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ABSTRACT. In this article we provide effective characterisations of regular languages of
infinite trees that belong to the low levels of the Wadge hierarchy. More precisely we
prove decidability for each of the finite levels of the hierarchy; for the class of the Boolean
combinations of open sets BC(X?) (i.e. the union of the first w levels); and for the Borel
class AJ (i.e. for the union of the first w; levels).

1. INTRODUCTION

The space of all infinite trees over a finite alphabet is homeomorphic to the Cantor space.
Therefore, it makes sense to ask if a language of infinite trees — in our setting, we are
interested in regular ones — is for instance open, Borel, or of specific descriptive set theoretical
complexity. As witnessed by a number of conjectures and results [Sku93, Mur08b, FMM16,
SW16, CMS17], topologically defined classes often have natural automata counterparts. For
instance, in the case of w-words, the structure of parity deterministic automata (defined in
terms of Wagner hierarchy) is strictly connected to the Wadge hierarchy, see [Wag79]. In
the case of regular tree languages that are Borel, there is a strong connection between the
Borel rank and priorities used by weak alternating automata (see [DMO7] and [CMS17]).
Algorithms that determine if a regular language belongs to a subclass £ of regular
languages are known as effective characterisations. Typically, an effective characterisation
comes with a structural description of automata (or algebras) that recognise languages
from L. The seminal example is Schiitzenberger’s Theorem [Sch65], which says that a regular
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Figure 1: The first w; + 1 levels of the Wadge hierarchy for infinite trees; together with their
decidability results. The self-dual classes are depicted by e, they are formed by
the intersection of the two consecutive non self-dual classes.

language is star-free if and only if it is recognised by an aperiodic semigroup. For other
examples about finite words, see the survey [PZ15], which discusses effective characterisations
for the low levels of the quantifier alternation hierarchy. For examples on w-words, including
topologically motivated ones, see [PP04]. For examples on finite trees, see e.g. [BW08] or
a survey [Boj10].

Most of the known effective characterisations speak about languages of words (finite
or infinite) or finite trees. The case of regular languages of infinite trees seems to be much
more difficult, mainly because of the inherent non-determinism needed to recognise these
languages [Blull, BS13]. Thus, the known examples of effective characterisations are usually
limited either to simple classes of sets (e.g. open sets [KW02, Wal02a]) or to restricted
classes of languages given as the input (e.g. recognised by deