our nets to be correct and we rather consider proof-structures (PS’s).
Since it is convenient to represent formally our proof using differential nets possibly with
boxes (differential PS’s), we define PS’s as differential PS’s satisfying some conditions
(Definition 1.7). More generally, differential in-PS’s are defined by induction on the depth,
which is the maximum level of box nesting: Definition 1.1, Definition 1.2 and Definition 1.4
concern what happens at depth 0, i.e. whenever there is no box; in particular, typed
ground-structures allow to represent proofs of the multiplicative fragment (MLL).
We set T = {®, ¥, 1, 1,1,7 az}.

Definition 1.1. A pre-net is a 7-tuple G = (P,[,W, A, C, t, L), where

e P is a finite set; the elements of P are the ports of G;

e [ is a function P — T; the element I(p) of ¥ is the label of p in G;

e W is a subset of P; the elements of W are the wires of G;'?

A C PBo(P) is a partition of {p € P;I(p) = azx}; the elements of A are the azioms of G;

e C is a subset of Po(P \ W) such that (Ve,d € C)(cnNd # 0 = ¢ = ¢); the elements of C
are the cuts of G;

e tis a function W — {p € P;l(p) ¢ {1, L, az}} such that, for any p € P, we have (I(p) €
{®, B} = Card {w € W;t(w) = p}) = 2); if t(w) = p, then w is a premise of p; the arity
ag(p) of p is the number of its premises;

e and L is a subset of {w € W;I(t(w)) € {®,%}} such that (Vp € P) (I(p) € {®, B} =
Card ({w € L;t(w) = p}) = 1); if w € L such that t(w) = p, then w is the left premise of
p; if w € W\ L such that I(t(w)) € {®, ¥}, then w is the right premise of t(w).

We set W(G) =W, P(G) =P,lg=1tg=1t, L(G) =L, AG) = A and C(G) =C.
The set PF(G) = P\ (W UJC) is the set of conclusions of G. For any t € T, we set
PHG) = {p € P;1(p) = t}; we set P™(G) = P2(G) UP?(G); the set P*(G) of exponential
ports of G is PH(G) UP(G).

A pre-ground-structure is a pre-net G such that im(tg) N P'(G) = 0.

Notice that, although we depict cuts as wires'® (see the content of the box o3 of the PS
R - the third leftmost box at depth 0 of Figure 11, p. 9 - for an example of a cut), cuts are
not elements of the set W. A wire p € W goes from a port that has the same name p to its
target t(p); instead of using arrows in our figures to indicate the direction, we will use the
following convention: Unless [(p) = ax (but in this case there is no ambiguity since such a
port p can never be the target of any wire), whenever a wire goes from p to some port g, it
will be depicted by an edge reaching underneath the vertice corresponding to p.

Definition 1.2. Given a pre-net G, we denote by <g the reflexive transitive closure of the
binary relation Pg on P(G) defined by (Pg(q,p) < tg(p) = q).

A simple differential net (resp. a ground-structure) is a pre-net G (resp. a pre-ground-
structure) such that the relation Pg is irreflexive and the relation <g is antisymmetric.

Example 1.3. The ground-structure G of the content of the box o1 of the PS R (the leftmost
box of Figure 11) is defined by: P(G) = {p1,p2,p3,p4}, W(G) = {p2}, lg(p1) = L = lg(p2),
lg(ps) =7, lg(pa) = 1, tg(p2) = p3 and C(G) = 0 = A(G).

12ywe identify a wire with its source port.
13)ike wires between principal ports in the formalism of interaction nets [24] (but, in contrast with
interaction nets, Definition 1.1 allows axiom-cuts)
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co-weakening: N
co-dereliction: W

co-contraction:

Figure 1: Typing of exponential

ports Figure 2: Original cells of differential

nets

Types will be used only in Subsection 4.2. We introduce them right now in order to
help the reader to see how ground-structures can represent MLL proofs.

We are given a set X' of propositional variables. We set X+ = {X LXex }. We define
the set T of MELL types as follows: T ::= X | X+ | 1| L| (T®T)|(T®T)|!T|?T. We extend
the operator — from the set X to the set T by defining 7 € T by induction on T, for any
T €T\ A, as follows: (X1)t=Xif X ecx;1+=1; 1+ =1;(A® B)t = (A ® Bt);
(A® B)*t = (At @ BL); (1A)F =241, 24)F =141,

Definition 1.4. A typed simple differential net (resp. a typed ground-structure) is a pair
(G,T) such that G is a pre-net (resp. a pre-ground-structure) and T is a function P(G) — T
such that

e for any axiom a of G, there exists a propositional variable C' such that T[a] = {C,C+};1
e for any cut c of G, there exists a MELL type T such that T[c] = {T,T+};

and, for any p € P(G), the following properties hold:

* (Ig(p) {1, L} = T(p) = lg(p));

o if p € PP(G), then T(p) = (T(w1) ® T(ws)), where wy (resp. ws) is the left premise of p
(resp. the right premise of p);

o if p € P¥(G), then T(p) = (T(wy) B T(wz)), where wy (resp. ws) is the left premise of p
(resp. the right premise of p);

e and, if p is an exponential port of G, then there exists a MELL type C' such that
(T(p) = lg(p)C A (Yw € W)(tg(w) = p = T(w) = C).

Notice that the ports labelled by “!” are completely symmetric to the ports labelled by
“?”. They can have any number of premises and the typing rule systematically introduces the
connector ! (see Figure 1, while in [17], there were three different kinds of cells: co-weakenings
(of arity 0) and co-derelictions (of arity 1) that introduce the connector !, and co-contractions
(of arity 2) that do not modify the type (see Figure 2).

Fact 1.5. Let (G, T) be a typed ground-structure (resp. a typed simple differential net).
Then G is a ground-structure (resp. a simple differential net).

Proof. Tt is enough to notice that, for any p € W(G), the size of T(tg(p)) is greater than the
size of T(p). []

Moy typed proof-structures are n-expanded.
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FA A + B,B* FA A + B,B*
F(A® B), A+, B+ F(A® B), A+, B+ A A
73
F(A® B), (A" % B") A AL o F((A® B)® A),A-, B+, A"
F((A® B)® A), (A- B B), A+ F((A® B)® A), (A- B B), A+
Figure 3: Proof m Figure 4: Proof m
FA At + B,B*
F(A® B), A+, B+ FA A"

F(A® B)® A), A, B+ A+
F((A®B)®A), (A" % B), At

Figure 5: Proof m3

(A®@ B)® A) (A% Bh) (A® B)® A) (A+ 3 BY)
Figure 6: The typed proof-net R’ Figure 7: The typed proof-net R”

A ground-structure G such that P'(G) = () is essentially a PS of depth 0, so MLL proofs
can be represented by typed ground-structures.

Example 1.6. As we wrote in the introduction, the motivation for proof-nets was to have
a canonical object to represent different sequent calculus proofs that should be identified.
For instance, Figure 3, Figure 4 and Figure 5 are three different sequent calculus proofs of
the same sequent,'® but the two first proofs are two different sequentializations of the same
typed proof-net (R’, T") depicted in Figure 6, while the third proof is a sequentialization of
the typed proof-net (R”, T") depicted in Figure 7. Let G’ (resp. G”) be the ground-structure
that corresponds to the proof-net R’ (resp. R”).
We can define G’ and G” as follows: P(G') = {p1,p2, p3, P4, D5, D6, P7, P8, P9} = P(G");
ar if3<i<8;
A(g,) = {{p37p4}7 {p5ap6}7 {p77p8}} = A(g”); lgr = lgr with lgs (pi) = ® ifi€ {17 9};
¥ ifi=2;
W(G') = {ps, ps, 6, P7, P8, Po} and W(G") = {ps, ps, pe, P7, P4, Po}; L(G') = {p7,ps, o}
and £(G") = {p7,p4,po}; and tg/(p3) = p1 = tgn(ps), tg/(ps) = p2 = tgn(ps), tg'(p7) = P9 =
tgr(pr), tg(ps) = po = tgn(ps), tg/(pe) = p1 = tgr(po), tg'(ps) = p2 and tgr(pa) = pa.

15We underline some occurrences of propositional variables in order to distinguish between different
occurrences of the same propositional variable instead of using explicitly the exchange rule.
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We can now define our notion of PS: We recall that this notion formalizes Danos &
Regnier’s new syntax, and not Girard’s original syntax. Figure 8, Figure 9 and Figure 10
illustrate some differences between the two syntaxes: Figure 8 and Figure 9 are two different
objects in the original syntax, both of them are represented in the new syntax by the PS
that is depicted in Figure 10. In particular, in the new syntax, auxiliary doors of boxes are
always premises of contractions. Since between auxiliary doors and contractions several box
boundaries might be crossed, we need the auxiliary notion of (differential) in-PS. Concerning
differential PS’s, it is worth noticing that the content of each of their boxes is an in-PS, in
particular every !-port inside is always the main door of a box.

Definition 1.7. For any d € N, we define, by induction on d, the set of differential in-PS’s
of depth d (resp. the set of in-PS’s of depth d) and, for any differential in-PS S of depth d,
the sets P(S) and Pf(S) C P(S). A differential in-PS of depth d (resp. an in-PS of depth
d) is a 4-tuple S = (G, By, By, t) such that

e G is a simple differential net (resp. a ground-structure); we set G(S) = G;

e By C {p € P(G);ag(p) = 0} (resp. By = P'(G)) such that ¢ ¢ By and, for any pair
(p1,p2) € P(G), we have p1 ¢ By and, if p; is a pair (p,p’) too, then p ¢ By;!® the elements
of By are the bozes of S at depth 0;'7

e By is a function that associates with every o € By an in-PS of depth < d that enjoys the
following property: if d > 0, then there exists o € By such that By(o) is an in-PS of depth
alf—Sl;18 we set P(S) = P(G) UU,ep, ({0} x P(Bo(0))); the elements of P(S) are the ports
of S;

e ¢ is a partial function (J,cp, ({0} x PF(By(0))) — P*(G) U By such that, for any o € By,
there is a unique ¢, € Pf(G(By(0))), which we will denote by !s(0), such that {(0,q,)} =
{q € dom(t); tg) = 0} we set PI(S) = PHG(S)) Uy, (01 @) (4 € PF(Bo(0)) A (0,0) ¢
dom(t))} and PL,(S) = PF(S) \ PF(G(S)); the elements of PF(S) (resp. of PF(G(S)), resp.
of PL(S)) are the (resp. shallow, resp. non-shallow) conclusions of S.

16\We cannot simply disallow pairs in P(G) since in the definition of the differential in-PS Tz[i](e)
(Definition 2.3) we will use pairs to denote copies of ports of the contents of the boxes that have been
expanded.

1Twe identify a box with its main door.

18The function Bo maps boxes at depth 0 to their contents.

19The function ¢ maps to exponential ports at depth 0 their premises that are doors of boxes.
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Figure 11: The PS R

We set Po(S) = P(G(S)) (the elements of Py(S) are the ports of S at depth 0) and, for
any [ € TU {m, e}, we set P(S) = PL(G(S)). We set Wy(S) = W(G(9)), Lo(S) = L(G(9)),
Ao (S) = A(G(S)) and Cy(S) = C(G(S)). The function ag : Py(S) — N is defined by setting
as(p) = ag(s)(p) + Card ({g € dom(t);t(q) = p}) for any p € Py(S). The integer co-size(S)
is defined by induction on depth(S):%

co-size(S) = sup ({as(p);p € Po(S)} U {co-size(By(0)); 0 € By(S)})

We set Bo(S) = By, Bs = By and tg = t. For any o € By(S), we set P(o) = {p €
Pf(Bs(0)); (0,p) € dom(ts)}.2! We denote by tg the function Wy(S) U Uoen,(s)({o} x
PL(0)) — Po(S) that associates with every p € Wy(S) the port tg(g)(p) of G(S) and with
every (o,p), where o € By(S) and p € PL(0), the port ts(o,p) of G(S). We set Pi(0) =
ts[{o} x PL(0)]\ {0} for any o € By(S). The set B(S) of bozes of S is defined by induction
on depth(S): B(S) = Bo(S) U U,epys){(0,0);0" € B(Bo(0))}. For any binary relation
P e {>=<}onN, for any i € N, we set BY(S) = {0 € By(S); P(depth(Bs(0)),i)} and
we define, by induction on depth(S), the set BY(S) C B(S) as follows: BY(S) = B (S) U
erBo(S){(O’ 0');0 € BPY(Bg(0))}. We set Ps;(S) = ergozi(s){(o, q);q € P(Bs(0))} and
P<i(S) = P(5) \ P>i(S5)-

A differential PS (resp. a PS) is a differential in-PS (resp. an in-PS) S such that
Pi(S) € P(G(5)).2

The set of cocontractions of an in-PS S is the set Pj(S) \ Bo(S). Notice that an in-PS
is a differential in-PS with no co-contraction.

It is worth noticing that the binary relation <g on the set B(S) U {e} defined by
((01,...,0m) <g (0},...,0,) & (M <nA(01,...,0m)=(0],...,0),))) defines a tree with e
as the root.

Example 1.8. If R is the PS of depth 2 depicted in Figure 11, then we have By(R) =
{01, 02, 03, 04}a B(R) = {017 02,03, 04, (027 0)7 (027 O/)v (04> O)a (043 O/)}v BZO(R) = {Ola (OQ, 0)7

(0270/)7 03, (04,0)7 (04,0/)}7 BZl(R) = {02>04}7 Pf(R) = {pla D2, D3, P4, P5, D6, p7} and
G(Bg(01)) is the ground-structure of Example 1.3.

20The supremum is taken in N, hence, if S is the empty PS, then co-size(S) = 0.

21Equivalently, P& (0) = {p € P*(Bs(0)); (0,p) ¢ P (S)}.

22Equivalently, a differential PS (resp. a PS) is a differential in-PS (resp. an in-PS) S such that
(Vo € Bo(S))PE(0) = P'(Bs(0)).
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In the absence of axioms and cuts, our definition of PS through in-PS’s is equivalent to
our definition of PS in Definition 4 of [10] through o-PS’s. We removed o-ports because we
simplified the proof of Proposition 3.43 and after this simplification they would not play
any role any more (actually we introduced a syntactic construction®® that, roughly speaking,
can be seen as a partial recovery of these o-ports).

Definition 1.9. For any [ € {!,7}, for any p, we denote by [, the PS R of depth 0 such
that Po(R) = {p} and lgr)(p) = I.

Definition 1.10. For any d € N, we define, by induction on d, the set of typed differential
in-PS’s of depth d (resp. the set of typed in-PS’s of depth d): it is the set of pairs (S, T)
such that S is a differential in-PS (resp. an in-PS) and T is a function P(S) — T such that:
e (G(S), T|pys)) is a typed simple differential net (resp. a typed ground-structure);
e for any o € By(95), the pair (Bgs(0), T,) is a typed simple differential net, where T, is the
function P(Bg(0)) — T defined by T,(p) = T(o,p) for any p € P(Bs(0));

e and, for any o € By(S), we have (Vq € Pfg(o))(EIC e {?,!'HT(ts(o,q)) = (T(o,q).

A typed differential PS (resp. a typed PS) is a typed differential in-PS (resp. a typed
in-PS) (S, T) such that Pf(S) C PF(G(9)).

1.2. Isomorphisms. We want to consider PS’s up to the names of the ports, apart from
the names of the shallow conclusions. We thus define the equivalence relation = on PS’s;
this relation is slightly finer than the equivalence relation ~, which ignores all the names of
the ports.

Definition 1.11. For any simple differential nets G and G’, an isomorphism ¢ from G to G’
is a bijection P(G) ~ P(G’) such that:
eWV(G)] = W(G')
0«[A(G)] = A(G)
e«[C(G)] =C(G")
e[L(G)] = L(G")
tgoppwg =votg
lg = lg/ (] QO
We write ¢ : G ~ G’ to denote that ¢ is an isomorphism from G to G’; we write G ~ G’ if
there exists ¢ such that ¢ : G ~ G’
Moreover, we write ¢ : G = G’ to denote that ¢ : G ~ G’ and (Vp € PF(G))p(p) = p; we
write G = G’ if there exists ¢ such that ¢ : G = G'.

Definition 1.12. For any differential in-PS S of depth d, for any differential in-PS S’, we
define, by induction on d, the set of isomorphims from S to S’: an isomorphism ¢ from S to
S’ is a function P(S) — P(S’) such that:

S)
p

Po(
PP

1S an isomor-

o (%p € Po(S))o(p) € Po(S") and the function G(p) : 0L

phism G(S) ~ G(S5');
e ©[By(S)] = Bo(S);

— S
= )

23Gee Definition 1.34
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e (Yo € By(S))(¥p € P(Bs(0)))(F € P(Bsi((0)))p(0,p) = ((0),p') amd the frmetion

. P(Bs(0)) — P(Bg(¢(0)))
o p = p' such that ¢(o,p) = (p(0),p)
is an isomorphism from Bg(0) to Bg/(¢(0));

e dom(tg/) = pldom(ts)] and, for any p € dom(ts), we have (potg)(p) = (tsr o ©)(p).
We write ¢ : S ~ 5’ to denote that ¢ is an isomorphism from S to S’; we write S ~ S’ if
there exists ¢ such that ¢ : S ~ 5"

Moreover, we write ¢ : S = S’ to denote that ¢ : S =~ S" and (Vp € PF(G(9)))p(p) = p;
we write S = S’ if there exists ¢ such that ¢ : S = 5'.

Now, if 7 and T’ are two sets of differential in-PS’s, we write 7 = T if there exists a
bijection ¢ : T ~ T’ such that, for any T € T, we have T = (T).

Finally, if (S, T) and (S’, T') are two typed differential in-PS’s, then we write (S, T) =
(S7,T’) if there exists ¢ : S = 5" such that T =T o ¢.

Fact 1.13. Let (S, T) and (S’, T') be two cut-free typed differential in-PS’s such that S = 5.
If T‘pf(s) = T/"])f(sl)’ then (S, T) = (SI, T/)

Another variant of the notion of isomorphism will be defined in the next subsection
(Definition 1.32). A special case of isomorphism consists in renaming only ports at depth 0:

Definition 1.14. Let S and S’ be two differential in-PS’s. Let ¢ be a bijection P ~ P’,
where P/ N (Py(S) \ P) = 0. We say that S’ is obtained from S by renaming the ports via ¢
and we write S” = S[yp] if the following properties hold:
Po(S") =[Po(9)]
Wo(S") = g[Wo(5)]
Ao(S") = {@la];a € Ao(5)}
Co(S") = {@la];a € Co(5)}
Lo(8') =P[Lo(5)]
lg(sny 0P = lg(s)
tg(s/) ocp=po tg(s)
Bo(S") = 2[Bo(9)]
dom(ts') = Upepy(s){(@(0),p)ip € PL(o)} and, for any (o,p) € dom(ts), we have
ts/(®(0),p) = ts(o,p)
e and By = Bg o,
where % is the function Py(S) — Po(S’) that associates with every p € Py(S) the following
n. )P if p € Po(S) \ P;
port of G(S5"): { o(p) ifpeP.
If S = S[p] and ¢ is, for some singleton € = {a}, the bijection Py(S) ~ & x Py(S) that
associates with every p € Py(S) the pair (a,p), then S’ is denoted by (a, S) too.

1.3. Some operations on differential proof-structures. In this subsection, we describe
some operations to obtain new PS’s from old ones.

For any differential in-PS S, for any integer i, we define a differential in-PS S<? of depth
< ¢, which is obtained from S by removing some boxes:
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Definition 1.15. Let S be a differential in-PS and let ¢« € N. We denote by S< the
differential in-PS such that G(S=) = G(9), Bo(S=Y) = B5“(S), Bg<i = Bs|psi(g) and

bgst = 15|U, L ges ) {obxPE ()"
In particular S=U is essentially the same object as G(S).

Remark 1.16. If depth(T) < i, then T<! = T.

Remark 1.17. We have (Sgi)gil = g=min{i,i'},

Example 1.18. The differential PS RS!', where R is the PS depicted in Figure 11, is
depicted in Figure 35, p. 54.

We can also erase some ports at depth 0:

Definition 1.19. Let S’ and S be two differential in-PS’s. Let Q C Py(S). We write
S’ Cg S to denote that Py(S") C Po(S), Wo(S') = {w € Wo(S) N Pu(S)) \ (2N
P5(5))itges)(w) € Po(S)}: lo(sry = la(s) | py 51y Tats) = ta(s)[wesry £9(5) = L£(G(S)) N
{w € Wo(9);tg(s)(w) € Pg"(5)} Ao(S") = {a € Ao(S);Ua C Po(5)}, Co(S) = {a €
Co(S);Ua < Po(5) \ (QNPG(9)}, Bo(S) = Bo(S) NPo(S"), Bs = Bs|py(s) and
bt = 151U,y (sr) ({0} xPE(0))"

We write S’ C S if there exists Q such that S' Cgo S.

Remark 1.20. We have S’ Cg S if and only if S" Conpe(s) S-
Remark 1.21. If §' C S, then Py(S") N PF(G(S)) € PF(G(S)).

Remark 1.22. If §',5" Cg S and Py(S’) = Po(S”), then §" = S”. So, if, for some
P C Py(S), there exists a differential in-PS S’ such that Py(S’) =P and S’ Cy S, then we
can denote by S|p the unique such differential in-PS 5.

Remark 1.23. We have S’ Cp S if, and only if, the following properties hold:

S/SO EQ SSO

Bo(S") = By(S) NPy(S)

Bs = Bs|sy(s")

bt =15 |U, gy s ({0} x P (0))

Remark 1.24. If S| Cg S7 and ¢ : S] ~ S, then there exists a unique S5 C,g) S2 such

that there exists an isomorphism S7 ~ S} associating with every port p of S] the port ¢(p)
of SQ.

Fact 1.25. Let S, S" and S” be three differential in-PS’s. Let @ C Py(S) and Q" C Py(5").
If s” Lo S’ and S’ Co S, then S Couor S.

Fact 1.26. Let S and S be two differential in-PS’s and let Q C P§(S) such that S’ Cg S.
Let i € N. Then §'< Cg S<U.

The operator @ glues together several differential in-PS’s that share only shallow

conclusions that are contractions:2*

24This operation has nothing to do with the additive @& of linear logic, it is rather essentially the mix of
linear logic.
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Definition 1.27. Let U be a finite set of differential in-PS’s. We say that U is gluable if, for
any T,T' € U such that T # T’, we have Py(T) N Po(T") € PHG(T)) N PL(T) N PH(G(T')) N
PE(T") and, for any pair (p1,p2) € Po(T), we have p1 ¢ Bo(T”) and, if p; is a pair (p, p’) too,
then p ¢ Bo(T").

If U is gluable, then @ U is the differential in-PS such that:

730(@ U) = UTeu PO(T)

WO(@U) = UTeu WO(T)

lg@u)(P) = lg(r)(p) for any p € Po(PU) and any T' € U such that p € Po(T)
Ao(DU) = Urey Ao(T)

Co(DU) = Urey Co(T)

Lo(DU) = Urey Lo(T)

to@u)(p) = tg(r)(p) for any p € Wo(@U) and any T € U such that p € Wy(T);
Bo(@U)(p) = UTeu Bo(T)

Bgyu(o) = Br(o) for any o € Bo(€DU) and any T' € U such that o € By(T');
dom(tgyy) = Upey dom(tr) and tgyy(p) = tr(p) for any p € dom(tgyy) and any T' € U
such that p € dom(tr).

Remark 1.28. If i/ is gluable, then (PU)<' = P{USHU € U}.

We can add wires:

Definition 1.29. Let S be a differential in-PS. Let W C Pf(S) and W' C P§(S) \ Bo(S)

such that (Yp € W N Py(9))(Vp' € W)—p <g(g) p'. Let t be a function W — W'. Then we

denote by S@t the differential in-PS such that

e tgay is the extension of tg such that dom(tga;) = dom(ts) UW and (Vp € W)tsai(p) = t(p)

e and Py (SQt) = Po(S), lgsar) = lg(s), Lo(SQt) = Lo(S), Ao(5Qt) = Ay(S), Co(SQt) =
CO(S)v BO(S@t) = 80(5)7 Bsat = Bs.

Remark 1.30. We have (5@t)=" = (S51)@t|p_,(g).

We can remove shallow conclusions:

Definition 1.31. Let T be a differential in-PS such that Pf(G(T)) C P§(T) \ Bo(T). Then

T is the unique differential in-PS such that

o Po(T) =Po(T) \ P'(G(T))

e and T = (T © P (G(T)))@t, where ¢ is the function that associates with every p € dom(tr)
such that t7(p) € PH(G(T)) the port tr(p).

If T is a set of differential in-PS’s, then 7 = {T;T € T }.

This operation allows to define the following variant of the notion of isomorphism of
differential in-PS’s:

Definition 1.32. Let S and U be two differential in-PS’s. Let o € By(S) such that
PHU) C PL(o). Let T be a differential in-PS such that PH(G(T)) C PET)\ Bo(T). Then we
write ¢ : U =(g,) T if ¢ : U ~ T such that, for any p € PF(U), we have tg(o,p) = tr(o(p)).
We write U =g, T' if there exists ¢ such that ¢ : U =g, T.

Remark 1.33. Notice that:

e While the relations ~ and = are symmetric, the relation =g ) is not symmetric.
e Ifp:U=(go T andp: U =U, then poyp: U =g, T.
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Figure 12: The in-PS ¢ .o, R

o If 1 : U =50 T1 and 2 : U =(g,) T2, then ¢ : Ty = Ty, where ¢ is the bijection
P(T1) ~ P(Ty) defined by ¢ (p) = { paler™ () if p ¢ PHG(TY));

D otherwise.

The following operation consists in adding contractions as shallow conclusions to the
content of some box o; the conclusions of the box o that were contracted at depth 0 are
now contracted inside the box 0. We can then define a complexity measure on in-PS’s that
decreases with this operation, which allows to prove Proposition 3.43 by induction on this
complexity measure.

Definition 1.34. Let R and R, be two in-PS’s. Let o € By(R) N Byo(R,). Let @ C
P§(Br,(0)) and let ¢ be a bijection Ph(0) ~ Q. We say that R, is obtained from R by
adding, according to @, contractions as shallow conclusions to the content of the box o and
we write R, = ¢ -, R if the following properties hold:

e R, =R=;
* Bo(Ro) = Bo(R);
/ . / .

e Bp (d) = { gﬁ(o) Zj Z, i Z’. with R}, = (Br(0) @y o 7¢')Qt, where Q' is a disjoint
set from Po(Bg(0)) and t is the function P (0) \ {{r(0)} — Q' that associates with every
p € Pi(0) \ {!r(0)} the port ¢(tr(o,p));

o and £R, = ER|dom(ta)\({0}x (Ph(o)\{'r(0)})"

Remark 1.35. For any o’ € By(Bg(0)), we have

* PFBR(O)(O/) ={pe PE(WR)(O) (0); th.oR)(o)(Olvp) ¢ Q'}

b a‘nd (vp € PfBR(o)(O/))tBR(O)(Olﬂp) = tB(QpAOR)(O)(O,)p)‘

Moreover, for any q € Ph(0) such that B, m0)(@) € Q' wehavelp . ,)(q) = ¢(tr(o,q)).

Notice that, if R is a PS, then By,. (o) is a PS too (while Bg(o) is not necessarily a
PS); we will implicitly use this property in the proofs of Lemma 3.39 and Proposition 3.47.

Example 1.36. The in-PS ¢ -,, R, where ¢ is some bijection 77;%(03) ~ @' is depicted in
Figure 12.
Example 1.37. The in-PS ¢’ -,, R, where ¢’ is some bijection P} (04) ~ Q’, is depicted in
Figure 13.
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Figure 13: The in-PS ¢' -, R

2. TAYLOR EXPANSION

When Jean-Yves Girard introduced proof-nets in [19], he also introduced ezperiments on
proof-nets. Experiments (see our Definition 4.22 in Section 4) are a technology allowing
to compute pointwisely the interpretation [R] of a proof-net R in the model directly on
the proof-net rather than through some sequent calculus proof obtained from one of its
sequentializations: the set of results of all the experiments on a given proof-net is its
interpretation [R]. In an untyped framework, experiments correspond to derivations of
intersection types and results correspond to intersection types.

Inspired by this notion, we introduce pseudo-experiments.

Definition 2.1. For any differential in-PS R, we define, by induction on depth(R), the
set &(R) of pseudo-experiments on R: it is the set of functions that associate with every
o € Byp(R) a finite set of pseudo-experiments on Br(0) and with € some m € N.

Given a pseudo-experiment e on a differential in-PS R, we define, by induction on
depth(R), the function e? : B(R) — Psn(N) as follows: for any o € By(R), e¥(0) =
{Card (e(0))} and, for any o’ € B(Bg(0)), e#(0,0') = Ueoce(o) eo™ (0').

Our definition is quite ad hoc; actually, what we have in mind is the following notion
of canonical pseudo-experiment: A canonical pseudo-experiment on a differential in-PS R
is a function that associates with every o € By(R) a finite multiset of canonical pseudo-
experiments on Br(0). Thus a canonical pseudo-experiment is an experiment without any
labels on the axioms and any constraints on cuts. If we consider pseudo-experiments instead
of canonical pseudo-experiments, it is only in order to be less verbose. For instance, if we
used canonical pseudo-experiments instead of pseudo-experiments, the differential in-PS S
of Definition 2.3 could be defined by setting

S=Re @ P 0D (0 Towlile)

oeB(?i(R) eo€Supp(e(0)) z€{1,...,e(eo)}
instead of § = R~ & @,cpzi(r) Deoecto) (0 (€0 TBa(o)[{](€0)))-
Example 2.2. There exists a pseudo-experiment e on the PS R of Figure 11 such that
e (01) = {1022}, e#(02) = {10}, e (03) = {1022}, e#(04) = {100}, e ((02,0)) =

{1%37 g 10"}, g;‘é(}(oz, o)) ={10'3,...,10%2}, e#((04,0)) = {10%3,...,10'?%} and e¥((04, 0'))
— {10123, ... 10222},
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For defining Taylor expansion, we only need to define Tg[i](e) with ¢ = 0, which is the
differential in-PS obtained by (fully) expanding the boxes according to e. But a key tool of
the proof is the introduction of the differential in-PS’s Tg[i|(e) with ¢ > 0, which are the
differential in-PS’s obtained by expanding only the boxes of depth at least ¢. We recall that
the notation (o, R) for any differential in-PS R was introduced in Definition 1.14.

Definition 2.3. Let R be an in-PS of depth d. Let e be a pseudo-experiment on R.
Let i € N. We define, by induction on d, a differential in-PS Tg[i](e) of depth min{i, d}
and a function rg[i](e) : P(Tr[i](e)) — P(R) as follows: We set Tg[i](e) = SQt, where
S = RSZ@@OGB()Zi(R) @eoee(o) (0, (€0, TBr(o)li](€0))) and t is the function WoUWso — Pg(R)
with
* Wo = U,enzi () Ueoceo) 1(0: (€0,0)); (4 € PT(G(Tr(0)[i](€0))) AKia(o) il (€0) (a) € Ph(0))}
. e, qr, () € PLolTiyo )

W20 = Ul euamessnaonsn (0 CodDali o o'e pio) }
s 10O R i1(e)(@) i D= (o (o) € W

0= { o eoni ) o= (o o) 2 W

For any p € P(Tgli|(e)), the port kg[i](e)(p) of R is the following one:

P if p € P(R=Y);

(0, KBy(0)[](€0)(®))  if p= (0, (€0,p)) € Po(Trlil(e)) \ Po(R); ,

(0, KBy(0)[](€0) (', 1")) if p= ((0, (€0, 0)), 1) and (o, (eo,0)) € Bo(Trli](e)) \ Bo(R=").

Ifoe B()Zi(R) and e, is a pseudo-experiment on Bg(0), then we set
R0, €0) = (0, (€0, Ty (o)lil(€0)))-
Remark 2.4. We have Wy C Wy(Tgli](e)) and dom(t7;,ij()) is the set

- =

dom(tp<i)U U U U {((0, (0, 0)),p);p € PfTBR<O) m(eo)(ol)} UWso

0€BZ(R) €o€e(0) 0'€Bo(Tp (o) li](€0))
Moreover, for any p € dom(tg<i), we have t7, ) (P) = tr(p)-

Notice that if R is cut-free, then Trli](e) is cut-free too. The conclusions are the
duplications of the conclusions; in particular, if R is a PS, then 7Tg[i](e) is a differential PS:

Fact 2.5. Let R be an in-PS. Let e be a pseudo-experiment on R. Let ¢ € N. Then we have

(Vg € P(Trlil(e)))(krlil(e)(a) € P'(R) & q € P(Tr[i](e)))-

Proof. By induction on depth(R). Let q € P(Tr[i](e)) such that kg[i](e)(q) € PF(R). We

distinguish between two cases:

e rgli](e)(q) € Pf(RQ)- we have ¢ = rp[i](e)(q) € PT(R=") C P'(Tg[i](e));

e There exist o € By'(R) and p € Pf(BR( )\ Ph(0) such that xg[i](e)(g) = (0, p): Then

— either there ex1st eo € e(0) and ¢' € Po(Tp,(0)lil(es)) such that ¢ = (o, (es,¢)) and

KBg(0)[1](€0)(q") = p, and then, by induction hypothe51s, q e PF(TBR(O) [i](e5)), hence ¢ =
(07 (607 )) S Pf(R<07 i, 60>); since KBR(o) [i](eo)(q/) ¢ P}C%(O)a we have ¢ ¢ dom(tg(TR[i}(e)))
and we obtain ¢ € Pf(Tr[i](e));
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pr

Figure 15: The differential PS S0,

— or there exist e, € e(0), o' € Bo(Tp,(0)i](e0)) and ¢’ € P(Br, (O)[Z](eo)( 0')) such that ¢ =
((0,(€0,0),q') and K, (»)[il(eo)(0',¢") = p, and then, by induction hypothesis, (0/,¢') €
P! (Tontoil(€0)), hence g = (0, (eor o)), &) € PF(R{o i, e0)); since sy o ll(eo) (o ) ¢
Ph(0), we have g ¢ dom(t7;,1i)(e)) and we obtain ¢ € PH(Tr[i](e)).

Conversely, let ¢ € Pf(Tgli](e)). We distinguish between three cases:

e g € PF(R="): we have sgli](e)(q) = ¢ € P*(R') C PN (Trlil(e));

e There exist 0 € By'(R), e, € e(o) and ¢’ € PG (Trp0)il(€0))) such that kg, o) [i](e0)(¢') &
Ph(0) and ¢ = (0, (€0, ¢')): by induction hypothesis, we have kg, (,)[il(e0)(¢') € PF(Bg(0)),
hence rail(€)(g) = (0, i5atolil(e0) (¢) With r(0)il(eo) (@) € PF(Br(o)) \ Pho); we
thus have kgi](e )(q) € Pf(R).

e There exist 0 € B5'(R), e, € e(0), o' € Bo(Tay(0)lil(eo0)) and ¢' € Pf(BTR[Z](e)( (€0, 0’)))\
,PTRM(Q)(( (607 ))) such that K:BR(O)[ ]( 0)(0/ﬂql) ¢ ,P}c%( ) and q= (( (607 ))7 ):
have ¢ € P(Bry (@) \ Py, 1o (0): hence (o) € PF(Tayofilien))s b
induction hypothesis, we have x g, (,)[i](€0) (0", ') € Pf(Bg(0)); since KBRr(o)i](€0) (0, q") gé
P%,(0), we have kgli](e)(q) = (0, kpgy(0)lil(e0) (0, ¢)) € PH(R). [

Example 2.6. Generally, given a PS R and an integer 4, the PS Tr[i](e) does not depend only
on e” (we can have e;# = ex™ and not Txli](e1) = Trli](e2)), but with the PS R depicted in
Figure 11, it is not the case: with this PS R, we have (Vi € N)(Vey, ez € €(R))(e1” = e =
Trli](e1) = Trli](e2)). If R is this PS and e some pseudo-experiment such that e? is as
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Pz

PS 514

Figure 18: The differential PS S15

described in Example 2.2, then Tg[0](e) = S0; @ S02, where S0; and SO0 are the differential
PS’s depicted in Figures 14 and 15 respectively, and Tr[1](e) = S1; & S1a @ S13, where S1y,
S1s and S13 are the differential PS’s depicted in Figures 16, 17 and 18 respectively.

The Taylor expansion we consider has no coefficients (i.e. has coefficients in the Boolean
semiring B = {0, 1}, where 1 + 1 = 1). In other words, we consider the support of Taylor
expansion with coefficients:

Definition 2.7. Let R be a PS. A Taylor expansion of R is a set Tr[0] of simple differential
nets such that Tr[0] = {Tr[0](e);e € E(R)}.

It is clear that two Taylor expansions of R are the same sets of simple differential nets
up to the names of the ports that are not conclusions, that is why it makes sense to speak
about “the” Taylor expansion of a PS.

An important case for our proof is the partial Taylor expansion of an in-PS of the
form ¢ -, R for some in-PS R, some box o of R at depth 0 and some bijection ¢ : P;(o) ~
Q'. Since we have €(p -, R) = €(R), we can compare Tg[i](e) with T(,. g[i](e). From

= Bpy(0), We already deduce BTB( ); more information is
©

BBy yr)(0) e @lil© = BT gl

given by the following lemma:

Lemma 2.8. Let R be an in-PS. Let o € Bo(R). Let e, be a pseudo-experiment on Br(0).
Let ¢ be some bijection 77;2(0) ~ Q. Let R, be an in-PS such that R, = ¢ -, R. Let i € N.
Then we have:

® Ty o lil(eo) = My (olil(eo)

{PEdom(tTBR (oylil(eo) )?tTBR (oylil(e0) (P)¢Q'}

e and, for any o1 € Bo(Tpy, (0)lil(€0)), for any p € P;-BR o [i}(eo)(ol) such that

tTBRO (o) [7;](60) (01 ) p) € Ql7
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we have
T, (0 li)(e0) (01, P) = P73 10(e) (0 (€0, 01)), D))

Proof. We set
S:BR(O)Si@ @ @ eoaTBB O)(O)[](eo )>>
o'eBZ(Br(0)) €0 €€ol0 ’)

and

SO:BRD<0)Si@ @ @ eo’ TBBR (>(0)H(€O )>>
O'GB ( o( ))e /Geo( /)
Notice that

S=Br0Fe @ @ Wl Tl
o'€BF" (BR(0)) €o €€o(0 /)
and By(S,) = Bo(S). Let p € dom(tTBR(o)[i](eo)) and let us show that p € dom(tTBRO(O> i(eo))-
We distinguish between two cases:
epE dom(tBR(o)gi): Then p € dom(tBRo(o)gi) C dom(tTBRo<U) [i)(eo))-
o p ¢ dom(ty <): Then there exists (o', (eor,0")) € Bo(S) \ Bo(Br(0)=') = Bo(So) \
Bo(Br, (0)=") such that p is an element of the set

/ 1 (( ’Q)€P>O TBB ° ’)H( ))
{((o,(eouo ) 4); ABy. o0 [] eo)(<,q)EP]f3R(o)( ) }

(
(
T,
] {((O’Aeol,o")),q); (",q) € §BBR o lil(er) }
ol
|

Ny, ()(o [ (6o (@ ,q>e7>gR()<o/>>

((0",9) € PLo(Tay,, o ()lil(er))
C 0,7 60’70,/ y4)s
= {“ €205 gy o) [ ealioh q) < Pl (@)
C dom(try, i)
Conversely, let p € dom(tTBR 0 (i](e,)) Such that T (il(eo)(P) ¢ Q5 we will check that

p E dom(tTBR(o>[i](eo)) and tTBRO(o)[i](eo)(p) = 50 (il(eo)(P). We distinguish between two
cases:
epc dom(tBRO(O)gi): Thenp € dom(t(BR(O)@GBq/EQ/ 7q,)9) = dom(tBR(O)gi) - dom(tTBR<o)[i](eo)).
In this case, we have tTBR(o) m(eo)(p) =1Bp(0) (p) = tBg, (o) (p) = tTBRD(O) [i](eo)(P)'
o p ¢ dom(ty o (0)S <i): Then there exists (¢, (eor,0")) € Bo(So) \ Bo(Br, (0)=") = By(S) \
Bo(Bgr(0)= ) such that p is an element of the set
((Ol (6 O”)) q) ((0 7q) € P (TBBR ( >(O)[i](60/))
(e P pg o nlilen)(00) € Pl ()
(o",q) € P>0<TBB )
Mgy o lil(eo)(0.0) € PG, (@)

- {((o’, (e0r,0")), q);

(because Bp, (o)(0 o) = BBR(O) (o))
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((of ,q>e7>>o<TBB< Hlil(ea)) }
il

/\HBB R(o) (0 60’)( 7Q) € PfBR(O)( /))

((0",q) € PLo(Ta, plo)0 (onlil(eo))
U (0 (e0s0")),0); Nipg, (00 il(€o (0" )GPJFSR (0 (@)
Ntpp, (o)(O VKB o) (of )[ il(e0)(0".0) € Q)

(by Remark 1.35, PBRO(O)( ) = PB R (0) ( )U {q € PB 0 tBR )( laq/) € Q’})
(0", 0) € PLo(Tiy 0 }

/\HBB 0)(0 [ ] )( 7q) € PER(O

(€o
) iy ((0"0) € PLo(Tay o lil(ex))
{((07(601,0 ), a); M olil(e) (0 (e(o/),o ")), q) € Q) }
(
(

_ / " X (( ) f>0 TBB ° [](60 ))
— {((07(601,0 )),Q)a /\HBB ) [Z e )((),q)E'PJng(O)( /)) }

(by assumption, we have tTBR (olil( (e0)(P) & Q)

_ {«Og (evs0")), )

- {((o’, (e, 0")), 9);

-

C dom(ty, . fil(eo))
In this case, if ¢ is such that p = ((¢/, (ey,0")), q), then we have
T o lil(ea)(P) = tBp(0) (0 KBy, )]il(ea) (0", )
= tp, (0)(0, KBy, (000 i](eq) (0", q))

T (o li)(e0) (P)

‘We thus have tTBR(o) li](e0) = tTBR (o) lil(eo)

{pedom(tr,, O(D)u](eO>);tTBRO(O)[z’](eo>(P)¢Q’}.

Now, let 01 € Bo(Tpp, (0)li](€0)) and p € PTB m(eo)(ol) such that t7,, (i) (01,D) €

Q. °

e If 0y € B5'(Bg,(0)), then (o1,p) € P]f%(o), hence tTBR (D)[i](eo)(ol,p) = tBRo(o)(th) =
p(tr(0,(01,0))) = ¢(tR(0, KBy, (o) li](€0) (01, P)));

e if 0 = (0, (ey,0")) with o € BZZ(BRO( ), then ((d/, (ey,0")),p) ¢ Pf(TBRO(O)[i](eO)),
hence, by Fact 2.5, (', kg, . (,, () i)(€0') (0", ) = KBy, (0)]i)(€0) (0", (€, 0")), 1) & P'(Br, (0)).
Moreover, since tr, (o)[z](eo)(olv p) € @, we have (0”,p) € Pf(ﬂBB (O)(O)[ i(eyr)) (oth-
erwise, tTBBRO(o)(D')[i](e"/)( 7p) € PO(TBBR (0)(0’)[ ](60 )) - PO(TBBR(O) o’)[ ]( €o ))7 which
entails tTBRD(o)[i](eo)(Olvp) € Po(TBu(o)lil(eo)), which contradicts tTBRO(o)[ﬂ(eo)(th) €
Q). By Fact 2.5, we obtain KBp, (o) o lil(exr)(0",p) € Pf(BBRO(O)(o’)). We showed
HBBRO(O)(OI)[i] (ey)(0”",p) € PERD(O)( ) We thus have

U, olile)(01:P) = B4, 0)(0s KBy, (01 [i](€0)(0",P))
= R0, (0 Ry, olil(e) (@)
= ¢(tr(0, KBy, (0)i](€0)(01,P)));
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now, we have tg(0, K, _(0)[i](€0)(01,P)) = tr(0, KBy (0)[1](€0) (01, 1)) = tr15(e) (0, (€0, 01)%%

The rest of this section is devoted to show Proposition 2.12, which shows how one can
compute, for any in-PS R, the arity in Tg[i](e) of a port at depth 0 of R. For that purpose,
we introduce the function bs that associates with every port p of S at depth greater than ¢
the deepest box of depth at least i that contains p:

Definition 2.9. For any differential in-PS S, for any ¢ € N, we define, by induction on
depth(S), the function b? : Pi(S) — BZ4(S) as follows:

b3’ Psi(S) — BZH(S)

(0.7) = 0 ifoe Bozi(S) and p € P<i(Bs(0));
0, 7 . [
b (0,65 5y (P) if 0 € BF'(S) and p € P~y(Bs(0));
Fact 2.10. Let R be an in-PS. Let e be a pseudo-experiment on R. Let i € N. Then we

have
(Vp € P(Tr[il(€)) \ Po(R))(p € Po(Trli](e)) & (b7 © wrle](i))(p) € BZ(R))
Proof. First notice that, for any differential in-PS .S, we have:
(Vp € P=0(9) (b5 (p) € B (S) = p € P=i(S)) (%)
Indeed: Let p € Pso(S) such that b3°(p) € BZ(S) and let o € By(S) and p' € P(Bs(0))
such that p = (o, p’); we distinguish between two cases:
e p' € Py(Bs(0)): We have b%o(p) — 0 € BF'(S);

e p' € P-o(Bs(0)): We have bgo( ) = (o, ng(o)( ")) € BZ(S), hence o € BZ(S);

in both cases we have o € By'(S), hence p = (0,p') € P=i(S5).
We prove now the fact by induction on depth(R). If depth(R) = 0, then P(Tg[i(e)) \
Po(R) = (0. Otherwise, let p € P(Trli](e)) \ Po(R) # 0:

o If p € Py(Tr[i](e)), then there exist 0 € By (R), e, € e(0) and p € Po(TBp(0)li](€0)) such
that p = (o, (e,,p’)); we distinguish between two cases:
— p/ € Po(Br(0)): We have b3’ (kgli](e)(p)) = b3 (0,p') = 0 € BZ(R).
— p' € P>o(Bg(0)): By induction hypothesis, we have bgi(o)(mBR(o) [i](e0)(p')) € B=*(Bg(0)),
hence, by (x), k(o)1 (€0) () € Poi(Br(0)); we thus have

bz’ (krlil(€)(p) = b7 (0, KB (o) i1 (€o) (1)) = (0,05 ) (kB0 [l (€0) () € BZ(R).

o If p € P5o(Trli](e)), then there exist o € By(Tr[i](e)) and p" € P(Br;,[ij(e)(0)) such that
p = (0,p'); we distinguish between two cases:
— 0 € Bf(R): Then p' € P<;(Bg(0)), hence b2"(kgli](e)(p)) = b7"(0,p') = 0 € B<¥(R);
— o= (o1, (e1,0")) with 01 € B(]Zi(R), e1 € e(o1) and o' € Bo(Tp,(onlil(e1)): By induction
hypothesis, we have bB (01)("‘433(01)[ﬂ(ﬁ)(o’,p’)) € B<{(Bgr(o1)), hence

b7’ (kR[i](€)(P)) = b7 (01, Kpa(on il (e1) (0, 1) = (01,65, () (KBa(on [l (e1)(0', 1)) € BX(R).
[
If a port ¢ of a PS R is deep enough, then it is duplicated > e#(bl%f(q)) times in Tg[i](e):
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Lemma 2.11. Let R be an in-PS. Let e be a pseudo-experiment on R. Let ¢ € N. Let
q € P>i(R). Then we have

Card ({p € P(Trlil(e)); krlil(e)(p) = a}) = Y e* (b7 (a))

Proof. By induction on depth(R). If depth(R) = 0, then there is no such ¢g. Otherwise: Let
0 € By'(R) and ¢’ € P(Bg(0)) such that q=
e ¢ € P<i(Bgr(0)): we have b %) = (

We distinguish between three cases:
€ BZ'(R), hence, by Fact 2.10, we have
[i

(0,¢).
qd)=o0
{p € P(Tr[il(e)); srli](e)(p ) =q} = {p € Po(Trlil(€)) \ Po(R): rzlil(e)(p) = (0,q)} =

{(0, (€0, q')); €0 € €(0)}, hence
Card ({p € P(Trli](e)); krlil(e)(p) = q}) = Card(e(0))
= Y ¢*(o)
= > ()
o ¢ € P>i(Bg(0) and by , (¢') € B (Bg(0)): we have b (q) = b5 (0,¢) = (0,5, () €

BZ*(R), hence, by Fact 2.10, {p € P(Tgl[i](e));xrli|(e)(p) = ¢} = {p € 73O(TR[T( DA
Po(R); kr[il(e)(p) = (0,d')} = Ue,ee(0){(0: (€0, 0)); (0 € Po(Trg (o) i](€0)) Al B () li] (€0) (P') =
q)}; for any e, € e(0), by Fact 2.10 again, we have

{0 € P(Tau(o)lil(€0)); kBpio)lil(eo) ®') = a'} = {P" € Po(Tap(o)lil(€0)); kB0 lil(e0) () = ¢}
and, by induction hypothesis, we have
Card ({p’ € P(Tay(o)[i](€0)); Ke,i(P) = q } Z € bg; (04
We thus obtain
Card ({p € P(Trlil(e)); srlil(e)(p) = q})

eo€e(0)

= Card( U {0, (e, 1)) (0 € P(Tipolil(e ))/\KBR(O)[i](eo)(p’)ql)})

= ) Card ({p' € P(Tho)lil(€0)): kBpolil(eo) (P) = ¢'})

eo€e(0)

= D D e (b5 ,)(@)

eo€e(0)

>1
= Ze 0, bER(o
= Ze
o € Do) a5 “( (@) € B<(Br(o)): wehave b3%() = 200, ¢) = (0,622, () €
B<!(R), hence, by Fact 2.10,

{p € P(Trlil(e)); krlil(e)(p) = at = {p € P>o(Trlil(e)); £rlil(e)(p) = (0,d)};
for any e, € e(0), by Fact 2.10 again, we have {p € P(Tp,()[i](€0)); KBy (0)[i](€0)(P) =
q'} =1{p € P>0(Tayo)[il(€0)); KBx(o)il(€0) (P) = q’} and, by induction hypothesis, we have

Card ({p € P(Tiy(o)[il(€0)): ka0 lil(€0) (0) = d'}) = Y eo (b5, ) (4
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hence

Card ({p € P(Trli](e)); xrlil(e)(p) = q})

= Card ( U {((0,(€0,0)),1); ((0,1) € Po(Trpo)lil(€0) A Eppolil(eo) (0, 1) = q/)}>
eo€e(0)
>~ Card ({0 € Poo(Tin(o)il(€0))s Ko il (€0) () = ¢'})
eo€e(0)
Z Card ({p € P(TBR(O) M(eO)); KBR(o) [i](eo)(p) = q,})

eo€e(0)

(because (Ve, € 6( ))(Vp € Po(Tag(0)lil(€0)))kBr(0)[il(€0)(P) ¢ P>i(Br(0)))

Z Zeo BR(O

eo€e(0)

—Z obZZ
=D " (bR (@) O

We finally obtain Proposition 2.12:
Proposition 2.12. Let R be an in-PS. Let e be a pseudo-experiment on R. Let i € N. Let

p € Po(R). Then we have

i) = apsi(p) + D D FF ()

p/€7j>¢ (R)
tr(p)=p

Proof. We have

r f Henn. FBpa(e0)(a) € Ph(o)

oez;(m egc;@) e <{q € POTar@ el nyrlo, “BR(o)[i](eo)(qPS) =p) }>
oY > cd({ae POTnu0lileo))i knaolilie) (@) = #'})

0€B: (R) €o€e(0) p'ePi, (o)
tr(o,p")=p

Y > card ({g € Po(Topo)lil(€0)); Kppoi] =7'})

0€BZ'(R) €o€e(0) p'€PY,(0)
tr(o,p")=p

Q

(by Fact 2.5)
Y Y Y Card ({g € PolTanlil(en)): mmlil (€0, (c0.0)) = (0.5)})

0€BZ(R) €o€e(0) p'€PY (o)
tr(op")=p
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Yoo D Y Card({g € Po(Tau)lil(€0)); krlil(€)(0, (€0,9)) = (0,7)})

oeB”(R) P ePh(0) eo€e(0)
tr(o,p")=p

— Z Card ({q € Po(Trli](e)); krli(e)(q) = p'})

' €P>i(R)
tr(p')=p

and, for any o € By'(R), for any e, € e(0), we set
do(eo)

K o, f (o
-y ({6 e P T ol 0 € L)

" Atr(0, KRB0t (e
o/ €Bo(Ti o lil(e0)) (0 Faolil(€o)

we have
do(eo)
-y S Card ({(0.0) € P (oo lil(e0)): o il(e0)(o' ) = ¢ })
o’EBo(TBR(o)[i](%)) q/eP%(o)
tr(0,q)=p
- X - Card ({(00) € P(Tig(o)lil(c0)): ko il(eo) (o @) = )
o’EBo(TBR(o)[i](€O)) q GPR( 0)
tR(qu/):p

(by Fact 2.5)

hence

Zdeo

eo€e(0)

= 2 X > Card ({(¢,9) € P(Thp(0)[il(€0)); KB (o)[il(€0) (0, 0) = ¢'})

q (ePf/)(i) eo€e(0) 0'€Bo(Tp (o) il (€0))
> > Card ({(0,4) € P(Th0)lil(€0)); #R1)(€)((0, (0y '), @) = (0,4)})

q'€Ph(0) eo€e(0) o' EBo(Tip (o) [il(e0))
tR(qu/):p

and

Yo D doleo)= Y Card({g € Poo(Trlil(e)); arlil(e)(a) = »'})

0€BZY(R) €o€e(0) P'EP>i(R)
0 tr(p')=p
r()=

We thus have
T il(e) (P)

=ag<i(p) + Z Z do(€o)
(o

0€B5!(R) €oce(0)

N Z Z Card <{q c PF(Q(TBR(O)[i](eo)))' (KBR(O) [i](eo)(g) S ’P}iz(oi p) })

TN o, K o) 12](€o
0eBZ (R) €o€e(0) r(0, KBy (0)li)(€0)(9))
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=ap<i(p) + Y Card ({g € P>o(Trlil(e)); wrlil(e)(a) = p'})

p/€P>¢(R)
tr(p')=p
> Card ({q € Po(Talil(e)); rrlil(e)(q) = p'})
pIEP>i(R)
tr(p')=p
=ag<i(p)+ Y Card ({g € P(Tlil(e)); krlil(e)(q) = p'})
p,€P>i(R)
tr(p')=p
=ap<i(p) + Z Z e (b=
p/€73>i(R)
tr(p')=p
(by Lemma 2.11) []

Example 2.13. Consider the port p; of R at depth 0 (see Figure 11): We have {p’ €
Por(R);ta() = 1} = {(02:0)}, b3 ((02,¢')) = 02 and ages (p1) = 1 (see Figure 35, p. 54).
Now, if e is a pseudo-experiment as in Example 2.2, then e#(02) = {10}, hence ag<i(p1) +
> oy ePoi(R) 2o e#(bgl(p’)) =1+ {10} = 11. And, indeed, we have ar,(1))(p1) = 11 (see

tr(p")=p1
Figure 16).

Corollary 2.14. Let R be an in-PS. Let o € Bo(R). Let ¢ be some bijection Ph(0) ~ Q'

and let R, be an in-PS such that R, = ¢ -, R. Let e, € e(0). Let i € N. Then, for any
P € Po(TBr(o)li](€0)); we have agy i)(e)(P) = 07, () fil(e0) (P)-

Proof. Let p € Po(Tpy(o)lil(eo)). If p € Po(Br(0)), then, by Proposition 2.12, we have
Manolilecd ®) = ap=@)+ D Y e (0 ) ()

P€P>Z(BR( )
tBp(o)(P)=

= aBRD (O)SL (p) + Z Z €o BRO O) ))
p'€P>i(BR,(0))
tBg, () (P)=P

)
P

U (o lil(eo) (P)

If p ¢ Po(Br(0)), then there exist 0 € By'(Br(0)), e1 € eo(01) and p € PO(TBBR(D) (on)[il(e1))
such that p = (o1, (e1,p’)); moreover,

aTBR(O) [i](eo) (p) - a/TBBR(o) (01) [’L] (61) (p/)
- aTBBR <o)(01)[i](€1)(p,)
= a/TBRO(O)[i](eo)(p) D

3. REBUILDING THE PROOF-STRUCTURE

The Taylor expansion of a PS is an infinite set of simple differential nets (for PS’s of depth
> 0). It was not known whether from this infinite set is was possible to rebuild the PS;



26 D. DE CARVALHO

indeed, a priori, two different PS’s could have the same Taylor expansion. We will not
only show that it is possible to rebuild any PS R from its Taylor expansion 7x[0], we will
also show something much stronger: We are already able to rebuild the PS with only one
well-chosen simple differential net that appears in the Taylor expansion, chosen according to
a specific information given by a second simple differential net of the Taylor expansion.

The algorithm leading from the simple differential net Tr[0](e) for some well-chosen
pseudo-experiment e on R to the entire rebuilding of R is done in several steps: In the
intermediate steps, we obtain a partial rebuilding where some boxes have been recovered but
not all of them; a convenient way to represent this information is to use differential PS’s,
which lie between the purely linear differential proof-nets and the non-linear proof-nets.

The rebuilding of the PS R is done in d steps, where d is the depth of R. We first
rebuild the occurrences of the boxes of depth 0 (the deepest ones) and next we rebuild
the occurrences of the boxes of depth 1 and so on... This can be formalized using simple
differential nets (possibly with boxes) as follows: starting from Tz[0](e), the first step of the
algorithm builds Tg[1](e), the second step builds Tr[2](e) from Tr[1](e), and so on... until
Tr[depth(R)](e) = R. We thus reduced the problem of rebuilding the PS to the problem of
rebuilding Tr[i + 1](e) from Tg[i](e) for some well-chosen pseudo-experiment e.

We can hardly obtain much more than the following property for a non-well-chosen
pseudo-experiment:

Lemma 3.1. Let R be an in-PS. Let e be a pseudo-experiment on R. Let i € N. Then we
have:

o Trli+ 1](e)~" Ty Trli](e)

o (Vo€ Béi(TR[i + 1](6)))77;—R[i+1](6) (0) = P;-R[i](e) (0);

o and KR[i +1](€) |py(rpit11(e)) = FRIIE) [Py (Trlit11(0))-

Proof. By induction on depth(R), noticing, by applying Remark 1.30, Remark 1.28 and
Remark 1.17, that we have Tx[i + 1](e)=" = SQt with

S=R"a P P (0 (o Topoli + 1(e0)="))
0eBz T (R) €o€e(0)
and ¢ is the function Wy U Wso — P§(R), where
e Wo = Upegpiss sy Uracetor (01 (€0:0)): (0 € PF(G(Tipo i +11(eo)) A kimgioli+1](e0) () €

Ph(0))} / f
_ . _ / C((dyq) € P>0(TBR(0) [i + 1](eo))
* Woo = U(07(6070’))€Bo<z(5)\30(39“) {((O’ (¢0:0)), 9); NEgpo)[i + 1](e0) (0, q) € P§(0))
tR(Ov KBr(o) [Z + 1}(60)(Q)) ifp= (Oa (607 Q)) € Wo;
d t(p) = RO :
e and ¢(p) { tr(o, KBr(o) [Z + 1}(60)(0/7 q)) ifp= ((07 (607 0/)),(]) € Wxo. -
We thus have to consider some special experiments. As a first requirement, the pseudo-
experiments we will consider are exhaustive:

Definition 3.2. A pseudo-experiment e of an in-PS R is said to be exhaustive if, for any
0 € B(R), we have 0 ¢ e¥ (o).

But this requirement is not strong enough. More specific pseudo-experiments have to
be considered.



TAYLOR EXPANSION IN LINEAR LOGIC IS INVERTIBLE 27

e In [35], it was shown that given the result of an injective k-obsessional experiment (k big
enough) of a cut-free proof-net in the fragment A ::= X|[7A% A|A B 7TA|A® A|'A, one
can rebuild the entire experiment and, so, the entire proof-net. We recall that the LPS of
a cut-free proof-net forgets the outline of the boxes but keeps the trace of the auxiliary
doors (see Figure 22, p. 38 for an example). There, “injective” means that the experiment
labels two different axioms with different atoms and “obsessional” means that different
copies of the same axiom are labeled by the same atom. Obsessionality entails that the
names of the atoms play some role and thus we cannot reduce such experiments to some
pseudo-experiments.

e In [13], it was shown that, for any two cut-free MELL proof-nets R and R, we have
LPS(R) = LPS(R') if, and only if, for k big enough?®, there exist an injective k-experiment
on R and an injective k-experiment on R’ having the same result; as an immediate corollary
we obtained the injectivity of the set of (recursively) connected proof-nets. There, “injective”
means that not only the experiment labels two different axioms with different atoms, but it
labels also different copies of the same axiom by different atoms. Given some proof-net R,
there is exactly one injective k-experiment on R up to the names of the atoms. Injectivity
allows to reduce such experiments to some pseudo-experiments: it makes sense to define
k-pseudo-experiments and we could show in the same way that, for any two cut-free
proof-nets R and R/, the two following statements are equivalent:

— we have LPS(R) = LPS(R/);

— for any k € N, for any k-pseudo-experiment e on R, for any k-pseudo-experiment ¢’ on
R, we have Tg[0](e) = Tr[0](€'), where a k-pseudo-experiment is a pseudo-experiment
such that, for any o € B(R), we have e*(0) = {k}.

Now, there are many different cut-free PS’s with the same LPS (see Figures 22, 23, 24, 25

and 26, p. 38 for an example).

In [13], the interest for injective experiments came from the remark that the result
of an (atomic) injective experiment on a cut-free proof-net can be easily identified with a
simple differential net of its Taylor expansion in a sum of simple differential nets [17] (it
is essentially the content of our Lemma 4.19). Thus any proof using injective experiments
can be straightforwardly expressed in terms of simple differential nets and conversely. Since
this identification is trivial, besides the idea of considering injective experiments instead of
obsessional experiments, the use of the terminology of differential nets does not bring any
new insight?, it just superficially changes the presentation.That is why we decided in [13]
to avoid introducing explicitly differential nets. In [10], we made the opposite choice for the
following reason: The simple differential net representing the result and the proof-net are
both instances of the more general notion of “simple differential nets possibly with boxes”,
which are used to represent the partial information obtained during the algorithm execution.
Moreover, this identification allows to see the injectivity of the relational semantics as a
particular case of the invertibility of Taylor expansion.

25Interestingly, [20], following the approach of [13], showed that, if these two proof-nets are assumed to be
(recursively) connected, then we can take k = 2.

26For proof-nets with cuts, the situation is completely different: the great novelty of differential nets is
that differential nets have a cut-elimination; the simple differential nets appearing in the Taylor expansion of
a proof-net with cuts have cuts, while the semantics does not see these cuts. But the proofs of the injectivity
only consider cut-free proof-nets.
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Figure 19: Proof-net S

In the present paper, we introduce the notion of k-heterogeneous (pseudo-)experiment
(k-heterogeneous pseudo-experiments on cut-free PS’s are an abstraction of injective k-
heterogeneous experiments, where injective has the same meaning as in [13]) and the simple
differential net we will consider to rebuild entirely the PS is the simple differential net
obtained by expanding the boxes according to any k-heterogeneous pseudo-experiment (for
k big enough): We show that, for any cut-free PS R, given the result « of a k-heterogeneous
experiment on R for k big enough, if a € [R'], where R’ is any cut-free PS, then R’ is
the same PS as R. The constraints on k are given by the result of a l-experiment, so
we show that two (well-chosen) points are enough to determine a PS. The expression “k-
heterogeneous” means that, for any two different occurrences of boxes, the experiment
never takes the same number of copies: it takes k7t copies and k72 copies with j; # j2 (a
contrario, in [35] and [13], the experiments always take the same number of copies). As
shown by the proof-net S of Figure 19, it is impossible to rebuild the experiment from
its result, since there exist five different 4-heterogeneous experiments ej,es, e3,e4 and es
on S such that, for any i € {1,2,3,4,5}, we have ¢;(p) = (*,%), e;(01) = [*, %, %, %] and
ei(p’) = [[*,...,%],...,[*,...,%]]: The experiment e; takes 4 copies of the box o; and 41!

42 46

copies of the box 0.

Actually, more generally, we show that, for any PS R, given the simple differential net
Tr[0](e) that belongs to the support of the Taylor expansion and that has been obtained by
expanding the boxes according to any (atomic) injective k-heterogeneous pseudo-experiment
e on R for k big enough, if Tr[0](e) belongs to the support of the Taylor expansion of any PS
R’, then R’ is the same PS as R. Notice that in presence of cuts, the k-heterogeneous pseudo-
experiment we consider is not necessarily induced (see Definition 4.3) by an experiment.?”

Definition 3.3. Let £ > 0. A pseudo-experiment e on an in-PS R is said to be k-

heterogeneous if

e for any o € B(R), for any m € e¥(0), there exists j > 0 such that m = k7;

e for any o € By(R), for any o' € B(Bg(0)), we have (Vey,es € e(0)) (e17 (') Nea™ (o) #
@ = e1 = 62);

e and, for any o1, 00 € B(R), we have (% (01) Ne™(02) # 0 = 01 = 03).

2T the case there is no such experiment, the simple differential net 7z[0](e) reduces to 0.
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Example 3.4. The pseudo-experiment e of Example 2.2 is a 10-heterogeneous pseudo-
experiment.

k-heterogeneous experiments are characterized by (the arities of the co-contractions of)
their corresponding terms of the Taylor expansion:

Lemma 3.5. For any in-PS R, we have Jyepp) e?(0) = ar0)(e) [Po(Tr[0](e))].

Proof. By Proposition 2.12, we have (J,cg,(r) e (0) = atx(0)(e) [Bo(R)], hence

U e (0) = U e? (0) U U U e (0,0')

0eB(R) 0€Bo(R) 0€Bo(R) o' €B(Br(0))

= UTR[0)(e) U U U eo”

0€By(R) o' eB(BR(0)) eo€e(0)
!
= arzoeBo@IV ) U 0T ) 100(e0) [P0 (TB () [0](€0))]
0€By(R) eoce(0)
(by induction hypothesis)

= a7g[0](e) U U ATR[0](e <07 0, eO))]
0€By(R) en€e(0)
= azzj0)(e) [Po(TRI0](€))] O

Corollary 3.6. Let R be an in-PS. Let e be a pseudo-experiment on R. Let k > 1. Then e
1 a k-heterogeneous pseudo-experiment on R if, and only if, the two following properties
hold together:

(1) arupo)e) [Po(TRIO(e))] € {K55 > 0}

(2) (Vp1,p2 € Py(TrI0)(e)) (armoj(e) (P1) = arpio)e)(P2) = P1 = P2)

Proof. For any pseudo-experiment e on R, applying Lemma 3.5, we obtain:

e For any k > 1, one has (Vo € B(R))(Vm € e#(0))(3j > 0)m = k/ if, and only if, one has
araf0)(e) [Po(TrI0)(e))] € {55 > 0}.

e One has (Vo € By(R)) (Vo' € B(Br(0)))(Ve1,e2 € e(0))(e1?(0') Nea® (o) # 0 = e =
ez) if, and only if, one has (Yo € By(R))(Ver,e2 € €(0)) (aryoe)[Po(R(0,0,€1))] N
ary0)(e) [Po(R{0,0,€2))] # 0 = e1 = e2).

e One has (Yoi,00 € B(R))(e*(01) Ne#(02) # B = 01 = 0) if, and only if, one has
(Vp1,p2 € PH(TrI0I(€))(ars(0)(e) (P1) = arm(0)(e)(P2) = KR[0](€)(p1) = Kr[0](e)(p2))-

We prove, by induction on depth(R), that, for any k > 1, the two following properties

together:

o (Vo € l?o(R))(Vel,ez € €(0)) (azyjo)(e)[Po(R(0,0,e1))] N ary o)) [Po(R{0,0,e2))] # 0 =
e1 = e
o and (Vp1,p2 € Py(Tr[0](€)))(arz10)(e) (P1) = a7zi0)(e) (P2) = KR[0)(e)(p1) = KR[0](€)(p2))

imply (Vp1,p2 € 77(!)(7-1%[0](6)))(0/TR[0}(e)(P1) = ar,o)(e)(P2) = p1 = p2); the converse is
trivial. L]

We will rebuild Tr[i 4+ 1](e) from Trli](e) for any k-heterogeneous pseudo-experiment
e on R (with k > B(R), where 3(R) is an integer®® provided by any 1-pseudo-experiment

28The integer B(R) is defined in Definition 3.33.
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on R). For this purpose we will introduce our notion of critical component (elements

of S%m(e) (Kkj(Trli](e))) with j € Ni(e))*, which are special connected components of

Trli](e), connected in a weak sense, and we will consider equivalence classes of critical

components of Tr[i|(e) for the relation = that forgets names of ports apart from those of

shallow conclusions.?® We can summarize the three main ideas of our proof as follows:

(1) The simple differential net that corresponds to a k-heterogeneous pseudo-experiments is
informative enough to rebuild the entire PS if k£ is big enough.

(2) We introduce the notion of partial Taylor expansion Tg[i] of a PS R (with i € N)
and reduce the problem of the rebuilding of a PS R to the problem of the rebuilding
of the simple differential net possibly with boxes Tr[i + 1](e) that corresponds to a k-
heterogeneous pseudo-experiment e in the partial Taylor expansion 7g[i] from the simple
differential net possibly with bozes Tg[i](e) that corresponds to the same k-heterogeneous
pseudo-experiment e in the partial Taylor expansion Tg[i].

(3) We consider cardinalities of equivalence classes S;C’R[i]( o) (Kr,j(Tr[il(e)))/ = of critical
components of Tg[i](e) for the relation = in order to deduce the cardinalities of equivalence
classes S’l;’R[iJrl](e) (Kk,;(Trli 4+ 1](e)))/ = of critical components of Tg[i + 1](e) and the
contents of the new boxes of depth i of Tr[i + 1](e).

3.1. The borders of the boxes. In this subsection we first show how to recover the
set Upepzi(p {logp(m);m € e#(0)} and, therefore, the set Py(Tr[i](e)) \ Bo(Trli](e)) of
co-contractions of Tg[i](e) (Lemma 3.11). Next, we show how to determine, from Tg[i](e),
the set By (Tr[i + 1](e)) of “new” boxes and, for any such “new” box o € By (Tg[i + 1](e)),
its border i.e. the set t7, ;1)) [{0} X Pffg[iﬂ] (e)(o)] of exponential ports that are immediately
below (Proposition 3.19), which, as shown by Example 3.20, p. 37, is an information that is
not provided by the LPS but is still too weak to rebuild the PS (the borders of the boxes
do not allow to recover their outlines). In particular, we have By (Tg[i + 1](e)) =!ci[N;(e)],
where the set N;(e) C N is defined from the set My(e) of the numbers of copies of boxes
taken by the pseudo—experiment e:

Definition 3.7. Let R be a differential in-PS. Let £k > 1. Let e be a k-heterogeneous
pseudo-experiment on R. For any i € N, we define, by induction on i, M;(e) C N\ {0}
and (m; j(e))jen € {0,...,k — 1} as follows. We set My(e) = Uoenm {7 € N; ki € e (0)}
and we write Card (M;(e)) in base k: Card (M;(e)) = > ey mii(e) - k5 we set M;i1(e) =
{j > 0;m; j(e) # 0}.

For any i € N, we set NV;(e) = M;(e) \ M;11(e).

Notice that all the sets M;(e) and N;(e) can be computed from Tx[0](e), since, by
Lemma 3.5, we have Mo(e) = logy[{ aryj0)(e)(P); P € P(!](TR[O](e))}].

Example 3.8. If e is a 10-heterogeneous pseudo-experiment as in Example 3.4, then
Mo(e) ={1,...,224}. We have Card (My(e)) =4 + 2 - 10! + 2102, hence Mj(e) = {1,2}
and Np(e) = {3,...,224}. We have Card (M;(e)) = 2, hence Ma(e) = 0 and Ni(e) = {1,2}.

29The set N (e) is a set of integers that will be defined in Definition 3.7, the set Kx ;(Tz[i](¢)) is a set
of exponential ports of Tr[i](e) at depth 0 that will be defined in Definition 3.13 and the sets S&(Q) of
components T of S that are connected via other ports than Q, whose conclusions belong to Q and with
co-size(T) < k will be defined in Definition 3.25.

30This relation has been defined in Definition 1.11.
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Lemma 3.9. Let k > 1. Let R be an in-PS. If e is a k-heterogeneous pseudo-experiment on
R, then, for any i € N, there exists a unique bijection

le,i + logi[|J e#[B='(R)]] = Py (Trlil(e)) \ Bo(Tr[i](€))
such that, for any j € dom(le;), the following properties hold:
(1) k7 € (e o rrlil(e) o le;) (4)
(2) and (agyp)(e)©led)(F) = K.
Proof. Notice first that, for any o € B()Zi(R), we have ar,(j)(0) = Card(e(0)), hence
the function that associates with every j € UOeBOZi(R){logk(m);m € e”(0)} the unique

0j € B()Zi(R) such that e#(0;) = {k7} is a bijection

U {logr(m);m € e#(0)} = Po(R) \ Bo(Trli](e))
0€B5 (R)
such that ar,ij()(0j) = Y et (0j) = K.
Now, we prove the lemma by induction on depth(R). We set
’ (0, (€0, ei(4))) if 0 € BF'(R) and k7 € (eo# © ke, i 0 le,) (4)-

For checking Property 2, notice that, for any o € B()zi(R), for any e, € e(0), for any
pE PO(TBR(O) [i](eo))v we have ATR[i](e) (07 (eo,p)) = a/TBR(O)[i}(eo) (p) [

3.1.1. Identifying the co-contractions that correspond to the new boxes. This part is devoted
to prove Lemma 3.11, which shows that, for any k-heterogeneous pseudo-experiment e on R,
for any i € N, the function !.; is actually a bijection M;(e) — Py (Trli](e)) \ Bo(Tr[i](e))
such that, for any j € M;(e), we have (ag, ) © lei) () = k7.

Lemma 3.10. Let k > 1. For any i € N, for any in-PS R such that Card (B(R)) < k, for
any k-heterogeneous pseudo-experiment e on R, the following properties hold:

(1) Pi(R,e,i): (Yo,0" € Byo(R))(Ve, € €(0))(Vj € M;(eo))k? ¢ e¥ (o)

(2) P2(R,e,i): (Vo,0" € By(R))(Ve, € €(0))(Vey € e(d)))(Mi(eo) N Mi(ey) # D = (0,e,) =

(o' e0r))
(3) P3(R,e,i): (depth(R) =1 = M;(e) = 0)
(4) Pi(R,e,i): miole) = Card (B5'(R))
(5) P5(R, e,i): MZ(B) - ./\/li_l(e) '
(6) PolR.e,1): Myle) = logy U e#(B5 (R UU, cgens gy Urcetoy Mileo)

Proof. By complete induction on depth(R) + i. First, if i = 0 = depth(R), then M_; =
) = My, hence Pi(R,e,i), Po(R,e,1), Ps(R,e,i), Py(R,e,i), Ps(R,e,i) and Ps(R,e, i) hold
trivially. Now, let « € N. Notice that if Ps(R, e, ) holds, then P3(R,e,7) holds; moreover, if,
in addition, P;(R,e,7) and P2(R,e,) hold, then
Card (M;(e))
— Card (Bgi(R)) + Y Y Card(Mile)

0€BZ 1 (R) eoce(0)
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= Crd (BB + Y X ST migle) K

OGBOZZ'-H (R) eo€e(0) jeEMt1(eo)U{0}

— Card (BOZZ'(R))

+ Y Card(sgi(BR(o)))-Card(e(o))+ oY mileo) K

0eB5 T (R) eo€e(0) jEMit1(eo)

(by Py(Br(0), €0,7) for each o € By ™ (R) and each e, € e(0))

We thus have Py(R,e,i). Moreover, if i > 0, then by applying Ps(R,e,i — 1), Ps(R, e, 1)

and Ps(Br(0), e,,1) for each o € B()Zi+l(R) and each e, € o, and by noticing the inclusion
logy [ e# [B5" (R)]] C loge[U e# [B5" ™' (R)]], we obtain Ps(R, e, ).

Let us assume that ¢+ = 0. For any in-PS R, for any k-heterogeneous pseudo-experiment
e on R, since |Je#[B(R)] C {k;j > 0}, we have Card (M_1(e)) = S Je#[B(R)] =
> jetog, (U et (B(r) K> hence Mo(e) = log [ e# [B(R)]].

Let R be an in-PS such that Card (B(R)) < k and let e be a k-heterogeneous experiment
on R.

Let 0,0" € By(R) and let e, € e(0). Let j € Mg(e,). There exists o” € B(Br(0)) such
that k7 € e, (0"). Assume that k/ € e7(0'). We have e”((0,0”)) Ne*(d') # 0; but, by
the definition of k-heterogeneous experiment (Definition 3.3), this entails that o' = (0, 0”);
we thus obtain a contradiction with the following requirement of the definition of in-PS’s
(Definition 1.7): for any (p1,p2) € Po(R), we have p; ¢ Bo(R). We showed that P;(R,e,0)
holds.

Let 0,0 € By(R). Let e, € e(0) and e, € e(0) such that M(e,) N Mo(ey) # 0. Let
j € Mo(eo) N Mo(ey). There exist o; € B(Br(0)) such that k7 € e,#(01) = e#(0,01) and
02 € B(Bg(0")) such that k7 € ey #(02) = e (', 02). By the definition of k-heterogeneous
experiment, we have (0,01) = (0/,02). We have e, (01) Ney™ (01) # 0, hence, again by the
definition of k-heterogeneous experiment, we obtain e, = e,. We showed that P,(R,e,0)
holds.

We have

Mo(e) = logillJe*[B(R)]
= logil Je*Bo(RTU | logill Je? [{o} x Bo(Br(0))]

0eB: " (R)

logi [l Je*Bo(R)IU |J | logrllJ eo™ [Bo(Br(0))]]

0eB5 " (R) €o€e(0)

= loglJe" BRIV | U Moleo)

0eB5 " (R) €o€e(0)

hence Ps(R,e,0) holds. We already know that it follows that P4(R,e,0) holds.

Let j € Mo(e): We have k? € |J e [B(R)], hence k7 < Y Je#[B(R)]. Since j < k7, we
have j < S"Je#[B(R)]; so 7 € M_1(e). We thus proved Ps(R, e, 0).
Let us assume that ¢ > 0. Let R be an in-PS such that Card (B(R)) < k and let e be a
k-heterogeneous experiment on R. By P;(R,e,i—1) and P5(R,e,i—1), we have P (R, e, ).
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By P2(R,e,i — 1) and P5(R,e,i — 1), we have Pa(R,e,i). We have
Card (M;_1(e))

= Card <B>z Y ) Z Z Card (M;-1(eo))

063 ( )eOEe (o)
(by Ps(R,e,i — 1), Pi(R,e,i—1) and Py(R,e,i — 1))

33

= Card <l5’>Z ! ) Z Z (mz 1,0(€0) Z mi—1,j(eo) kj)

0€B5 (R) €o€e(0) JEM;(eo)

— Card (B5"H(R)) + Z Z(ard(>llBR ) + Z)m”,]eo.k)

063 {(R) eo€e(0)
(by Py(Bg(0),e0,i— 1) for each o € Bg "(R) and each e, € e(0))
— Card <B>Z 1(R))

JEM(

+ Y (cm( = 1(BR(0)))-Card(e(o))—|— > m“,j(eo)-kj)

0€B5'(R) eo€e(0) JEMi(eo)

— Card <B>Z ! ) Z Card( >i-1( ())>~Ze#(o)

OGB

+ Z Z Z mi_1,j(eo) - K

0eBZ 1 (R) eo€e(0) jEMi(eo)
(by P3(Bg(0),e0,1) for each o € By (R) and each e, € e(0))

By Pi(R,e,i) and P»(R,e,i), we have {j > 0;m;_; j(e) # 0} = ergzi(R){j €Nkl =
0

Se# (o)} U erB()Zi+1(R) Ue,ce(o) Mi(€o), hence Ps(R, e, i) holds.

[

Lemma 3.11. Let R be an in-PS. Let k > Card (B(R)). For any k-heterogeneous pseudo-
experiment e on R, for any i € N, we have M;(e) = log,[Je” [BZ1(R)]], hence N;(e) =

logy,[Ue#[B=(R)]] and (kgli](e) o ci)[Ni(e)] = B=*(R).
Proof. By induction on depth(R). We have
Mi(e) = loglJe#B5'RINU | U Mile)
0eB5 1 (R) eo€e(0)
(by Lemma 3.10)
= loglJe#B5'®Iu | U logill Jeo®
0eB5 1 (R) o€e(0)
(by the induction hypothesis)

= log,l Je*B5'(RIU | U e 1B (B

o€B>Z+1(R) eo€e(0)

=!(Br(0))]]

r(0))]]
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= logi [ Je#*IB5'®IV | U Je*Ho} x BZ(Br(0))]]

0€B5 T (R) eo€e(0)

= log [ Je# B U ) |J (o} x BZ(Br(0)]]

0eBZ T (R) co€e(0)

Hence
Nile) = Mi(e)\ Misi(e)
— logylJe* B (R)))\ logyll ] #1877 (R)]
— log [ Je (B Z(Rm
(

Moreover, since (Vj € N;(e))k? € (e¥ o kgli](e) o lc:)(j), we obtain (kg[i](e) o le)[Ni(e)] =
B=(R). u
Example 3.12. (Continuation of Example 3.8) We thus have M;(e) = {1,2} and
Pé(TR[Z](e)) \ Bo(TR[l](€>> = {02,04} with aTR[l](e)(OQ) = 101 and a/rR[l}(e)(Ozl) = 102 (see
Figures 16, 17 and 18 - we recall that Tg[1](e) = S11 @ S1a @ S13).

3.1.2. Determining the contractions immediately below the new boves. The set Ky u7,(e)(5)
of “critical ports” is a set of exponential ports that will play a crucial role in our algorithm.

Definition 3.13. Let S be a differential in-PS. Let k£ > 1. For any p € Py(5), we define the
sequence (my, ;(S)(p))jen € {0,...,k — 1} as follows: ag(p) = > jen M (9)(p) - k. For
any j € N, we set Ky, ;(S) = {p € PO(S),m;w( )(p) # 0} NP4(G(S)) and, for any J C N,
we set IC]C’J(S) = UjGJ /Cij(S).

In particular, for any j € M;(e), we have l.;(j) € K ;(Tri](€)).

Example 3.14. We have K10,1(7r[1](e)) = {p1, P4, P5, 6, P7, 02} and K192(Tr[1](e)) = {p4,
Ds, D6, D7, 04}, where Tgr[l](e) = S1; @ S1y @ S1s with S1;, S1y and S13 depicted in
Figures 16, 17 and 18 respectively. So we have Ky (1,21 (Tr[1](e)) = {p1, P4, P5, D6, P7, 02, 04}

Critical ports are defined by their arities. Proposition 3.19 shows that they are expo-
nential ports that are immediately below the “new” boxes.

In particular, this proposition highlights one more essential difference between the
k-experiments of [34, 35, 13, 20] and our k-heterogeneous experiments. There, such a
k-experiment labelling some contraction p with a multiset of cardinality ;g k7 (where
0 < mj; < k for any j) gives the information that immediately above the contraction p
there are exactly mj, series of exactly jo auxiliary doors. Here, whenever a k-heterogeneous
experiment labels some contraction p with a multiset of cardinality Zj mj - k7 (where
0 < mj < k for any j), the integer jo is not related to the number of auxiliary doors in
series anymore; it corresponds, in the case m;, > 0, with the existence of a box that has an
occurrence taking k70 copies of its content, the box having, among all its auxiliary doors,
exactly mj, auxiliary doors that are, each of them, the first one (i.e. the deepest one) of a
series of auxiliary doors immediately above the contraction p.

By the way, the constraints on the experiments are completely different: The constraints
in [34, 35, 13, 20] give a lower bound on the arities of the co-contractions, while the constraints
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P9 ) :

Figure 20: Lower bounding the arities
of the co-contractions is not
enough

Figure 21: What our decomposition
would provide

here are on the basis k. For instance, in the case of Figure 20, the co-size is < 100 and
there are only 2 boxes, but still it is not enough to consider a 10-heterogeneous experiments
with powers > 2: by taking an experiment e with e? (01) = 10% and e# (02) = 10%, we get a
contraction of arity 9800 = 9-103 +8-10? in the corresponding term of the Taylor expansion,
which, following our decomposition, would correspond to the PS of Figure 21.

Example 3.15. (Continuation of Example 3.12) We thus have !¢ ;[N1(f)] = {02,04}; and
indeed 0y and o4 are the boxes of depth 1 at depth 0 of Tz[2](e) = R (see Figure 11). Moreover

we have IClO,l(TR[l](e)> = {pl,p4,p5,p6,p7,02} and K10,2(TR[1](6)) = {p4,p5,p6,p7,04};
and indeed, in Figure 11, we have t7;9)()[{02} X P;’R[Q](e)(OQ)] = {p1,p4, 5, D6, P7, 02} and
trni2)(e) {04} X PL g0y (04)] = {pa. 15, p6, 7, 04}

Definition 3.16. Let R be an in-PS. For any p € Py(R), for any i € N, we define a subset
BR'(p) of BZ'(R): we set BE'(p) = {b7'(¢); (¢ € P>i(R) Atr(g) = p)}.
A crucial lemma is the following one:

Lemma 3.17. Let R be an in-PS. Let p € Po(R). Let k > co-size(R). Let e be a k-
heterogeneous pseudo-experiment on R. Let i € N. Let p € Py(R). Then, for any j > 0,

we have p € Ky ;j(Trli](e)) if, and only if, there exists o € B}%Z(p) such that k7 € e¥ (o).
Moreover we have argje)(p) mod k = ag<i(p).

Proof. By Proposition 2.12, we have

aTxi)(e) (P) = ap<i(p) + Z Ze#(b?(p'))

P'EP>i(R)
tr(p")=p

Moreover we have

° ap<i(p) <k;

e Card ({p' € P=i(R);tr(p') = p}) < k;

o and (Vp' € P=i(R))(Ym € e# (b5 (1)) (35 > 0)k7 € e# (b5’ (1))

Hence

® ar(ij(e)(P) mod k = ag<i(p)

e and p € Ky ;(Trli(e)) if, and only if, (Ip' € P=i(R))(tr(p') = p A K € # (b5 (D)), ie.
(3o € B (p))K’ € e# (o). O

Fact 3.18. Let R be an in-PS. Let e be a pseudo-experiment on R. Let i € N. Let

o € By(Tr[i +1](e)). Let ¢ € P;(R). Then we have b?(q) = kgli + 1](e)(o) if, and only if,

there exists ¢’ € P(Br;,[i4+1)(¢)(0)) such that ¢ = xg[i + 1](e)(0,q’).
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Proof. By induction on depth(R). We assume that b?(q) = krli+1](e)(0) and we distinguish

between two cases:

e 0 € B5'(R): we have kg[i + 1](e)(0) = o, hence there exists ¢ € P<;(Bg(0)) such that
q=(0,q¢'); but Br(o) = BTR[i+1}(e)(0); '

e 0 = (01,(e1,0)) for some 0, € BF'(R), e1 € e(o1) and o € By (Tag(on)le1](@)): we
have kg[i + 1](e)(0) = (01, Kpy(onli + 1](e1)(0)), hence there exists go € P>;(Br(o1))
such that ¢ = (01,qo) and b%;(m)(qg) = KBg(onlt + 1](e1)(0"); by induction hypothesis,
there exists ¢’ € P(BTBR(OI)[HI](@)(O/)) such that g0 = Kpg(0,)[i + 1](e1)(01,¢'); but

/
BTy o li+1)(e1) (0) = By fit1)(e) (0)-

Conversely, we assume that there exists ¢’ € P(B7y,i41)(e)(0)) such that ¢ = sr[i+1](e)(0,¢')

and we distinguish between two cases:

e 0 € By (R): we have b2 (kg[i + 1](e)(0.q')) = b7'(0,q') = 0 = wgli + 1](e)(0);

e 0 = (01,(e1,0)) for some 0, € BF'(R), e1 € e(o1) and o € B5 (T x(on)€1](@)): we
have bz (vl + 1)(€)(0,4')) = b7 (01, (Kp(on)[i + 1(e1)(0,4))) = (01,65 1) (FBpon) [i +
1(e1)(0',q'))); since Brfit1ie)(0) = BTBR(ol)[iJrl}(el)(O/)’ we can apply the induction
hypothesis and we thus obtain b?(/@g[i + 1](e)(0,q")) = (01,KBx () [i + 1](e1)(0")) =
krli + 1](e)(o). ]

Proposition 3.19. Let R be an in-PS. Let k > Card (B(R)), co-size(R). Let e be a k-

heterogeneous pseudo-experiment on R and let i € N. Then we have By (Tr[i + 1](e)) =

leilNie].  Moreover, the set Ky (m,eyuio) (Trlil(e)) is empty. Furthermore, for any

J € Ni(e). we have Ky (Tli(e)) = trygsg(o Leli)} X Phypopry Cesi))] and. if es(l) ¢

B5'(R), then there exist o € By 71 (R) and e, € e(0) such that j € Ni(e,) and Ky ;(Trli](e))\

Po(R) = {o} x ({eo} X Kk j(Tpuo)lil(€o))). In particular, we have Ky n;)(Trli](e))

PG (Trli + 1](e))-

Proof. Tt is trivial to check, by induction on depth(R), that we have

(Yo € Bo(Txlil(e)))(¥p € P(Bryjie)(0)krlil(e)(0,p) ¢ B (R) ()
Now, we prove, by induction on depth(R), that B (Tr[i + 1](e)) =!c:[N;(e)]:

e Let j € N(e). By Lemma 3.11, there exists o € B=(R) such that j € log;[e? (0)], hence
ki € e (0). Since k7 € e#((kgli](e) o le.i)(j)), we have (kgli](e) o lei)(j) = 0 € B7H(R).
If 0 € By'(R), then !¢ ;(j) = o. Otherwise, there exist 01 € By(R) and o’ € B~ (Bg(o1))
such that o = (01,0"): By (%), there exist e; € e(o1) and 0" € Po(Tp,(0)i](€1)) such
that kg, (0,)[i](e1)(0") = o and !¢ :(j) = (o1, (e1,0")), hence 0" = !¢, ;(j). By induction
hypothesis, we have le, i(j) € BF“(Tpu(o1)l€1](i+1)), hence (o1, (e1,0”)) € By'(Trle](i+1)).

e Conversely, let o € By (Tr[i + 1](e)). Let j € logi[e” (0)]. By Lemma 3.11, we have
j € Ni(e). We have k/ € ¥ (0) and k7 € e# ((kgli](e)o'ei)(4)), hence (kp[i](e)ole,:)(j) = o.
If o € B3(R), then !.;(j) = o. Otherwise, there exist o; € By""'(R), e; € e(0;) and
o e B():i(BTBR(ol)[iJrl}(m)) such that o = (01, (€1, 0')). By induction hypothesis, there exists
j € Ni(e1) such that I, ;(j) = o' we have l.;(j) = (o1, (e1,0')).

By Lemma 3.11 and Lemma 3.17, we have Kp (a4, (e)ufoy) (TR (€)) N Po(R) = 0.

Moreover, for any o € B()Zi(R), for any e, € e(0), again by Lemma 3.11, we have M;(e,) C
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M, (e), hence

K eyuton (Tr[2(e)) N ({0} x ({eo} x Po(Trpo)lil(€0))))

{o} x ({ea} X Ky (mi(e)uion) (TBr(olil(€0)))

{o} x ({eo} X K (Mi(eo)ufol) (TBr(o) (1] (€0)))

= {o} x ({eo} x 0)
= 0 (by induction hypothesis)

We showed Ky w\ (i (eyugop) (TR[i(€)) = 0 (++).

Now, let j € N;(e). We distinguish between two cases:

e !.i(j) € Bo(R): By Lemma 3.17, we have Ky ;(Tr[i](e)) N Po(R) = {p € Po(R);!c,i(j) €
B (0)} = tl{leat)} X PR(lei ()] = rais e Lei) X P o1y (lea (7)) Moreover, by
(%), we have Ky, ;(Tr[i](e)) € Po(R). We thus have Ky ;(Trlil(€)) = tr,[i+1](e) [{lei (F)} X
P;—R[iﬂ}( )(!ei(j))]~

o l.i(j) = (0, (€0, e,,i(j))) for some o € BO '(R) and e, € e(0): By induction hypothesis, we
have Ky (Tag) [1(60)) = b o fss e oot} X Pl i (g ()] By (), we
have Ky, ;(Trli](e)) C Po(R) U Po(R(0,1,e€,)), hence

K, (Trli](€)) \ Po(R) = Ki;(R(o,1,€0))

= ({o} x ({eo} X K j(TBr(0)[il(€0))))
= {o} x ({eo} x t7y, ylitti(en [{leoi (D} X PE, o isti(en) (eoi ()]

tTR[z‘+1](e)[{ i(J)} x P’TR[z—f—l](e)( ei(1))] \ Po(R)

N

We have
Kij(Trlil(e)) NPo(R) = {p € Po(R); (3o € B (p)k’ € e (0)}
(by Lemma 3.17)
= {p € Po(R); krlil(e)('ei(d)) € BF (p)}
(by Lemma 3.9)
= {p € Po(R); (Ba € P>i(R)) (b7 e,
= {p € Po(R); (3q € P~i(R)) (b3 (q) = krli + 1](€)('ei(5)) A tr(q)
(by Lemma 3.1)
= {tr(krli +1](e)(ei(5),4); ¢ € P(Bryfit1yce) (ei(d)))}
(by Fact 3.18)
= {tr(rrli+1](e)(ei(s), d)): ¢ € P (Bryjis1)e) (i)}
(by Fact 2.5)
trnit1)(e) {ei(d)} ¥ PTR[zH]( y(le,i(4))] N Po(R)
]

As the following example shows, the information we obtain is already non-trivial, but
far away to be strong enough.

Example 3.20. The PS’s Ry, Rs, R3 and R4 of Figure 23, Figure 24, Figure 25 and
Figure 26 respectively have the same LPS, which is depicted in Figure 22. But if we know
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that p € tg[{o1} x Ph(o1)] Ntr[{o2} x Ph(02)], then we know that R # R3 and R # Ry:
The information we already obtain is an information that is not obtained from LPS(R).
Still we are not yet able to distinguish between R; and Ry. Since LPS(R;) = LPS(R2)
and depth(R;) = 1 = depth(Rz2), the sets of pseudo-experiments on R; and Ry coincide.
Now, for any pseudo-experiment on these two proof-nets R and Ro, we have T, [0 (e) (01) =

75, [0)(e) (01); 075, [0](e) (02) = a3, [0)(e) (02) and a7y, (0](e) (P) = @75, [0](e) (P), Which shows that
the arity of exponential ports in the Taylor expansion is not sufficient to recover the PS.

Corollary 3.21. Let R be an in-PS. Let o € By(R). Let ¢ be some bijection Ph(0) ~ Q'.
Let R, be an in-PS such that R, = ¢ -, R. Let k > Card (B(R)), co-size(R). Let e be a
k-heterogeneous pseudo-experiment on R, let e, € €(0), let i € N and let j € Nj(e,). Then

Kiej(Tor,(lil(€0)) N Q" € @[Ph(0) N K (Trlil(e))].

Proof. Notice first that, since the set N;(e,) is non-empty, by Proposition 3.19, we have
o€ B>’+1(R). By Proposition 3.19 again, it is enough to show that

i it e Wleai D} X PRy e (i) 1 €
C plPh(0) N trnpieriio o)) X Pl ooy (e (G)]
Now, let p € P;Bao(o) (i-+1](e0) ((e0,i (7)) such that T, (ol 11(e ) (e,,i(d),p) € Q. By Lemma 2.8,
we have p ¢ PfTBRO(O)[iH](eO)(!eo,z(j)) and tTBRD(O)[’L+1](eo)('eo,i(])vp) = ¢(tr(0, KBy, (o)[i +
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1)(e0)(e,.i(4),p))). Moreover, since p € Pf(BTBR(O)[z’H](eD)(!eo,i(j)))a we obtain (!¢, i(j),p) €
P (Topoli + 1](e0)), hence, by Fact 2.5, kg, o)leo](i + 1)(le,i(j),p) € PH(Br(0)): We
thus showed KBr(o) [P + 1](69)(!%,@-(]'),])) € Ph(o), Which entails p € PfTR[iH](e)(!evi(j)) and
tr(0, kg, (o)l + 1](€0)(e,,i(5): D)) = trplit1)(e)(le,i(d); P)- []

3.2. Connected components. In order to achieve the rebuilding of the ground-structure
of Tr[i + 1](e) and to recover the content of its boxes, we introduce our notion of connected
component (Definition 3.25). This subsection is devoted to relate connected components of
Tr[i](e) with connected components of Tg[i 4+ 1](e) (Proposition 3.40 and Proposition 3.43).

The relation <g formalizes the notion of “connectedness” between two ports of S at
depth 0. But be aware that, here, “connected” has nothing to do with “connected” in the
sense of [13]: here, any two doors of the same box are always “connected”.

Definition 3.22. Let T be a differential in-PS. We define the binary relation <7 on Py(T') as
follows: for any p,p’ € Po(T), we have p o p' iff {p,p'} € Ag(T)UCy(T) or (p € Wy(T) and
P = tgr)(p)) or (p € Wo(T) and p = tgy(p')) or (3o € Bo(T))(3¢,¢ € P§(0)){p,p'} =
{tT(O’ Q), tT(Ov q/)}'

Let Q C P§(T) and let p,p’ € Po(T). A path in T from p to p' without crossing Q is
a finite sequence (po, ..., pn) of elements of Py(T") such that py = p, p, = p’ and, for any
j€40,...,n—1}, we have p; ©p pj41 and (p; € Q = j =0).

We say that T is connected through ports not in Q if, for any p,p’ € Py(T), there exists
a path in T from p to p’ without crossing Q.

Definition 3.23. Let 7" and S two differential in-PS’s and let Q such that T'Cg S. We
write T g S if the following property holds:

(Vp € Po(T) \ Q)(Vq € Po(S5))(p =5 g = ¢ € Po(T))

As we can expect, the connected components of Tr[i + 1](e) that do not cross any
expanded box are exactly the connected components of Tgr[i](e) that do not cross any
expanded box:

Fact 3.24. Let R be an in-PS. Let e be an exhaustive pseudo-experiment on R. Let
i € N. Let Q C Py(R). Let T be a differential in-PS such that T Cg R<‘. Then we have
T <g Trli](e) if and only if T' <g Tr[i + 1](e).

Proof. Assume T' <g Trli](e). Let p € Po(T') \ Q and let ¢ € Po(Tr[i + 1](e)) such that
P STgli+1)(e) ¢- Let us show that there is no o € By'(R) such that p € tg[{o} x Ph(0)]: Let
us assume that there is such an o, let e, € e(0) (such an e, exists since e is exhaustive) and let
P’ € Ph(o) such that tg(o,p’) = p; we have p STl (0, (€0,1')), hence (o, (€0, p")) € Po(T),
which contradicts T'C R<!. This entails p STRlil(e) 4-

Conversely, assume that T <g Tg[i + 1|(e). Let p € Po(T') \ Q and let ¢ € Po(Trli](e))
such that p S7,p1(¢) ¢- If ¢ = (0, (€0,¢')) for some 0 € BF'(R), e, € e(0) and ¢ € Ph (i) such
that tr(0,q') = ¢, then p € tg[{o} x P§(0)], hence p <741y 0; then o € Po(T), which
contradicts T T R=". We thus have q € Po(Tr[i + 1](e)), hence p Sz ii41)e) - [

The sets Sgi(Q) of components T of S that are connected via other ports than Q, whose

conclusions belong to Q and with co-size(T) < k will play a crucial role in the algorithm
of the rebuilding of Tgr[i + 1](e) from Tg[i](e), where we will take for Q a subset of the
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critical ports Ky, 7, (e) (Tr[i](e)) that were considered in the previous subsection.?! The reader
already knows that, here, “connected” has nothing to do with the “connected proof-nets” of
[13]: there, the crucial tool used was rather the “bridges”, which put together two doors of
the same copy of some box only if they are connected in the LPS of the proof-net.

Definition 3.25. Let k € N. Let S be a differential in-PS. Let Q C P§(S). We set
(co-size(T) < k and PH(G(T)) C Q and }
Po(T)\ Q # 0 and T is connected through ports not in Q)
Remark 3.26. If T € SE(Q), then P (G(T)) = QN Py(T).

A port at depth 0 of S that is not in Q cannot belong to two different components:

Fact 3.27. Let k € N. Let S be a differential in-PS. Let Q C Py(S). Let T, 7" € SE(Q)
such that (Po(T)NPo(T"))\ Q # 0. Then T =1T".

Proof. By Remark 1.22, it is enough to check that Py(T") = Po(1"). ]

Example 3.28. We have
e Card (Sé‘o({p17p47p57p67p7702})) =241
e and Card (5é0<{P4,p57p6,p7704})) = 320

with § = 5§17 & S1s @ S13, where S17, S15 and S13 are the differential PS’s of Figures 16,
17 and 18 respectively.

55(Q) = {T 9

The connected components we consider do not mix several copies of boxes. More
precisely:

Lemma 3.29. Let R be an in-PS. Let k > co-size(R). Let e be a k-heterogeneous pseudo-
experiment on R. Let i € N. Let P C Po(Tgr[il(e)). Let T € S@R[i](e) (P). Let o € BF'(R)
and e, € e(o) such that Po(T) N Po(R{0,i,¢e,)) # 0. Then the following properties hold:

(1) Po(T) € (trl{o} x Ph(0)] NP) U Po(R(0,i, eo))

(2) Po(T) Ntr[{o} x PL(0)] € PHG(T))

(3) Wo(T') € Po(R(o,1,¢€0))

Proof. Notice first that the two following properties hold:

(i) For any p € Ph(0), we have aryiile)(tr(0,p)) > k. Indeed, for any p € P (0), the set
{p' € P=i(R);tr(p’) = p} is non-empty, hence this property is obtained by applying
Proposition 2.12.

(ii) For any p € Po(T) \ P, we have ar(p) = aryjij(e)(P)-

By (i) and (i4), we obtain
tr[{o} x PR(o)] NPo(T) C P ()

Let p € Po(T) \ Po(R(0,1,e,)). There exist gy € Po(T) \ P and a path (go,...,qn) in T
from qo to p = ¢, without crossing P. We set 1o = min{c € {1,...,n};q, ¢ Po(R{o,i,e,))}.
Since G, S7y[ij(e) dot1, there exists p' € Ph(0) such that g1 = tr(o,p’), hence, by (x),
Gio+1 € P; we thus have (o + 1 = n and then p = g, € tg[{o} x PhL(0)]NP. We showed
Property 1.

Property 2 is obtained by applying Property 1 and Remark 3.26.
Finally, Property 3 is an immediate consequence of Properties 1 and 2. L]

3 presence of cuts, we cannot say any more that these components are “above” Q.
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As a consequence, if T € Sé“—R[i] () (P) for some k-heterogeneous pseudo-experiment e on

R, then T has at most one co-contraction, which is necessarily a conclusion of T' (hence an
element of P) and of arity 1.

A PS R with cuts might have some connected components without any conclusion;
copies of such components will occur in the PS Tg[i](e) and we want to recover from which
boxes they come from. That is why we will consider k-heterogeneous experiments with
k > ©(R), where ©(R) is defined as follows:

Definition 3.30. Let R be an in-PS. We set
H(R) ={T <y R; (Po(T) #0ONAT is connected through ports not in 0) }

We denote by Hg the function P(R) — H(R) that associates with every p € P(R) the
unique 7' € H(R) such that p € P(T).
We define, by induction on depth(R), the integer ©(R) as follows:

O(R) = Card ({U € H(R: P(U) =0}) + Y O(Br(0))
0€Bo(R)

Notice that, if R is a cut-free in-PS, then ©(R) = 0.
Example 3.31. If R is the PS of Figure 11, then Card (H(Br(03))) =4 and O(R) = 1.

The set H(R) is an alternative way to describe an in-PS R:
Fact 3.32. Let R be an in-PS. We have R = @ H(R).
Definition 3.33. Let R be an in-PS. We set

B(R) = max{Card (B(R)) , co-size(R),O(R),1} + 1

Lemma 3.34. Let R and R, be two in-PS’s. Let o € By(R). Let ¢ be a bijection Ph(0) ~ Q'
such that R, = ¢ - R. Let k > co-size(R). There exists a bijection 0 : SERD(O)(Q’) o~
H(BRr(0)) \ {Hpg)('r(0))} such that, for any T € SgRO(O)(Q’), we have O(T) =T.
Proof. Notice first (Vp,q € Po(Br(0)))(P SBg(o) 4 = P SBg, (o) ) (*)-

We check that, for any T € LS‘j%RO(O)(Q’)7 we have T € H(Br(0)) \ {Hp,(o)('r(0))}; let
T e SERO(O)(Q/):
By Remark 1.21, Po(T) = Po(T)\ " € (Po(Br,(0)) \{'r(0)})\ Q" = Po(Br(0)) \{!r(0)};

Wo(T) = {w e Wo(T)itgr)(w) ¢ Q'}
= {w € Wo(Br,(0)) NPo(T)) \ Qstg(nx, (0))(w) € Po(T)\ Q'}
= {w € Wo(Br(0)) N Po(T); tg(B (o)) (w) € Po(T)}
by (%), we have T <y Bgr(o)

and (Vp € Po(T)\ Q)(Vg € Po(T)\ Q')(p r ¢ = p <7 q), hence T is connected through
ports not in (.

Now, for any U € H(BR(O))\{HBR(O)(!R(O))}y weset Ty = (U@eapep%(o)ﬁP(U) ?SO(tR(OyP)))@t’
where ¢ is the function P%(0) N P(U) — ¢[tr[{o} x (Ph(0) N P(U))]] that associates with
every p € Ph(0) NP(U) the port p(tr(o,p)) of Bg,(0), and we check that Ty € SER (o)(Q’):
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Figure 27: Hj Figure 28: H, Figure 29: H,

e Po(Ty) € Po(U)U Q' C Po(Br(o)) U Q" = Po(Br,(0))

Wo(Ty) = Wo(U) U (PR(o) N Po(U))
= {w € Wo(Br(0)) N Po(U); tg(paoy(w) € Po(U)} U (PR(0) N Po(U))
= {w € Wo(Br(0)) N Po(U); tg(By, (o)) (w) € Po(U)}
U{w € PR(0) N Po(U)i tg(Bp, (o) (w) € Po(Tv)}
= {w € Wo(Br,(0)) N Po(U); tgBg, (o)) (w) € Po(Tv)}
= {w € Wo(Br,(0)) N Po(U)) \ (Q NP§(BR,(0)): tg(Bx, (o)) (w) € Po(Tr)}
o P(G(Tv)) = {p(tr(0,p));p € Ph(o) NP(U)} C Q&

ity = 1Bg,(o)

Uoreng ) ({03 X(Ph (o) () HPEP (B (o) (0)): (0 ,p)EPE (0)}))

BR,(

(1) L IX (Pl (0VHAPEP(Bis ) (0):(0/0) EPR(0) 1)

tBR, (o)

Uo’EBO(TU)({O/}XPfBRO(O)(0/))

e by (x), we have Ty <o/ Bpg,(0) and Ty is connected through ports not in Q.

Moreover we have Ty = U, which shows that @ is a surjection and, for any T € S¥ En, (O)(Q’ )s

we have T = (Ty @ ®p€7)f (o) P(T) Leltr(op)) @t Where t is the funct:)n Phio) N P(Ty) —

oltr[{o} x (PL(0)NP(Ty))]] that associates with every p € Ph(0)NP(Ty) the port ¢(tg(o,p))

of Bg,(0), which shows that 6 is an injection. ]

Example 3.35. Let us consider the PS R of Figure 11. We set Q" = {p!, p/}, p%, p§, vt} and

we define the bijection ¢ : 77;%(02) ~ Q' as follows: ¢(p1) = p}; ©(p1) = ply; w(ps) = pk;

©o(pe) = pi; ¢(p7) = py. If k is big enough, then S(kw. R)(Q’) = {H{, H), H5}, where H}, H,
02

and Hj and the differential in-PS’s of Figure 27, Figure 28 and Figure 29 respectively.

Lemma 3.36. Let R be an in-PS. Let o € Byo(R). Let Q' be some set, let ¢ be some bijection

P;(o) ~ Q' let R, be an in-PS obtained from R by adding, according to @, contractions as

shallow conclusions to the content of the box o. Then B(R,) < B(R).

Proof. Let us show that O(R,) < O(R):

o If Pf(Hp, (0)) = 0, then ({0} x Q") NP(Hg,(0)) = 0, hence Q" = (), which entails that
R, = R and then Hp, (o) = Hg(o0).
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e Moreover we have {T' € H(Bg,(0)); P (T) =0} C SER (0)(Q’), hence, by Lemma 3.34, we

have {T' € H(Bg,(0)); P (T) = 0} C H(Bg(0)). ]
Lemma 3.37. Let R be an in-PS. Let k > co-size(R). Let e be a k-heterogeneous pseudo-
experiment on R. Leti € N. Let P C Py(Tg[il(e)). Let o € BOZZ(R). We set Q = Ph(0). Let

Yo be some bijection 73;(0) ~ Q' and let R, be an in-PS such that R, = ¢, o R. Then, for
any T € S%[i](e) (P), we have T Tp R,=% if, and only if, T Cp R,

Proof. Assume o € B7'(R). Let T € S%%[i](e) (P). Notice that, since T' C Tg[i](e), we have
o ¢ By(T).

Assume T Cp R,='. We have T<0 Cp (Rogi)go = R,S0 = R=0 = (Rg)go. Moreover:
o Bo(T) = Bo(R,=") N'Po(T) = B5*(Ro) N Po(T) = Bi"(R) NPo(T) = Bo(R=") N Po(T);
e and, since o ¢ Bo(T'), we have By = Br|pg,(r) and tr = tp< Ustesg(r (10 1xPF ()"
We obtained T Cp RS

Conversely, assume T' Cp RS, We have T<0 Cp (Rgi)go = RS0 =R,S0 = (Rogi)go.
Moreover:
e By(T) = Bo(R=) NPo(T) = By (R) N Po(T) = By (Ro) N Po(T) = Bo(R,=) N Po(T);
e and, since o ¢ By(T'), we have Br = Bp, |, and tr =tp < Unresspeny (<P, (@)

We obtained T Cp R,=". ]

The proof of the following lemma is postponed in the appendix.

Lemma 3.38. Let R be an in-PS. Let k > co-size(R). Let e be a k-heterogeneous pseudo-
experiment on R. Leti € N. Let P C Po(Tglil(e)). Let o € B5'(R). We set Q = Pi(0). Let
o be some bijection Q ~ Q' and let R, be an in-PS such that R, = p, -0 R. Let ., be the

bijection Q ~ {0} x ({e,} x Q') defined by e, (p) = (0, (€0, Po(p))) for any p € Q. We set
Pe, = (P\ Q) U, [PNQ]. Then:

(1) for any T € S’I;R[i](e)(P) such that Po(T) N Po(R{0,i,e,)) # 0, we have Tp.,] €
k .
STolil(e) Peo)
(2) for any T € S?-R [i](e)(Peo) such that Po(T) C Po(Ro(0,4,¢€,)), we have T[p., '] €
k .
STalile)(P);
(3) for any T € S%a ij(e)(P) such that (Vey € €(0))Po(T) N Po(Ro{o,i,€1)) = 0, we have
T € 87 (P
(4) for any T € S%[i}(e)(P) such that (Ver € e(0))Po(T) N Pyo(Ro{0,i,e1)) = 0, we have
k .
T € 870 (P);
The set of “critical components” we will consider in our algorithm is the set
U e (Kni(Trli(€))
JENi(e)
From this set we will build the contents of the new boxes. In particular, each port of Tg[i](e)

at depth 0 that goes inside a new box of Tr[i + 1](e) (i.e. each element of Py(Trli](e))
Po(Tri + 1](e))) belongs to a “critical component”:
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Lemma 3.39. Let R be a PS. Let k > Card (B(R)), co-size(R). Let e be a k-heterogeneous
experiment on R. Let i € N. For any p € Po(Trli](e)) \ Po(Trli + 1](e)), there exists

T € Ujeni (o) Stafij(e) K (TRl (€))) such that
p € Po(T) \ Ki,j(Trli)(e)) € Po(Trlil(€) \ Po(Trli + 1](e))

Proof. By induction on depth(R). If depth(R) = 0, then Py(Tr[i](e)) \ Po(Tr[i + 1](e))
Assume that depth(R) > 0 and let p € Po(Trli](e))\ Po(Trli+1](e)). There exist o € By (R)
and e, € e(0) such that p € Po(R(o,1,e,)). We distinguish between two cases:

e 0 € B7'(R): By Proposition 3.19, there exists jo € N;(e) such that !¢ ;(jo) = 0. We
have R{o0,i,e,) = (0, (€o, Br(0))), hence there exists T € H(Bpg(0o)) such that p €
Po((0, (e0: T')). We set T = ({0, (60, T")) & S pepsirn Loy (00, oy R | o} cpr(
We have P(G(T)) = tal{o} x P(T")] = truero{o} x PXT)] C Kao(Talil(c)) (by
Proposition 3.19), hence T € S,’}R[i](e) (Kk.jo (Tr[i](e)))-

e 0 € B (R): There exists p/ € Po(Tap(o)lil(€0)) \ Po(Tuo)li + 1](eo)) such that
p = (0, (€0,p')). Let R, be an in-PS such that R, = ¢ -, R, where ¢ is some bijection
Ph(o) ~ Q. We have p € Po(TBg, (o)l (€0)) \PO(TBRO oy[i +1](eo)), hence, by induc-
tion hypothesis, there exists 7" € Ujep(e,) STB wlil(e )( ki (TBy (o)[i](€0))) such that

Ro (0 o o
P € Po(T"); let jo € Ni(eo) such that T7 € Sk (0)[11(60)(’%,]‘0 (TBg, (0]il(€0))). By Corol-
lary 2.14, we have T" € S?-B o lil(e) ((Q’ﬂle,JO(TBRO(O [1](€0))) UKk jo (TB (o) [i](€0)))- By
Corollary 3.21, we have T" € STBR (D)[i](eo)( P[PL(0) N K jo (TR (€)] UKk jo (T (o) [i](€0)))-
We denote by ¢, the bijection Px(0) =~ {o} x ({e,} x Q') that associates (o, (es, ¥(q)))
with every q € Px(0). By Proposition 3.19, we have (o, (e,, T")) € S% [@'](e)(@eo [PL(0) N
Ko (TR U K jo (Tr[i] (€))). We set T' = (o, (€0, T"))[e, ']. By Lemma 3.38 (2),
we have T € Sk ['L](e)((PR( 0) N Ky, (Trli](€))) U Ki j,(TrZ](€))); we thus have T' €
S%[Z](e)(lck,jo(TR[ il(e)))- L

Notice that not each port belonging to a “critical component” goes inside a new box.

That is why, for now, we are not yet able to describe exactly the ground-structure of
Trli + 1](e) but we can only obtain an approximant of Tg[i 4 1](e)=":

Proposition 3.40. Let R be a PS. Let k > Card(B(R)), co-size(R). Let e be a k-
heterogeneous pseudo-experiment on R. Let i € N. We set

P= | Po(Trlil(e)\ | U Po(T) | UKk o) (TR (€))
jeNi(e) Tesk Trli(e (Kk,j(TR[Z](e)))

)
Then we have Tg[i](e)= \p Ty Trli + 1](e)=’.

Proof. By Lemma 3.1, we have:
(1) Wo(Trli + 1](e)) € Wo(Trlil(e)) and tg(75(i+1)(e))

€)) = LG(Twil(€) Wy (Trli+1](e))
(2) Wo(Trlil(e)) N Po(Tr[i + 1](e)) € Wo(Trl[i + 1](e))
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By 1., we have
{w e W(G(Tr[i + 1](e))) N P tg(rpli+1)(e)) (W) € P}
C {w e W(G(Trlil(e))) N Pstgrglie) (w) € P}

By Lemma 3.39 and Proposition 3.19, we have P C Py(Tg[i + 1](e)) (x). By (x) and 2., we
have

{w € W(G(TRli](e))) N Pitg(taiie)(w) € P}
C {w e W(G(Trli + 1](e))) N P;tgTpiit1e)(w) € P}
‘We thus showed
W(G(Trlil(e))|p)
= {w € W(G(Trlil(e))) N P;tg(Tp(e)) (W) € P}
= {w € W(G(Tr[i + 1](e))) N Pstg(Tpiir1)e))(w) € P} []

Example 3.41. (Continuation of Example 3.15) Figure 31 depicts the differential PS
TR[l](e)SO\P obtained by applying Proposition 3.40: We have

P= | Po(Taltlen\ | U Po(T) | UKo () (Tr[1](e))
jeNi(e) T ¢ S#R[l](e)(/Cm,j(TR[l](e)))

with Ko7 (e)(TrIi](€)) = {p1, P4, D5, D6, P7, 02, 04}

There is no other connected component of Tg[i 4+ 1](e) whose conclusions belong to
critical ports of Tg[i](e) than critical components of Tg[i](e):
(

Proposition 3.42. Let R be an in-PS. Let k > co-size(R). Let e be a k-heterogeneous
pseudo-experiment on R. Leti € N. ThenS [z+1}(e)(’CkN(e)(TR[ il(e))) C S H(e)(KkN () (Trlil(e)))-

Proof. Let T € ST i+1](e) Krni(e) (TR[i](e))). Notice that depth(T') < i. We have

TC =K.~ o) (TRI( )TR[Z+ 1](e),
hence, by Remark 1.16, Lemma 3.1 and Fact 1.25, T = T~ Ekk (o) (TrI(€) Trli](e).

Itr EICk,Ni(e)(TR[i](E)) R=', then one can apply Fact 3.24.

Otherwise: Let p € Po(T)\ K nige) (Talil(e)) and g € Po(TRli)(€)) \ Po(Tali + 1(¢))
such that p S7;)(¢) ¢- By Lemma 3.39, there exists 7" € S& [z](e)(ICkN(e (Trli](e))) such
that p.q € Po(T") \ Kiwro (Trli)(€)) € Po(Talil(€)) \ PolTali + 1)(e)), which contradicts
p € Po(T) SPO(TR[ZJFU( )) u

We will apply Proposition 3.43 with P = Ky, ;, (Tr[i](e)), where jo € N;(e), but, since
the proof is by induction, we need to slightly generalize it.

Proposition 3.43. Let R be an in-PS. Let k > B(R). Let e be a k-heterogeneous pseudo-
experiment on R. Leti € N. Let P C Ps(Trli + 1](e)) \ Bo(Tr[il(e)). Let T € S?R[i](e) (P)
such that P (T) C PH(G(T)). We set

o T={T"¢ SZ} e (P T = T}

o T'={T"¢€ Séc— i1 (PhT = T'}
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®P3 ®p4 ® s s ® pr

Figure 31: The approximant T[1](e)="|, of the differential PS Tr[2](e)="

1 e P2 @m ®p4 ®175 @1)6 ®p7

Figure 32: The differential PS 7x[2](e)="

o B={o€ By (R);:P(G(T)) Ntrl{o} x Pho)] # 0}

o B' = {oe By (R); P'(G(T)) Ntrl{o} x Ph(0)] # 0}

Let (mj)jen, (m})jen € {0,..., k — 1} such that Card (T) = D jenmy K/ and Card (T') =
ZjeN mg - k7. Then the following properties hold:

o {7 € N\{0};m; # 0} € Mi(e)

e {j €N\ {0}, # 0} € My (e)

o (V) € Mis(e))m) = m,

o (V] € Nile))m; = Card ({U € H(Brpisno) (i) U Zrafiso1e.t) TH)

Moreover, if B # (), then the following properties hold:

o lei[{7 € N\ {0};m; # 0} € BUU,epUe,ec(o) leilMileo)]

o Lil{7 € N\{0};m] # 0} € B'UUen Ue,ee(o) tei[Mita(€0)]

Finally, if P C Po(R), then mg = Card ({I" € T;T' Tp R='}) = my,.

Proof. We prove the proposition by induction on (depth(R),Card (B)) lexicographically
ordered. Part I) is devoted to the case where depth(R) = 0, Part II) is devoted to the case
where depth(R) > 0 and B = (), Part III) is devoted to the case where depth(R) > 0, B # ()
and PF(G(T)) N B5'(R) = 0, and Part IV) is devoted to the case where depth(R) > 0, B #
and Pf(G(T)) N BF'(R) # 0.
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Part I. depth(R) = 0: Then Tg[i](e) = R = Tgli + 1](e) and RS = R, hence T = {T" €
T:T' Cp RS} =T,

o PHG(T)) # 0: Card ({T" € T;T' Cp R='}) < co-size(R) < k;

e PHG(T)) =0: Card ({I" € T;T' Cp RS'}) < O(R) < k;

so, in both cases, Card (7)) = Card (T’) < k, which entails mo = Card (T) = Card (T") = m,,
and {j e N\ {0};m; #0}=0={j GN\{O} m’; # 0}; moreover, M;1(e) = 0 = N(e).

Part II. depth(R) > 0 and B = (:32 Then we distinguish between two cases (Case 1) and
Case 2)):

e Case 1) There exist o € B()Zi(R) and e, € e(o) such that the set Po(T) N Py(R{0,1,€0))
is non-empty: By Lemma 3.29, we have Py(T) C Po(R(o,i,e,)); we set P, = {p €
Po(Tay(o)lil(€0)); (0, (€0, p)) € P} and Tp € S%R(o)[i](eo)(n’) such that T' = (o, (e,, Tp));
we have T = {(o, (e,, T")); (T" € Sk Lol )(Po)NTo = T} and T' = {{o, (0, T")); (T" €
S%;R(o)[iﬂ](eo)(Po) ANTy =T} We have B(Bgr(0)) < B(R) and Pf(Ty) € PH(G(Ty)),
hence we can apply the induction hypothesis: we obtain
— {7 e N\ {0};m; # 0} C M;(eo) € Mj(e) (by Lemma 3.11)

— {] S N\ {0}; m; #* 0} C Mii1(eo) € M;s1(e) (by Lemma 3.11)
—and (Vj € Mii1(eo))m; = my, which entails (Vj € M;i1(e))

Lemma 3.11, we have M;11(e) N1 M;(e,) = Miyi(eo).

Now, let j € Ni(e), let U € H(Brgjit1)(e)(lei(d))) such that U =i jit1ye) .6y T
and let p € PF(G(U)); there exists p’ € P (G(T)) such that p' = t7,i11)¢)(lei(§), p); by
Proposition 3.19, we have !.;(j) € B5*(R) or there exist o/ € By (R) and ey € e(0)
such that j € N(ey):

— lei(y) € BF'(R): then we have p’ € Py(R), hence p’ ¢ P, which is in contradiction with
PHG(T)) € P;

— or (j € Ni(ey) for some o' € By (R) and ey € e(0')): then we have

! . :
m; = my, since, by

p = ( (60 7tTB (o/)[l+1](e / ( eyt yt ]) )))

hence (0, ey) = (0, €,).
This shows that, for any j € N;(e) \ N;(eo), we have

Card ({U € H(Bryi+1)(e)lei(1))i U S(Trli+1)(e)1e.c(5) T}) =0
but, since j ¢ M;(e,), we have m; = 0.

32As an instance of this case, take for R the PS that is depicted in Figure 11, take i = 0, take for e a
10-heterogeneous experiment with e# like in Example 2.2, take for P any subset of P§(Tz[1](e)) \ Bo(Tr[0](e))

and for T one of the 10%2* copies of U
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For any j € Nj(e,), we have l. ;(j) = (0, (€0, e,,i(4))); applying the induction hypothesis,
we obtain

Card ({U € H(Brgli+1)(e) ei(5))); U =(Tli+1)(e) e () T})
= Card ({U € H(BTli+1)(e) (0, (€05 1e,i(1)))); U =(Tafi+11(e),(0, (€0 e 1 (1)) T}>

— Card ({U € H(Bry, o li+11(e0) (eoii (1)) U =75 0 li+11(e0) e i () To})

e Case 2) For any o € B()Zi(R), for any e, € e(0), we have Py(T) NPy(R{o,i,e,)) = 0: Notice
that then T C R. We set Py = PN Py(R). We have T = {T" € T;T' Cp, RS}, T' =
{T" € T";T' Cp, R="} and Card ({I" € T;T' Cp, R<'}) < k, hence, by Fact 3.24, we have
mo = Card (T) = Card (T") = mg and {j € N\ {0};m; # 0} =0 = {j € N\ {0};m} # 0}.

Since T C R and B = 0, for any o € B5*(Tg[i + 1](e)), we have

{U € H(Br[i411(6)(0); U =(Tafi+1)(e)0) T =0

Part TI1. depth(R) > 0, B # 0 and PF(G(T)) N B5*(R) = 0:** Then let o € B: Let R, be an
in-PS and ¢ be some bijection Ph(0) ~ Q' such that R, = ¢ -, R.

Roughly speaking, the number ZjeN m;j - k7 (resp. ZjeN m; - k7) of components of
Trli](e) (resp. Tr[i + 1](e)) that are equivalent to the connected component T is the sum
of the number >,y pj - k7 (resp. D ;cnp) - k) Qf such components that come from the
expansion of the box o and the number ZjeN n;- k7 (resp. ZjeN ng - k7) of such components
that do not come from the expansion of the box o, but we define the sequence (1) en (resp.
the sequence (n’);en) through 7. r[i](e) (resp. Tp.,r[i + 1](e)), and not through Tr[i](e)
(resp. Trli + 1]( )), in order to be able to apply the induction hypothesis.

Let j, € M;(e) such that !¢ ;(j,) = 0. We define a subset N of N;(e) as follows: We

o if o € By (R);
set N = { 860}66(0)/\@(60) (')ftherwige.( )
Ph(o) ~ {0} x ({eo} x Q') defined by e, (q) = (0, (€0, (q))) for any g € Ph(0); we set
Pe, = (P\ P}(0)) Uspe, [P (1 Pi(0)]

Let (pj)jen € {0,...,k — 1} such that

For every e, € e(0), let ¢, be the bijection

Card [{T" € T;Po(T) N | Po(Rlosiseo) #0} | = pj- K

eo€e(0) JjEN
For every e, € e(0), let (pe, j)jen € {0,...,k — 1} such that
k
Card ({T’ (= STROM(e) (P ) T T 8060 ) Zpemj
JjeN
Let (p})jen € {0,... .,k — 1} such that
33As an instance of this case, take for R the PS that is depicted in Figure 11, take ¢ = 1, take for e a

10-heterogeneous experiment with e# like in Example 2.2, take P = {p1} and for T the differential PS that
is depicted in Figure 33 (see Example 3.44 on page 54).



TAYLOR EXPANSION IN LINEAR LOGIC IS INVERTIBLE 49

e if 0 € Byt (R), then

Card ({T’ET’ Po(T") N U Po(R{o,i+ 1,e0)) #@}) ij K

eo€e(0) JEN
e if 0 € B7*(R), then 0 = > jenD; - K.
For any e, € e(0), let (pl,, ;)jen € {0,...,k — 1} such that
e ifoc B>Z+1(R), then

Card <{T’ € St fir1)(e)(Pe, )i T' = T[weo]}) => pl ;K

e if 0 € BF*(R), then 0 = > jenPe, k.
By Lemma 3.29, we have

Card ({T/ S T P() T/ U PO 071760 ) 7& Q)})

eo€e(0)
D Card ({T" € T3 Po(T") N Po(Ro, i €0)) # 0})
€o€eo
hence, by Lemma 3.38 (1) and (2), we have:
® Zjeij ) kj = ZeOEe(o) ZjeNpeo»j ) k‘]
® ZjeNp; k= 26065(0) szNp/eo,j -k
Let (nj)jen € {0,...,k — 1} such that

Card ({T’ € St 1o (PHG(T); T = T}) = n;- kK

JEN
and let (nf);en € {0,. — 1}Y such that
Card ({T’ €85 i1 (PHGD)):T = T}) =Sk
JEN

By Lemma 3.38 (3) and (4), we have:

® D ienmy k] =2 en(pj +ny) - k]

o Djen ™y k=3 ien(0) +nj) - K

Now, the proof will be in three steps (Step 1), Step 2) and Step 3)):

Step 1). It consists in proving properties about the sequences (n;);en and (n )geN We
distinguish between two cases:

o B={o}: Then {T" € S}, 1y (PhT =T} ={T" € S}, 1 (P):(I' =T AT’ Cp R,~')}
and {T" € S@R [i+1](e)(73) T'=T}={T" ¢ S?-R 1)) (P); (T' =T AT Cp R,=)}, hence
Card ({T’ € S% ie)(P)s T = T}) < k and, by Fact 3.24, we have

Card ({T/ S 8}7{:—}20[7:](‘3) (P),T/ = T}) = Card ({T/ € S";—Ro[i-i-l](e) (P),T/ = T})
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so {j € N\ {0};n; # 0} =0 ={j € N\ {0};n} # 0} and
no = Card ({T" € 8F, 300 (P): (I = T AT’ Cp R} ) =

(in particular, (Vj € N)n’ = n;). If P C Py(R), then, by Lemma 3.37, we have ng =
Card ({T" € T;T' Tp RS'}) = ny,.
e B\ {0} # 0: By Lemma 3.36, we can apply the induction hypothesis: We have

= L € N {0Fm5 # 01 € (B 101) UUyyesifoy s, ceon e Mi(ew)]

Ll € N\ {0}, # 01 € (B {01) UULyesn oy Us st oMt (€0)]

- (V] S Mi+1(€))n9 =n;

—if P C Po(R), then ng = Card ({T' €St oPr(T' =T AT Cp Roéi)}) = nj,
hence, by Lemma 3.37, we have ng = Card ({T’ eT;T Cp Rgi}) = ny.
Now, for any j € Nj(e) \ N, we have By, (i41)(e)('ei(4)) = Bryjit1j(e)('e.i(4)), hence

Card ({U € H(Bryi+1)(e)lei(1))); U =(Trli+1)(e).1e.s(5) T}) =nj;

Step 2). In order to prove

g {j € va] # O} g {07j0} U UeOEe(o) Mi(eo)

e (po #0=np=0)

hd {] € N;p;- 7é O} - {Oyjo} U er€e(o) Mi+l(eo)

o (0€B7H(R) = (V) € {jo} UU,,ce(o) Mit1(€0))D = ;)
o (ph #0=n;=0)
e (Vj € N)p; = Card <{U € H(Bryi+1)(e)lei(1)))i U E(Trli+11(e) e () T]’)

we distinguish between three cases (Case a), Case b) and Case c)):

e Case a) Pf(G(T)) C Pk(o): It is worth noticing that the differential in-PS 7' has no
co-contraction. If there is no e; € e(0) such that {T" € S;“-Ro ti(e) Per)s T =T[pe, ]} # 0,
then, by Lemma 3.38 (1), for any j € N, we have p; =0 = pg, so there is nothing to prove.
From now on, let us assume that there exist e; € e(o) and Ty € {T” € 8%% fie) (Pey); T' =
T[pe,]}; let ¢ = T] = T|pe,] and let Ty € SE 2o (Q) such that T] = (o, (e1,Th));

1 1 Top, (o) lil(e1)
notice that, for any e, € e(0), we have T'[p., | = (o, (€,, 1)), hence
(1" € Sk 0 (Pe )i T = Tlipe, 1}
k _
= {0 (o T (T €8h, ey (@) AT =T} ()

we have Pf(Ty) C PF(G(T1)) € Q C Po(Bg,(0)), hence, since by Lemma 3.36 we can
apply the induction hypothesis, we have

Pey,0 = Card ({T/ €SL,  ien(@) (T =TI AT Co BRO(O)Si)})

Ry ()]
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and

> Card ({T’ € 81, ey (Peoi T' = T[soeo]})

eoce(0)

= Z Card ({T S STB (O)[z](eo)(Ql); T = Tl}) (by (*))

eo€e(0)

— Card ({T’ €Sk, o ilen(@) (T =TIAT Co BRO(O)Si)}> - Card (¢(0))

T Y ey K

eo€e(0) jeEM;(eo)
hence lei[{j € N;p; # 0}] € {o} U eree (0) le,i[Mi(eo)]-
If o € B7*(R), then there exists a bijection {T”" € S]]_f-;,R (o)(Q’)'T’ =T} ~{U €
H(BRr(0));U =(Tufi+1)(e),0) T} that associates with every T' € Sk (O)(Q’) such that

T’ = Ty the differential in-PS 77. Indeed:
— By Lemma 3.34, there exists a bijection SER (0)(Q’) ~ H(Bg(0)) that associates with

every T' € SERD(O)(Q’ ) the differential in-PS T7;
-7 e SgRO (0)(9’ ) and ¢ : T' = Ty, then the function 0 that associates with every
p € P(T") the port (o1, (e1,%(p))) of T is an isomorphism 77 ~ T such that, for any
p € PHT), we have t7+(p) = tpy, (0)(P) = ¢(tr(0,p)), hence
Pe, (tr(3(p))) = e, (tr(C(on, (€1, 9(p))))
= trpp.,1(Co1, (e1,4(p))))
= ((try (o1, (e1,9(p))))
=ty (o1, (e1,9(p)))
= (o1, (e1, try (¥(p))))
(01, (e, ¥ (tr(p))))
(o1, (e1, t(p)))
(01, (e, 9(tr(0,p))))
e, (tr(0,))
S0, tryfi+1)(e) (0, ) = tr(0,p) = tr((p)).

Ifoe BOZHI(R), then, by induction hypothesis, p/eh0 = Card ({T' Co Bg,(0);T' =T1})
and

> Card ({T’ € 81, iv1)(e)(Pe, )i T' = T[saeo}})

eo€e(0)

= Z Card ({T/ S STB @ [H—l](eo)(gl); T = T1}>

eo€e(0)

— Card ({T’ €8k, ien(Q): (T =T AT Eo Br, (0))}) . Card (¢(0))

LD DR D ARy

eo€e(0) jEMit1(eo)



52 D. DE CARVALHO

hence ¢ ;[{j € N;p; # 0} C {0} U UL, ce(0) lesilMit1(e0)]; by induction hypothesis, for any
eo € e(0), we have (Vj € Mit1(e,) U{0})p,, ; = pe,,j; moreover, we have

pj, = Card <{T/ € STB @l el)(Q/) (I"=T1 NT' Co B, (0))}) = P}o
now, let j € A/ and let e, € e(0) such that ! ;(j) = (o, (€o, e, ,i(4))): We have

Card ({U € H(Brylit1)(e) ei(5))); U =(Tlit1)(e) e () T})

= Card ({U € H(Brp, li+1)(e) lei(1))); U =(Ta, [i+1)(e)1e.s(5) T[SDeo]})
= p; (by induction hypothesis)

e Case b) There exists e; € e(0) such that Pf(G(T)) N Py(R(o,i,e1)) # §: By Lemma 3.29,
we have Po(T) C Po(R{0,i,e1)) Utr[{o} x Ph(0)], hence (Vj € N)nj = 0 = n; we set
P = Q U{p;(o,(e1,p)) € P}; let Ty € Sf}B ( )[i](el)(Pl) such that T = (o, (e1,Tp)); we

Ro 0
have Pf(Ty) € PH(G(Tp)) and, by Lemma 3.36, 3(R,) < B(R) < k, hence we can apply
the induction hypothesis: We obtain
> Card ({T' € T; Po(T") N Po(Ro, i, €0)) # 0})
eo€e(0)

= Card ({T/ € T 730 ) N P(](R<O ) 6’1>) 7A @})
= Card ({T' € STR i (e) (Per); T = T[@el]})

= Card ({T, S STBR (o )[l](61)<P ),T = T0}>
f Z pel7] kj
JEM;(e1)U{0}
hence we have {j € N;p; # 0} € M;(e1) U{0}.

If o € B5*(R) then M;(e1) = (), hence p;, = 0; from the other hand, since Pf(G(T)) N
Po(R(o,i,e1)) # 0, we have {U € H(BTR[i-i-l}(e)(!e,i(jO)))§ U =(Trli+1l(e)eai) T ={U €
H(Br(0); U =(rglis)(e)tei i) TH=

Ifoe B>Z+1(R), then, by mductlon hypothesis, we have

> Card ({T' € T'; Po(T") N Po(Ro,i + 1, €0)) # 0})
eo€e(0)

= Card ({T" € T'; Po(T") N Po(Ro,i + 1,e1)) # 0})
= Card ({T € S, ip1)(e)(Per); T' = T[%]})
= Card ({T, (S STBRO(O) [l+1](61)(7)/)’ T/ = TO})

= Z plel,j K

jGMH_l(el)U{O}

and {j € N;pl,, ; # 0} € M;11(e1)U{0} and (V5 € Mit1(e1) U{0})pe, ; = Pey js let j € N
and let e, € e(o0) such that !¢ ;(5) = (0, (€0, le,.i(7))):



TAYLOR EXPANSION IN LINEAR LOGIC IS INVERTIBLE 53

— if e, # e, then j ¢ M;(e1), hence p; = 0; from the other hand, we have

{U € H(Brzjit1)ee)(ei(1); U =(1aiit1)(e)esiy) T =0
— if e, = €1, then we have

Card ({U € H(Bryfit+1)(e)(!ei(1)); U =(Trli+1)(e) 1o (G )T}>

~ Card ({U € H(Bry, 4110 (i D)) U S, 411010 Tlper]})
= p; (by induction hypothesis)

e Case c) PHG(T)) N (Po(R) \ {tr(o,p);p € PH(Bgr(0))}) # 0: By Lemma 3.29, for any
e, € e(0), we have {T" € T;Po(T") N Po(R{0,i,e0)) # 0} = 0 = {T" € T';Po(T") N
Po(R(o,1i,e0)) # 0}, hence (Vj € N)p; =0 = p;-. From the other hand, for any j € Nj;(e),
the set {U € H<BTR[1+1}(6)(!€7i(j))); U =(Trli+1)(e)le.s (5)) T} is empty.

Step 3). We distinguish between two cases:

e Case a) o € BF'(R): We have !.;[{j € N;p; # 0} N Mis1(e)] C lei[{j € N;p; #
0} NleilMiti(e)] € ({0} UlUe,ee(0) leilMileo)]) NleilMiyi(e)] = ({0} Nlei[Mita(e)]) U
Ue,ce(o) (eiilMi(eo)] N lei[Mita(e)]) € OU U, ce(o) leilMi(eo) N Miti(e)] = 0, hence, for
any j € N, m; = n;; by Lemma 3.38 (3) and(4), we have

Card (T') = Card ({T’E‘S‘% (e )(Pf(g(T)));T’ET})

hence, for any j € N, we have m] = n/; since, for any j € M;;1(e), we have n; =n;, we
obtain (Vj € Mit1(e))m); = m;.

e Case b) 0 € B5'""(R): We have {j € N; mj #0} = {j € N, n; # 0y U{j € N;p # 0},
hence le;[{j € N\ {0};m} # 0}] C B' U U,ep eree (0) lei[Miv1(eo)]. For any j €
{Jo} U Ue,ce(0) Mi+1(€0), we have n; = n; and pj; = p;, hence m; = my; for any

j
Jj € Miti(e) \ ({jo} U Ueoce(o) Mi+1(€0)), we have n; = n; and p; = 0 = po, hence
m’; =m;.

J

]7

“\II

Part TV. depth(R) > 0, B # () and Pf(G(T))NB5"(R) # 0: Let o € P (G(T))NB5"(R). There
exists e, € e(0) such that (o, (eo,!r(0))) € Po(T) and tr(o, (eo,!r(0))) = 0. Notice that o is
a co-contraction of T' such that ag(ry(0) > 0, which entails that the set {1" € T;T" Cp R<'}
is empty. We distinguish between two cases: Case a), where PH(G(T)) C tg[{o} x Ph(0)]
and Case b), where Pf(G(T)) \ tr[{o} x Ph(0)] # 0.
e Case a) PT(G(T)) C tr[{o} x P5(0)]: Let j, € M;(e) such that !¢ ;(jo) = o.

— We have Card (T) = k°.

o >i+1

— We have Card (7’ { ke if o € By (R);

othem}zse

)=
— We have {U € H(BTR[Z+1 (ez(]o))) U= = (Trli+1](e),le.i(Go)) T} HBR( )( ( )), hence,
for any j € Ni(e),

Card <{U € H(Brgjit1)(e)'ei(1))); U S(Tali+1)(e)le.s(5 )T}>
_ { Lif § = Jo € Nife);

0 otherwise.
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@

@ P Figure 34: The in-PS
Uo € H(Brg2)e) (le,1(1)))

q

Figure 33: The differential in-PS
T € Spe {r1})

®P4 ®P5
Figure 35: The differential PS R<!

e Case b) PF(G(T)) \ tr[{o} x Ph(0)] # 0: By Lemma 3.29, Po(T) \ tr[{o} x P(0)] C
Po(R(0,1,€,)), hence P C Py(R) does not hold.
— For any T" € T UT’, we have (o, (ey,!r(0))) € Po(T'), hence Card(7T) < 1 and
Card (T") < 1.
— For any j € N;(e), we have

U € H(Brgjit1)e)lei(i)); U =(1ali+1)e)tes)) T =10 ]

Example 3.44. (Continuation of Example 3.41) Let T be the differential in-PS depicted
in Figure 33. We have T' € S%%m(e)({m}), Card (7T) =11 and Card (T') = 1, B = {02} and
B’ = (. We thus have:
e my=1=m; and m; = 0 for any j > 2
e and my =1 and m; = 0 for any j > 1.
We recall (see Example 3.8) that Mj(e) = {1,2} = Ni(e) and Ma(e) = (). Notice that
we have {U € /H(BTR[Q](Q)(!QJ(D)); U =(Trli+1)(e)le.: (7)) T} = {Up}, where Uy is the in-PS
depicted in Figure 34.

The differential PS R=! is depicted in Figure 35: We have {T" € T;T" T,y R='} = {T'}.

3.3. The content of the boxes.

Lemma 3.45. Let S be a differential in-PS. Let o € By(S). Let T be a set of differential
in-PS’s that is gluable. Assume that there exists a bijection vy : H(Bg(0)) =~ T such that, for
any V € H(Bs(0)), we have V =g, v(V). Then Bs(0) =5 D T-
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Proof. For each V' € H(Bs(0)), we are given gy : V =g, (V). Now, we define ¢ :
@ H(Bs(0)) =(s,0) DT as follows: for any p € P( H(Bs(0))), we set p(p) = PHp (0 (D) (p).
But, by Fact 3.32, we have € H(Bgs(0)) = Bs(o). []

Fact 3.46. Let R be an in-PS. Let o € Bozi(R). Let e, € e(o). Let i € N. Let
01 € Bo(Tpgy(o)lil(eo)). Let V € H(BTBR<O)[i](eo)(01)) and let T be an in-PS such that

V =750 lil(eo)or) T+ Then V =(701(e),(0,(e0i01))) (05 (€05 T))-
Proof. Let ¢ : V =7, fil(eo).on) T~ Let ¢’ be the function P(V') — P({o, (€0, T))) defined
by ¢'(p) = (0, (€0, ¢(p))) for any p. For any p € P (V), we have

t70(e) (0, (€0, 01)),0) = (0, (€0, by, il(e0) (015 P)))
(0, (eo, t(0(p))))
= Lo (eo, ) (€' (D))
We thus have ¢’ : V' =(7,1i)(e),(0,(c0r01))) (05 (€05 T))- ]

The rebuilding of the content of the boxes of Tr[i + 1](e) is achieved by the following
proposition:
Proposition 3.47. Let R be a PS. Let k > B(R). Let e be a k-heterogeneous pseudo-
experiment on R. Let i € N. Let jo € Ni(e). We set T = Sk - ii1(e) Ko (TR[1)(€)))/ =.
For any T € T, let (m )JeN € {0,...,k — 1}~ such that Card (T) > jeN mT kI, Let
Uc S%%[i}(e) (K jo (TRl ]( ))) such that for any T € T, we have Card (UNT) = 7(; Then

we have

Bri1)(e) (e (J0) =(Tali+1)(e) 1o DU
Proof. We first prove, by induction on depth(R), that, for any j € Nj(e), there exists
an injection & @ H(Br, 1)) (lei (7)) — Sk Tlil(e) (IC;W(TR[ i](e))) such that, for any V €

H (B (1)), we have V =(7ifisiie), i) €(V)- (+)
Let j € N;(e) and let V € H(Bry 1)) (e (5)))-

If 1.;(j) € BF(R), then V € H(Bgr(lci(j))): Let e1 € e(lei(4)). Let £(V) be the
following differential PS:

E(V) = ({le,i(4), (€1, V)) @ P lgr)(tR('ei(7): P))tn (e ().p)) QF
pePH(Br(le,:())NP(V)

where ¢ is the function {l.;(j)} x ({e1} x (PA(Br(lei(1))) N P(V))) — tr[{lei(4)} x
(PH(Br(l.i(4)))NP(V))] that associates with every (l;(5), (e1,p)) for some p € Pf(BR( ei(7)))N
P (V) the port tr(lei(j),p) of G(R). By Proposition 3.19, we have

PHGEV))) trl{lei(4)} x (P'(Br(lei(1) NP(V))]
tr[{lei(4)} x P (Br(lei(5)))]
tr[{lei(7)} X PRlei())]
trali1)(e) [{e,i(d)} X P;'R[i—l-l](e)(!t?,i(j))]
= Ky (Trli(e))
hence (V) € S@ [i](e)(leyj(TR[i](e))). Moreover, we have m (le,i(4), (e1,V)) and
V S(Talit1)(e) e ) §V)-

N
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LN o

01

Figure 36: The differential PS Figure 37: The differential PS Figure 38: The differential PS
V1 V2 V3

Now, if 1ei(j) = (0, (€0, 'e,i(5))) for some o € By ™ (R) and e, € e(o), then we
have V € H(BTBR(O)[i+1](eo)(!6077'(J))): Let ¢ be some bijection Ph(0) ~ Q' and let R,
be an in-PS such that R, = ¢ -, R; we have V € H(BTBR (o)[i+1](eo)<!eoi( 7)), hence,

by induction hypothesis, there exists Ty, € S%B wlil(e )(ICkJ(TBR (0li](e0))) such that
Ro (0 o o
V= = (T, (@ li+1](€0) e i (7)) T}, Let @, be the bijection Ph(0) ~ {0} x ({e,} x Q') defined by

2es(p) = (0, (cor 0(p)) for any p € Ph(o). We have (o, (e ) € Sk (K (Talil(€))
Pr(0)) U ¢, [Krj(Trlil(e)) N Pk(0)]), hence, by Lemma 3.38 (2), (o, (eo, T{/))[we, '] €
S?-R[Z]( (Kk.;(Tr[i](e))). Moreover, by Fact 3.46, we have V' =7, [i11)(e)...s(5)) (05 (€0s T1/)),

hence V' = (Trli+1)(e) le.s (7)) (o, (eO,T Ne, ™ ] We can thus set £(V') = (o, <60,T‘l/>>[(p€o_1].
We proved (x). Now, let us show that there exists a bijection

v H(Brgfit1)e) (e,i(do))) =~ U
such that, for any V' € H(Bry[i11)e) (le,i(d0))), we have V =7y 1i11)(e) 1 s (o)) V(V): For any
T € im(§), by Proposition 3.43, there exists a bijection

yr:{U € H(BTR[iH](e)(!e,i(jo))); U =13[i+1](e) e s (o) Ty ~={T' elU;T' =T}
We define the function v by setting (V') = y¢(y)(V') for any V. Since £ is an injection, v is
an injection. Let us check that ~ is a surjection too: Let T' € U; by Proposition 3.43, there
exists V' € H(Brgi+1)(e)(lei(Jo0))) such that V' =7 1i41)e).1..()) T3 by Remark 1.33, we have
Finally, we can apply Lemma 3.45 to obtain By, it 1)(e)('e,i(J0)) =(Tglit+1](e),le.s (o)) @Z/{.

Example 3.48. Consider the 3-heterogeneous experiment e on the PS’s Ry and Ry (which are
depicted in Figure 23 and in Figure 24 respectively) such that e# (01) = {3} and e* (02) = {9}.
We set 1 = 8%%1 0)(e)(K3,1(Tr, [0](€)))/ = and Ty = S;’-RQ 0)(e)(K3,1(Tr,[0](€)))/ =. We have
Card (T1) = 3 = Card (%3). We have

e Card({V e UZ;V=W})=3=Card({V e %,V =W1}),

e Card({V e UZ1;V=W})=3=Cad({V e U%o;V =V3})

e and Card ({V e UT1;V=V3}) =9=Card({V € JTo; V = W2}),

where Vp, V5 and V3 are the differential PS’s that are depicted in Figure 36, Figure 37 and
Figure 38 respectively.
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3.4. Characterizing a PS by some finite subset of its Taylor expansion. The proof
of the following proposition contains a full description of the algorithm leading from Tg[i](e)
to Tr[i + 1](e):

Proposition 3.49. Let R and R’ be two PS’s. Let k > max{S(R),[5(R')}. Let e be a
k-heterogeneous pseudo-experiment on R and let €' be a k-heterogeneous pseudo-experiment

on R' such that Tr[0](e) = Tr[0](€¢'). Then, for any i € N, we have Tgli|(e) = Tr [i](€').
Proof. By induction on i. We assume that we are given ¢ : Trli](e) = Tre[i](¢).

We set M = M;(e) (resp. M’ = M;(¢/)) and N = N(e) (resp. N’ = N;(¢)).
There is a bijection | : M ~ P}(Tglil(e)) \ Bo(Trlil(e)) (resp. a bijection Ve Mo~
Po(Treli](€')) \ Bo(Tw[il(¢'))) such that, for any j € M, we have (az,i(e) )(]) = kI
(resp. (ar,jij(en © )(j) = k7). For any j € N, we set T; = SZ}R[Z.]( (le]('TR[ ](e))) (resp.
T/ = 85 o (Ko (Ti)(E). We set T = U op(T5/ =) (resp. 5 = Uy (T7/ =)). We
set P = (Po(TliN()\Ujen U 1 ¢ 77 Po(D) UKk (Trlil(e) (resp. P = (Po(Tr/lil(¢))\
Ujenr U 77 ¢ T! Po(T") U Kenr (Tre[i](€))). For any T € T (resp. T' € T'), we define

(ij) e{0,... . k—1}" (resp (n] ) € {0,...,k —1}") as follows: Card (T) = > jeN mT kI
(resp. Card (T7) = Z]eN ] k:])

Notice that M = M/, N'=N" and, for any j € N, ¢[Ks ;(Tr[i](e))] = Kk ;(Tr[](€')).
Moreover, there exists a bijection o : J;cp Tj = U;jep 7/ such that, for any 7' € U, 7j
there is an isomorphism 7" ~ ¢(7T) associating with every port p of T the port ¢(p)
of Tri[i](¢’), hence [P] = P'. Also, notice that, for any 71,72 € U;cp 7;, we have
(Th = Ty & o(Th) = o(1»)), which entails that there exists a bijection 7 : ¥ ~ ¥’
such that, for any 7 € T, for any 7' € ¥, for any T € T, for any T' € T’, we have
(o(T)=T"'=3(T)=T'); moreover, for any 7 € T, we have Card (7) = Card (¢(7)). For
any 7 € ¥, we thus have (n?(T))jeN = (m;—)jeN-

For any j € N, we set V; = S’krR[erl](e)(lej(ﬂ?[M e))). We set U = J;cp(V;/ =). For
any j € N, we are given U; C 7T; such that, for any 7 € 7;/ =, we have Card (U; NT) =
Then one can describe the differential PS Tg[i + 1](e) as follows:

o Trli]( <0\p E@ Trli +1)(e)= (by Proposition 3.40);
o Trli +1](e)=" Ty Trlil(e) (by Lemma 3.1);
(V5 € N)V; C T, (by Proposition 3.42);
e for any V € U, we have Card (V) = Z]¢Nm - k7, where T € T such that V C T (by
Proposition 3.43);
Bo(Trli + 1](e)) = (Bo(Trli](e)) N Po(Tr[i + 1](e))) U!N] (by Lemma 3.1 and Proposi-
tion 3.19);
and, for any j € N, there exists ©; : By jit1)(e) (1)) =(Tnli+1)(e)1)) DU; (by Proposi-
tion 3.47).

In the same way: For any j € N, we set V} = S;“-R,[i+1](e,)(le7j(7}g/ [i](¢')). We set
U' = ;epn(Vi/ =). Forany j € N, we set U; = o[U;]. Then one can describe the differential
PS Tr [z + 1]( ") as follows:

o Trli]( ‘P’ IZ@ Treli + 1)(e)= =0 (by Proposition 3.40);

. TR'[Z+ ]( )= Co Twlil(¢') (by Lemma 3.1);
e (Vj € N')V; C T/ (by Proposition 3.42);
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o for any V' € U’, we have Card (V') = 3_ .\ 1] nI" - k7, where T’ € T’ such that V' C T (by
Proposition 3.43);

o Bo(Trei + 1](e')) = (Bo(Tre[i](€')) NPo(Tr [i + 1](€"))) UVIN'] (by Lemma 3.1 and Propo-
sition 3.19);

e and, for any j € N, there exists ¢} : By 1) (1) =7 liv1e)ry) DU; (by
Proposition 3.47).

So, for any T € T, there exists a bijection 77 : T ~ &(7T) such that
T A (U S5 g0 ks (TRN@] = 7T 0 (U S g (ks (T i)
JEN JENT
hence there exist a bijection 7 : ;e 7j = Ujen T; and a sequence (wT)TGUJ-eNﬁ such
that (VI € U;ep T)¢r 1 o(T) = T(T) and
U ST K (TREI ) = U ST oo (Koo (T li)(e)
JEN JjEN
For any p € Po(Tr[i](¢')) \ P', let H(p) be the unique 17" € ;¢ T such that p € Po(1").
We can thus define a bijection 1 : P(Tg[i + 1](e)) ~ P(Tr[i + 1](¢')) such that:
for any p € P, we have ¢(p) = p(p) € P’;
for any o € Bo(Trli + 1](e)) NP, for any p € P(Brgji+1)(e)(0)), we have 1 (0,p) = ¢(0,p);
for any p € Po(Tr[i + 1](e)) \ P, we have (p) = Y (,(p)) (9(P));
for any o € By'(Tg[i + 1](e)) \ P, for any p € P(Bryji+1)(e)(0)); we have 1(o,p) =
YV (p(0)) (90, D));
e and, for any j € NV, for any p € P(Br,[i41)()(!(4))), we have ¢(!1(5),p) = (2(!(4)), ((pj o
0 ©;)(D))-
It is straightforward to check that ¢ : Tr[i + 1](e) = Tr/[i + 1](€¢’). In particular:
e for any p € W()(TR[Z + 1](6)) \'P such that tg(’TR[i—i-l}(e))(p) € P, we have (P(tg(TR[i](e))(p)) S
PO Po(H (¢(p))) = P'(H(¢(p))), hence

V({tg(Triit1)e)(P) = ©(tg(Triit1)(e)(P))

(tg(Tril(e) (1))

Va (o) (P (e (Trie) (P))

= VH(pm) Eg(Tw i) (PP
tG (T lil(e") (VH () (P (P

= (T li+1)(") (VH (o)) (

= LG(Twlit1)(e) )(w(p))

e we have
Y[Bo(Trli +1](e))] = [Bo(Trli +1](e)) NPl U [Bo(Trli 4 1](e)) \ P]
@[Bo(Trli + 1](€)) NPl U{¥m (o)) (¢(0)); 0 € Bo(Tr[i + 1](e)) \ P}
(Bo(Treli + 1J(e')) NP U (Bo(T [i +1](e) \ P")
Bo(Tre[i + 1)(€'))
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7
o

b 0

Figure 39: The PS R of the proof of Proposition 3.52

e For any j € N, we have an isomorphism ¢y;) : @QU; ~ @U; that associates with
every p € P(@Uj;) the port p € P(@L{J’-), hence (4,0;)_1 o y(j) © ¢j is an isomorphism
Brajir)e) (1) = By jirayen ((5))- [

A set of two well-chosen terms of the Taylor expansion are already enough to characterize
a PS:

Theorem 3.50. For any PS R having T as Taylor expansion, there exists a finite subset
To of T with Card (Tg) = 2 such that, for any PS R’ having T’ as Taylor expansion, for any
T CT', we have (To =T] = R=R').

Proof. From Tg[0](e1) for e; a 1-experiment, one can compute 3(R). Indeed, one can easily
check by induction on depth(R) that we have:
o co-size(R) = co-size(Tr[0](e1))
e Card (B(R)) = Card (B(Tr[0](e1)))
e O(R) = O(Tx[0](e1))
One can then take for Ty the set {7Tr[0](e1), Tr[0](e)}, where e is any k-heterogeneous
pseudo-experiment on R with k£ > S(R). Indeed:

Let R’ be a PS having 7’ as Taylor expansion and let {77,753} C T’ such that
T] = Tr[0](e1) and T5 = Tr[0](e). There exist a pseudo-experiment €} on R’ such that
T] = Tr[0](¢}]) and a pseudo-experiment ¢’ on R’ such that T3 = Tr/[0](¢/). By Corol-
lary 3.6, the pseudo-experiment €’ is a k-heterogeneous experiment on R’. So we can apply
Proposition 3.49. L]

In particular, we obtain the invertibility of Taylor expansion:

Corollary 3.51. Let Ry and Ro be two PS’s having respectively T1 and T2 as Taylor
expansions. If T1 = T2, then R1 = Rs.

The finite subset 7y of Theorem 3.50 has cardinality 2. A natural question is to ask if
the theorem could be refined in such a way that one could have a singleton 7Ty (for any PS).
The answer is: no, it is not possible.

Proposition 3.52. There exists a PS R having T as Taylor expansion such that, for any
T € T, there exist a PS R’ having T’ as Taylor expansion and T' € T such that T =T’
holds but R = R’ does not hold.

Proof. For R, we take the PS of depth 1 depicted in Figure 39. The PS R has as a Taylor
expansion the set {T},;n € N}, where, for any n € N, the differential PS T, is as depicted in
Figure 40. For any n € N, let R), be the PS as depicted in Figure 41 having 7,/ as Taylor
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(0] o
Figure 40: The differential PS’s T, of Figure 41: The PS’s R] of Proposi-
Proposition 3.52 tion 3.52
expansion; there exists 77 € 7, such that 7" = T,,. []

4. RELATIONAL SEMANTICS

4.1. Untyped framework. For the semantics of PS’s in the multiset based relational
semantics, we are given a set A that does not contain any couple nor any 3-tuple and such
that « ¢ A. We define, by induction on n, the sets D 4, for any n € N:

® Dyo=A{+—}x(AU{x})

® Dan1=DaoU{+, =} x Dan x Dan)U({+, =} x Mgin(Dan))

We set Dag = U en Dan-

e For any o € D 4, we denote by height(c) the integer min{n € N;a € D 4, }. For any finite
set P, for any function z : P — D 4, we set height(z) = max{height(z(p));p € P}.

e For any a € Dy, we define the integer size(a) by induction on height(c): for any
0 € {+,—}, we set size((6,7)) = 1if v € AU{x}, size((d, a1,a2)) = 1+ size(ay) + size(az)
if a1, 02 € D4, and size((d, [a1, ..., am])) = 14+ 371, size(a;). For any finite set P, for
any function z : P — D4, we set size(x) = 3 p size(x(p)).

e For any a € Dy, we denote by At#(«) the set of v € A that occur in «.. For any finite set
P, for any function z : P — Dy, we set AUxz) = U yeim(z) AU).

Definition 4.1. For any a € D4, we define ot € D4 as follows:
e if o € AU{*} and § € {+,—}, then (J,a)* = (6+,);
o if a = (d,a1,az) with § € {+, =} and a1, a3 € D4, then at = (61, oq 1, ant);
o ifa= (0 [al,...,an])withd € {+,—}and ay,...,an, € Dy, thenat = (64, [ant, ..., am™]);
where ++ = — and -+ = +.
The following definition is an adaptation of the original definition in [19] to our framework.

If e is an experiment on some PS S, then P(e) |pf(s) Is its result. Then the interpretation of
a PS is the set of results of its experiments:

Definition 4.2. Let S be a differential in-PS. We define, by induction on depth(S), the set
of experiments on S: it is the set of pairs e = (P(e), B(e)), where

e P(e) is a function that associates with every p € Py(S) an element of D 4 and with every
P € P>o(S) an element of Mg,(D ),
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e and B(e) is a function which associates with every o € By(S) a finite multiset of experiments
on Bg(o)

such that

e for any p € P'(S), for any wi,we € Wy(S) such that tgg)(w1) = p = tg(g)(w2), w1 €
L(G(S)) and we ¢ L(G(S)), we have P(e)(p) = (6, P(e)(w1),P(e)(w2)) with § € {+, -}
and (Ig(sy(p) = ® & 6 = +);

o for any {p,p'} € Ag(S)UCo(S), we have P(e)(p) = Ple)(p')";

o for any p € Pg(5), we have P(e)(p) = (6, 2 wewy(s) [P(e)(w)] + 2gep.o(s) Pe)(g)) and

t9<S>(w)= ts(q)=p

6 € {+,—} and (Igs)(p) = & 0 = +);

e for any p € P2(S), we have P(e)(p) = (+, *) and, for any p € Pg-(S), we have P(e)(p) =
(_’ *);

e for any o € By(5), for any p € Po(Bs(0)), we have P(e)(p) = >_., csupp(B(e)(0)) B(€)(0)(€0)-
[P(eo)(P)];

e for any o € By(S), for any p € P>o(Bs(0)), we have P(e)(p) = > . coupp(B(e)(0)
B(e)(0)(eo) - P(eo)(p)-

If S is a PS, then we set [S] = {P(e)|pr(s); € is an experiment on S}.
Every experiment induces a pseudo-experiment:

Definition 4.3. Let S be an in-PS. Let e be an experiment on S. Then we define, by
induction on depth(S), a pseudo-experiment € on S as follows:

° E(&) =0

e and, for any o € By(5), €(0) = U, csupp(e(o)) {€ole > i1 < i < B(e)(eo)}

Definition 4.4. Let r € Mg,(D4). We say that r is A-injective if, for any (6,v) €
{+,—} x A, there is at most one occurrence of (J,7) in r.

For any set P, for any function z : P — D 4, we say that x is A-injective if 3 p[x(p)]
is A-injective; moreover a subset Dg of (D4)% is said to be A-injective if, for any = € Dy,
the function z is A-injective.

An experiment e on a differential PS S is said to be injective if P(e ‘pf is A-injective.

Definition 4.5. Let 0 : A — D 4. For any a € D 4, we define o - o € D 4 as follows:

e ifac€ A then o (+,a) =c(a) and 0 - (—,a) = o(a)*;

o if o = (9, %) for some § € {+,—}, then 0 - o = a;

e if § € {+,—} and a3, a3 € Dy, then o - (6,1, a2) = (8,0 - 1,0 - a2);
eifde{+,—}and ay,...,q; € Dy, then o - (6, [a1,...,am)) = (0,[0 - a1,...,0 ap]).
For any set P, for any function z : P — D 4, we define a function ¢ - x : P — D 4 by setting:
(o0-x)(p) =0 -z(p) for any p € P.

€

L=(o-a).

Fact 4.6. For any 0 : A — D4, for any a € D4, we have ¢ - «
Proof. By induction on «. []

Lemma 4.7. For any functions 0,0’ : A — D4, for any o € D4, we have o - (¢/ - ) =
(-0 a.

Proof. By induction on «, applying Fact 4.6. L]
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Definition 4.8. Let S be a differential in-PS. Let e be an experiment on S. Let 0 : A — D 4.
We define, by induction of depth(S), an experiment o - e on S by setting
e Plo-e)=o0-Ple)
o B(o-e)(0) =3¢, csupp(B(e)(0)) B(€)(0)(€0) - [0 - €5] for any o € By(S).
Since we deal with untyped proof-nets, we cannot assume that the proof-nets are n-

expanded and that experiments label the axioms only by atoms. That is why we introduce
the notion of atomic experiment:

Definition 4.9. For any differential in-PS S, we define, by induction on depth(S), the set
of atomic experiments on S: it is the set of experiments e on S such that

o for any {p,q} € A(G(S)), we have P(e)(p), P(e)(q) € {+,~} x A
e and, for any o € By(S), the multiset B(e)(0) is a multiset of atomic experiments on Bg(0).

Definition 4.10. Let P be a set.

Let z € (D4)”. A renaming of x is a function o : A — D 4 such that (Vy € At(z))o(v) €
{+,-} x A.

Let D C (D4)”. Let 2 € D, we say that z is D-atomic if we have

(Vo € (DA)N(Vy € D)o -y = = 0 € R(y))
We denote by Dy, the subset of D consisting of the D-atomic elements of D.

Fact 4.11. Let z € D4. Let o0 and 7 be two applications A — D 4. Then we have
(0-1TeR(x)= (1 € R(x) Ao € R(T - x))).

Proof. Let us assume that o - 7 € R(z). By Lemma 4.7, we have (6 -7) -2 =0 - (7-z). So,
we have size(T - ) < size(o - (7-x)) = size((o- 7)) = size(x) < size(T-x) < size(o - (T 1)),
hence size(T - x) = size(x) and size(o - (7 - x)) = size(r - ), which entails that 7 € R(x) and
o € R(T-x). []
Fact 4.12. Let S and S’ be two cut-free differential PS’s of depth 0. Let e and €’ be two

atomic experiments on S and S’ respectively such that P(e)|ps (5) = P(e) |pr(sry Is A-injective.
Then S = 5.

Proof. By induction on Card (Py(S)). []

For any PS R, any [R]-atomic injective point is the result of some atomic experiment
on R:

Fact 4.13. Let R be a cut-free in-PS. Let « € [R] 4,. We assume that the set A is infinite
or z is A-injective. Then there exists an atomic experiment e on R such that e|pi(r) = &-

Proof. We prove, by induction on (depth(R), Card (Py(R))) lexicographically ordered, that,
for any non-atomic experiment e’ on R, there exist an experiment e on R, a function
0 : A— Dy such that 0 -e= e’ and v € At(e|pr(g)) such that o(y) & {+, -} x A. []

The converse does not necessarily hold (but see Lemma 4.29 about typable cut-free
PS’s): for some cut-free PS’s R, there are results of atomic injective experiments on R that
are not [R]-atomic. Indeed, consider Figure 42. There exists an atomic injective experiment
e on R” such that

b p(e)(pl) - (_7 [(+771)7 R (+777)a (+7 (+778)7 (+779))7 ) (+7 (+7722)7 (+7723))])7
b P(e)(p2) = (_7 [(_771)7 ce (_777)a (_7 (_7'78)7 (_779))7 R (_7 (_7722)7 (_7723))])
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Figure 42: PS R”

e and P(e)(p3) = (=, [(+, [(+ %), (%)), (4, [(+, %), (4, %), (+, %)]D]),
where {71,...,723} € A. But e|fp, pyps) 18 D0t in ([R"]) 4, there exists an atomic injective
experiment ¢’ on R’ such that

° P(e/)(pl) = (_7 [(+7’71)7 SRR (+778)7 (+7 <+7'710)7 <+7'711))7 SRR (+7 (+7722)7 (+7723))])7
e P(e)(p2) = (= [(=71)s- -+ (=78), (= (=710); (= 711))5 - -+ (=, (= 722), (=5 723))])
e and P(e')(p3) = (=, [(+, [(+, %), (+,%)]), (+ [(+, %), (+,%), (+,%)]D]);

(+:7) if v € A\ {8}
we set o(y) = { (4, (:78), (+:79)) if ¥ = s - we have 0 €|, s ps} = €| {p1,pa.ps}-

But it does not matter, because yet atomic points are enough to generate all the points:

Fact 4.14. Let R be an in-PS. For any y € [R], there exist x € [R] 4, and 0 : A — D4
such that o -z = 9.

Proof. By induction on size(zpepf(R) ly(p)]): if y € [R] 4, then we can set z = y and
o =1dy; if y ¢ [R] ,,, then there exist a function ¢’ : A — Dy, 3 € [R] such that o’ -y =y
and v € Al(y') such that o'(y) ¢ A, hence size(}_,cpr () [y (P)]) < size(Xpepr(m) [¥(P)]). By
induction hypothesis, there exist € [R] 4, and ¢” : A — D4 such that ¢” - =3'. We set
o=0"-0"-wehaveo-x = (o' -0")-x=0"- (0" z)=0"-y =y. ]

Lemma 4.15. Let R be an in-PS. Let e be an (resp. atomic) experiment on R. Then

there exists an (resp. atomic) experiment Tr(e) on Tr[0](€) such that P(Tr(€))|p(1x0)e) =

P(e) "pf(R) .

Proof. We prove, by induction on depth(R), that, for any in-PS R, for any experiment e on

R, there exists an experiment Tr(e) on Tr[0](€) such that

e for any p € Po(R), we have P(e)(p) = P(Tr(€))(p);

e and, for any p € P5o(R), we have P(e)(p) = D _qep(Tx0)(@)
rr[0](e)(q)

One can take for Tr(e) the following experiment on Tr[0](

o for any p € Po(R), P(Tr(e))(p) = P(e)(p);
e for any o € By(R), for any e, € Supp(B(e)(0)), for any p € Po(Tp,(0)[0](€5)),

P(Tr(e))((0, (€0, P)) = P(TB(0) (€0)) (P)- N

Definition 4.16. Let £ > 1. An experiment e on some in-PS R is said to be k-heterogeneous
if the pseudo-experiment € is k-heterogeneous.

) [P(Tr(e))()]-

)

Definition 4.17. Let k£ > 1. For any function x : P — D4, where P is any set, we say that
x is k-heterogeneous if the following properties hold:
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e for any multiset a, the pair (4, a) occurs at most once in im(z) and, if it occurs, then
there exists j > 0 such that the cardinality of a is k7;

e for any multisets a; and az having the same cardinality such that the pairs (+,a;) and
(+,a2) occur in im(z), we have a1 = as.

Lemma 4.18. Let R be a cut-free in-PS. Let k > 1. For any experiment e on R, if
P(e)‘rpf(R) is k-heterogeneous, then e is k-heterogeneous. Conwversely, if e is an atomic

k-heterogeneous experiment on R, then P(e) |pr(r) s k-heterogeneous.

Proof. Let e be an experiment on R such that P(e) 1P (R) is k-heterogeneous. By Lemma 4.15,
there exists an experiment Tr(e) on Tr[0](€) such that P(Tr(e))|pr(r01@) = P(€)|pf(r)-
Since Tr[0](€) is cut-free, we have:
(1) a0 [Po(Tr[0(e))] € {77 > 0}
(2) (Vp1,p2 € Py(TrI0)(e))) (a0 (P1) = azppo)e) (P2) = P1 = P2)
By Corollary 3.6, the pseudo-experiment e is k-heterogeneous.

Conversely, let e be an atomic k-heterogeneous experiment on R. Then, by Lemma 4.15,
there exists an atomic experiment Tg(e) of Tg[0](€) such that P(Tr(e))|pt(rmp0)e) =
P(e)|pr(r)- By Corollary 3.6, we have:

(1) a7gp0)e) [Pé(TR[O](é))] C {k;j >0}
(2) (Vp1,p2 € Py(Tr[0](€))) (a0 (P1) = a1n(0)6) (P2) = P1 = P2)
Since Tr(e) is atomic, P(Tr(€))|pt(14(0)e)) is k-heterogeneous. []

Lemma 4.19. Let R and R’ be two cut-free PS’s such that Pf(R) = Pf(R'). Let e be an
injective atomic experiment on R and let €' be an injective atomic experiment on R’ such
that P(e)|pr(gy = P(€')|pt(rr)- Then Tr[0](€) = Tr:[0](€').

Proof. By Lemma 4.15, there exists an atomic experiment Tr(e) on Tr[0](€) such that

P(Tr(e)) |pt(1mi0ie)) = P(€)|pr(r) and an atomic experiment T (e’) on Tr:[0](e’) such that
P(TR/(QI)) "Pf(TR/[O](g)) = 7)(6/) "Pf(R/)' We apply Fact 4.12. D

Theorem 4.20. Let R be a cut-free PS. If the set A is infinite, then there exists an A-
injective subset Dy of [R] 4, with Card (Do) = 2 such that, for any cut-free PS R with
PHR) = PH(R'), one has (Do C [R'] 4, = R=R)).

Proof. Let f be an injective l-experiment on R (its existence is ensured by the assumption
that the set A is infinite). By Fact 4.14, there exists z1 € [R] 4, and o1 : A — D4 such that
o121 = f|pf(p); the point z; is A-injective too. Let k1 € N be the greatest cardinality of
the negative multisets that occur in im(x1). Let ks € N be the number of occurrences of
positive multisets in im(x1). Let & > max {k1, k2} and let e be an injective k-heterogeneous
experiment on R (its existence is ensured by the assumption that the set A is infinite). By
Fact 4.14, there exist # € [R] 4, and 0 : A — D4 such that o -2 = e|pr(p). We can take
Dy = {x1,z}. Indeed:

Since the point e pr(g) is A-injective, the point z is A-injective too. By Lemma 4.18,
e|pf(r) is k-heterogeneous, hence x too. Let R’ be a cut-free PS such that PH(R) = PA(R))
and Doy C [R'] 4;- By Fact 4.13, there exist an atomic experiment fy (resp. fj) on R (resp. of
R') such that P(fo) |pr(r) = 21 (vesp. P(f5) |pf(rry = *1) and an atomic experiment ey (resp.
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€p) on R (resp. of R') such that P(eo)|pr(g) = = (resp. P(eg)|pr(py = z). By Lemma 4.19,
we have Tr[0](e0) = Tr/[0](ef).

Moreover, the experiments fp and f) are 1-experiments on R and R’ respectively (all
the positive multisets of z; have cardinality 1). We have:
o co-size(R) = k1 = co-size(R');
e Card (B(R)) = kg = Card (B(R'));
e and O(R) = 0 = O(R) (because R and R’ are cut-free).
We thus have k& > max {3(R), 8(R)}. Finally, by Lemma 4.18, the experiments ey and e,
are k-heterogeneous. We can then apply Proposition 3.49 to obtain R = R'. []

Corollary 4.21. Let R and R’ be two cut-free PS’s such that PF(R) = PH(R'). If the set A
is infinite, then one has (R =R’ < [R] 4, = [R'] 44)-

4.2. Typed framework. We want to apply Theorem 4.20 to obtain a similar result for
typed PS’s (Theorem 4.36). For that, we need to relate [(R, T)] to [R] ,,; it is the role of
Lemma 4.30.

Definition 4.22. We assume that we are given a set [X] for each X € X. Then, for
any C' € T, we define, by induction on C, the set [C] as follows: [1] = {x} = [L];
[(Cr® Cy)] = [Ch] x [Ca] = [(C1 & Co)]; [IC] = Mg ([C]) = [?C].
Let (R, T) be a typed differential in-PS. We define, by induction on depth(R), the set of
experiments on (R, T): it is the set of pairs e = (P(e), B(e)), where
e P(e) is a function that associates with every p € Py(R) an element of [T(p)] and with
every p € P~o(R) an element of Mg, ([T(p)]),
e and B(e) is a function which associates with every o € By(R) a finite multiset of experiments
on (BR(O)a T"P(BR(O)))
such that
e for any p € Pi'(R), for any wy, w2 € Wo(R) such that tgg)(wi) =
wy € L(G(R)) and wa ¢ L(G(R)), we have P(e)(p) = (P(e)(w1), P(e)(w2)
e for any {p,p'} € Ag(R)UCo(R?), we have P(e)(p) = P(e)(p');
e for any p € P§(R), we have P(e)(p) = >3- wewy(r) [P(€)(W)] 4+ X oeny () 2oeoeSupp(Ble)(0)

tg(r)(w)=p
S et (Bnton BO0)(€0) - Pleo)(@); .

tr(o,q)=p
e for any o € By(R), for any p € Po(Br(0)), we have P(e)(p) = D_., csupp(B(e)(0)) B(€)(0)(€0)-
[P(eo)(p)];
e forany o € By(R), for any p € P~o(Br(0)), we have P(€)(p) = D_., csupp(B(e)(0)) B(€)(0)(€0)-
P(eo)(p)-
For any experiment e = ((R, T),P(e), B(e)), we set P(e) = P(e) and B(e) = B(e). We set
[(R, T)] = {P(e)|pr(ry: € is an experiment on (R, T)}.

p = tgr)(w2),
);

From now on, we assume that, for any X € X, the set [X] does not contain any couple
nor any 3-tuple and * ¢ A and we assume that A = Jxc»[X]. We define, by induction on
n, the sets D 4, for any n € N:

e D 40 =AU {x}
® Dant1 =DaoU(Dan x Dan)UMpgn(Dan)
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We set Dy = Unen ﬁA,n- We define the function U : D4 — D 4 as follows:

o if = (d,7) with § € {+,—} and v € AU {x}, then U(a) = ~;

o if a = (d,a1,a2) with 0 € {+,—} and a1, € D, then U(9, a1, a2) = (U(a1),U(a2));
o if a = (d,a0) with § € {+,—} and o € D, then U(0,ap) = U(ayp).

Definition 4.23. Let 0 : A — A. For any a € D 4, we define o - o € D 4 as follows:

e if o € A, then 0 - a = o(«);

e if = %, then 0 - a = «;

o if aj, a0 € Dy, then o - (a1, a0) = (0 - 1,0 - 2);

eifay,...,am €Dy, then o-[ag,...,am] =[0-a1,...,0 anl.

For any set P, for any function x : P — D4, we define a function o -z : P — D4 by setting:
(o0-x)(p) =0 -z(p) for any p € P.

For any function o : A — D4, we define the function U(c) : A — A as follows:

Ulo)(y) = { Uo(7)) if o(7) € {+, =} x A;

0% otherwise.
Fact 4.24. For any a € Dy, for any o € R(«), we have U(o - ) = U(0) - U(w).

Fact 4.25. Let (R, T) be a typed in-PS. Then, for any experiment e on R, for any p € Py(R),
we have height(e(p)) > height(T(p)).

Definition 4.26. Any a € D 4 is said to be uniform if, for any occurrence of any multiset
a that occurs in a, for any 3, 8" € Supp(a), we have height(8) = height(3’).

For any finite set P, any function x : P — D4 is said to be uniform if, for any p € P,
z(p) is uniform.

Fact 4.27. Let (R, T) be a typed in-PS. Then, for any atomic experiment e on R, for any
p € Po(R), e(p) is uniform and we have height(e(p)) = height(T(p)).

Fact 4.28. Let o,/ € Dy and o : A — D4 such that o is uniform and o - o/ = a. We
have height(a) > height(’) if, and only if, o ¢ R().

Proof. By induction on height(c). []

Lemma 4.29. We assume that, for any X € X, the set [X] is infinite. Let (R, T) be a
cut-free typed PS. Then, for any atomic experiment e on R, we have e |pi(p) € [R] 4;-

Proof. Let e be an atomic experiment on R. Let 2’ € [R] and let o : A — D 4 such that
o -2’ = e|pr(r). By Fact 4.14, there exist x € [R]a; and 7 : A — D4 such that 7.z = 2.
By Fact 4.13 and Fact 4.27, the point z is uniform and (¥p € Pf(R))height(z(p)) =
height(T(p)) = e(p). By Lemma 4.7, we have (0 -7) -2 =0 (7-2) = 0 -2' = e|pr(p). By
Fact 4.28, we have o - 7 € R(z), hence, by Fact 4.11, 0 € R(7 - ) = R(2'), which entails
e‘pf(R) S [[R]]At- D
Lemma 4.30. Let us assume that, for any X € X, the set [X] is infinite. Let (R, T) be a
cut-free typed PS. Then {U o z;x € [R] 4} = U,eqryplo - @50 € AAY.

Proof. By Lemma 4.29, we have [(R,T)] C{U oz;z € [R] 4;}. Let z € [(R,T)]. Now, for
any =’ € [R] at, for any o € R(2), we have o2’ € [R] a4; indeed, let z € [R] and 7 : A — D4
such that 7-2 = o -2/; by Fact 4.13 and Fact 4.27, we have height(x) = height(z), hence, by
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Fact 4.28, 7 € R(x). So, by Fact 4.24, we have {J,cypmyj{o-zi0 € A} C{U(0)-(Uox); (x €
[R],, Ao € A4} = (U (o 2); (& € [Rl4 Ao € R(@)} = {U o w5 € [R]4,}.
Conversely, let z € [R] 4. If X =0, then Uox € [(R,T)]. Otherwise, the set A is

infinite, hence there exist an injective atomic experiment e on R and o € R(z) such that

r =0 eprp). Let 7+ A — D4 such that:

o for any p € P§*(R), for any v € A, for any § € {+, —} such that e(p) = (9, ), we have
U(r)(v) € [T

e and, for any p € P*(R) N Pso(R), for any v € A, for any § € {+,—} such that
(6,7) € Supp(e(p)), we have U(7)(v) € [T(p)]-

We have U(7) - (U o e|pr(g)) € [(R, T)]. It is clear that there exists o’ € R(7 - e|pr(g)) such

that o’ - (7 e|pr(r)) = 0 - €|pr(r)y. Wehave Uoxz =Uo (0 e prp) =Uo (o' (T eprp)) =

U(a'") - (Uo(T-epiry)) =U(a") - (U(T) - (U o epi(py)) (by applying Fact 4.24 twice). []

Definition 4.31. Let D C (DA)P for some set P. We say that D reflects renamings if the
following property holds: (Vx € D)(Vy € D4)(Vo € R(y))(o -y =2 =y € D)

Definition 4.32. For any finite set P, any function x : P — D 4 is said to be balanced if,
for any v € A, there are as many occurrences of (+,7) in > p[z(p)] as occurrences of

(=) in 3 cplz(p)].
Fact 4.33. Let S be a differential in-PS. Then, for any x € [S], x is balanced.

Proof. By induction on (depth(S), Card (B(S)), Card (Py(S)), Card (Cp(5))) lexicographically
ordered. u

Fact 4.34. Let P be some finite set and let T be a function P — T. Let w1, 29 € (DA)73 A-
injective and balanced such that Uox; = Uoxzy and, for any p € P, we have U(z1(p)) € [T(p)].
Then there exists o € R(x1) such that o -z = xo.

Proof. By induction on . size(T(p)). L]

Lemma 4.35. Let P be some finite set. Let D C (D4)”. Let x € D and let o € R(x) such
that o - x € Dgs. Then x € D yy.

Proof. Let y € D and let 7 : A — D4 such that 7 -y = x. Then, by Lemma 4.7, we have
(c0-7)-y=0-(r-y)=0-x. We have o - 7 € R(y), hence, by Fact 4.11, 7 € R(y). ]

Theorem 4.36 is similar to Theorem 4.20:

Theorem 4.36. Let (R, T) be a cut-free typed PS. If, for any X € X, the set [X] is infinite,
then there exists Dy C [(R, T)] with Card (Do) = 2 such that, for any cut-free typed PS (R', T’)
with P*(R) = P (R') and T|pr(gy = T'|pt(rr), we have (Do € [(R', T)] = (R, T) = (R, T')).

Proof. By Theorem 4.20, there exists an A-injective subset D = {y, z} of [R]4: with
Card (Dg) = 2 such that, for any cut-free PS R’, we have (D{, C [R']a; = R = R’). We can
take Dy = {U o x;x € Dj}. Indeed:

Let (R, T') be a typed PS such that Pf(R) = Pf(R'), T|ptr) = T'|pr(ry and Do C
[(R',T")]. By Lemma 4.30, there exist 3/, 2’ € [R'] 4, such that Uoy = Uoy’ and Uoz = Uoz’.
By Fact 4.33, we can apply Fact 4.34 to obtain that there exist o, € R(y) and o, € R(2)
such that o, -y =y and o, - z = 2/. By Lemma 4.35, we thus have D C [R'] ,,, hence
R = R'. By Fact 1.13, we obtain (R, T) = (R, T').
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Now, we take advantage of the normalization property of the typed PS’s:

Corollary 4.37. Let (Ry,T1) and (R, T2) be two typed PS’s such that Pf(Ry) = Pf(Ry)
and Ti|pt(r,y = Ta|pi(ry)- If. for any X € X, the set [X] is infinite, then we have
((B1,T1) = (B2, T2) & [(R1, T1)] = [(R2, T2)]).

Proof. Let us assume that [(R1,T1)] = [(Re, T2)]. There exist two cut-free typed PS’s
(R}, T'1) and (R, T'2) such that (Ry,T1) ~g (R}, T'1) and (R2,T2) ~g (RS, T'2). We
have Pf(R}) = P (R1) = P'(Ry) = P'(R}) and [(R}, T')] = [(R1, T1)] = [(Ra, T2)] =
[(R5, T'2)]. By Theorem 4.36, we have (R}, T'1) = (RS, T'2), hence (Ry, T1) 3 (Re, T2). [

CONCLUSION

The aim of this work was to prove theorems that relate the syntax of the proof-nets with
their relational semantics firstly and with their Taylor expansion secondly. But incidentally
we proved an interesting intrinsic semantical result: We showed that the entire relational
semantics of any normalizable proof-net can be rebuilt from two well-chosen points (and
that it is impossible to strengthen this result by rebuilding any proof-net from only one
well-chosen point). So, in some way, these two points together could be seen as a principal
typing of intersection types for the given proof-net. With the algorithm we described, we
can first rebuild the normal form of the proof-net from this “principal typing” and then
compute the semantics. Now, some technology could probably be developed to compute the
semantics directly from these points without rebuilding the syntactic object, like in the case
of untyped lambda-calculus (expansion, substitution...).
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5. APPENDIX: PROOF OF LEMMA 3.38

Proof. With Lemma 2.8 in mind, we can describe Tg, [i](e):

* Po(Tr,[il(e)) = Po(Trlil(e)) U Uellee(o){(m (617?));29 € 9}

® (T, li(e) (P) = ég(TR[i](e))(p) Zsefw@éﬁ[z](e»;
rrlil(e)(p) if p € Po(Trlil(e));

o kR, [i(e)(p) = (0,90(d) if p= e, (d) for some e1 € e(0), ¢' € Q;
q ifp=q;

* Wo(Tn,li](e)) = Wo(Trlil(€)) UU., ce(o){(0: (e1,0))ip € Q')

® 1G(Tx, [il(e)(P) is the following port of G(Tg,[i](e)):

(0, (1, Po(tg(rriiie) (@) if p= (0, (e1,p")) with e1 € e(0) and tg(ryi(e) (P) € Q;
tG(Tulil(e) (P) otherwise.
00(77%[ (e)) = Co(Trlil(e)) and Ao(Tr,[i](e)) = Ao(Trli](e))
Bo(Tr,li](e)) = Bo(Trli](e))
B lil(e) = BTali(e) /
dom(ty, ij(e)) = dom(tryfi(e)) and b, i) (0, ) =
. , if traie) (0, p) € @ and o' = (o, (e1,0"))
(o, (elaSDO(tTR[z}(e)(o ,P))) for some e1 € e(0), o € BO(TBR(o)[i](el));'
trlil(e) (0, p) otherwise;

For any p,p’ € Po(R(0,%,e0,)) U QU ,, [Q] such that Card ({p,p’'} N Q) < 1, we have
P STh, li)(e) p’ if, and only if, one of the following properties holds:

* 0.7/ € Po(Tali)(e)) \ @ and p Sy e) #

o {p.0'} € {(0,(e0,")), pe,(tr(0,p"))} for some p” € Ph (o)

e {p,p'} N Q is some singleton {p"} with p” € Q and {p,p'} C {p”, ve, (")}

1) Let T € S@ fie) (P) such that Po(T) N Po(R(0,i,e,)) # 0. We have Py(T[pe,])
(Po(T) \ Q) U e, [QNPo(T)], hence, by Lemma 3.29, Po(T[¢e,]) € Po(1{0,4, €0)) U e, [Q
Po(T)] (*). Again, by Lemma 3.29, we have Py(T) N Q C P (xx).

Let w € Wy(T): We have w ¢ P (hence, by (xx), w € Po(T[pe,]) \ Pe,). Again by
Lemma 3.29, there exists p € Po(Tp(0)[i](€0)) such that w = (o, (es,p)). We distinguish
between two cases:

e p € P(0): wehave tg(7,(ii(e)) (0, (€0, 1)) = tr(0,p) € Po(T)NQ, hence tg (7, [ij(e)) (0; (€0, ) =
(o, (eo%%(t}%(oap)))) € Po(Tge,));
e p ¢ Pr(o): we have tg(1, [i(e))(0s (€0, P)) = tg(Tr[i(e)) (05 (€0, D)) € Po(T)\ Q C Po(Tipe,])-
We thus have
Wo(T)
S {w e Wo(Tr,lil(e)) N Po(Tlpe,])) \ Peoi tg(Ts, fil(e)) (w) € Po(Tee,])}

Conversely, let w € (Wy(Tr,[i](€)) NPo(T[@e,])) \ Pe, such that tG(Th, i(e) (W) € Po(T'[pe,])-
By (%), there exists p € Po(Tp(0)li](€0)) such that w = (o, (o, p)). We distinguish between
two cases:

D

* p € PhO) we e o 10y c0p) = (0, ulla@)) € PolTlp ). e
(0, (€0, 2o(tr(0, 1)) € e, [QNPo(T)]; 50, tg(7ifilte)y (01 (€0, ) = t(0,p) € Po(T), which
shows that (o, (€y,p)) € Wo(T);
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o p ¢ PL(0): we have tg7,11()) (0 (€0, 0)) = tg(Ts, li)(e)) (05 (€0, ) € Po(T[pe,]) \ e, [Q] C
Po(T).
We thus have
{w e Wo(Tr,[i](e)) N Po(T[e,])) \ Peoitg(ra, ie)) (W) € Po(T[ee,])}
C Wo(T)
Moreover, Wy(T'[¢pe,]) = Wo(T); we thus showed:

Wo(T e, ])
= {w e M(Tr,lil(€)) N Po(T[ee,])) \ Peos tg(ra, li(e)) (W) € Po(Tlpe,]) }

So, Tlpe.] Cr,, Tholi(c).

Since T is connected through ports not in P, T'[p,] is connected through ports not in
Pe, [P N dom(ipe,)] U (P \ dom(epe,)) = Pe, -

Finally, co-size(Tlg,]) = co-size(T) and P(G(Tlpe.])) = PolTlpe,]) \ Wo(Tlige, ) U
UCo(Tlee,])) = (Po(T) \ Q) U e, [Q N Po(T)]) \ Wo(T) UUCo(T)) = (PHG(T)) \ QU
2e [ONPH(T)] € (P\ ) U, QN PO(T)] = Pe. Let p € PolTlie,]) and ol € PolTr, i)(e))
such that p S, (i) P' and p’ & Po(T[pe,]) (hence p ¢ Q, so Card ({p,p'} N Q) < 1): We
distinguish between three cases:

e p.p € Po(Tr[i](e)) \ Q and p VTR[l](e) p': we have pe P\ Q C P,;

e {p,p'} C {(0,(€0,7")), e, (tr(0,p"))} for some p” € Ph(o): either p = @, (tr(o,p’
(hence p € goeo[Q] C P.,) or p = (0,(e0,p")). From now on, let us assume that p =
(0, (€0,p")). We have tR(o,p”) € Q. If tr(o,p”) € Po(T), then p' = ¢, (tr(o,p")) €
Po(T)[pe,], which contradicts p’ ¢ Po(T)[pe,]; we thus have tr(o,p”) ¢ Po(T), which
entails pe P\ Q C P,,.

o {p,p'}NQ is some singleton {p”} with p” € Q and {p,p'} C {p”, e, (p")}: since p ¢ Q, we
have p' = p” and p = @, (p') € Po(T[pe,]), hence p’' € Po(T) and, finally, p = ¢, (p") €
Pe, [P N Q] CPe,.

In the three cases, we have p € Pe,.

So, we showed T'[¢.,] € Sé“—RD il (e) (Peo)-

2) Let T € Sk ) (Pe,) such that Py(T) C Po(Ro(0,17,¢€0)). We have Po(T[pe, !]) =

(PoT)\ 6,[Q]) UL € Qs e, (d') € Po(T)}.
Since g1, [il(e)) (e, [Ql] = Q and QN Py(T) = 0, we have

Wo(T) = {w e Wo(Tr,[il(e)) NPo(T)) \ Pe,i tg(T, [i(e)) (W) € Po(T)}
= {w e Wo(Tr,lil(e)) N Po(T)) \ Peo tg(Tri(e)) (w) € Po(T)}
= {w e M(Trlil(e)) N Po(T)) \ P; tg(Tafil(e)) (w) € Po(T)}
Moreover, we have Wy (T[¢e, ']) = Wo(T). Hence
Wo(T (e, 1)) = {w € Wo(Trlil(e)) N Po(T)) \ P; tg(7afif(ey) (w) € Po(T)}
Since T is connected modulo P, T[¢e, ~!] is connected modulo e, ~[Pe, Ndom (., ~1)]U

(Pe, \ dom(ge, ™)) = P.
Finally, co-size(T[pe, 1)) = co-size(T) and PH(G(T[¢e, 1)) = Po(T[we, 1)\ (Wo (T

)
UCo(Tlpe, ™M) = ((Po(T) \ ¢e,[Q)) U {d' € Qiepe,(q') € Po(T)}) \ Wo(T) U UCo(g)
T

~—

~u

Pe,

) =

(PHG(T)\ e, [QNU{d € Qs ¢e,(d) € Po(T)} € (Pe, \ e, [QN)U{d € Q;¢e,(¢') € Pol )} =
(PN Q) Ue,[PN AN\ ¢e,[Q) U{d € Q¢e,(¢) € Po(T)} € P. Let p € Po(Tlpe,”"])
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and p’ € Po(Trli](e)) such that p Sz, P' and p’ & Po(T[pe, ']). We distinguish between
three cases:
e p,p' ¢ Q: we have p € Po(T), p' ¢ Po(T) and p S7y, [5)e) P’ hence, since T' Ip,  Tr,[i](e),
we have p € P, ; but P, N Po(Tr[i(e)) C P;

e p € Q: we have ¢, (p) € PH(G(T)) C P.,, hence p € P;
e p¢ Qandp € Q: we have p € PH(G(T)) C P.,; but Pe, N Po(Trli](e)) C P.
In the three cases, we have p € P.

So, we showed T'[p., "] € ST il e (73)

3) Let T € 8%2 til(e) (P) such that (Ve1 € €(0))Po(T) N Po(Ry(0,i,e1)) = 0. Notice that
q & Po(T); indeed, since g € PF(G(Tr,[i](e))), we have (q € Po(T) = q € P), but q ¢ P.

Since (Vw € Po(T))w ¢ U,, ce(o)i(0: (e1,p));p € Q'}, we have:
* Wo(Trli](e)) N Po(T") = Wo(Tg,li](e)) N Po(T)
e and (Yw € Wy(Trli](e)) N Po(T))tg (i) (W) = tg(Ta, () (W)-
Hence

Wo(T) = {we Wo(Tr,li](e)) NPo(T)) \ Pitg s, i) (w) € Po(T)}
= {w e Wo(Trli](e)) N Po(T)) \ Pitg(rnije)(w) € Po(T)}

So, T Tp Trlil(e).

Let p € Po(T) and ¢ € U, ec(o) Po(R{0,i,e1)) such that p i) ¢t We have
p € Q. Since from T <p Tg,[i](e) and (Vey € e(0))Po(T) N Po(Ro{0,4,e1)) = ) we deduce
Po(T) N Q C P, we obtain p € P. We thus have T" Ip Trli](e).

We showed T € Sk Toalil(e) (P).

4) Let T € S¥. Tlil(e) (P) such that (Ve1 € e(0))Po(T) N Po(R(o, 4, 1)) = 0.

Let p € Po(T) and ¢ € Ue1€e (0) Po(R({o,i,e1)) such that p ST li)(e)
p € Q. Since from T <p Tg[i](e) and (Ve; € e(0))Po(T) N Po(R{o,i,e1)) =
Po(T) N Q C P, we obtain p € P. We thus have T' <p Tg,[i](e).

We showed T' € S% i(e)(P)- []

q¢': We have
# we deduce
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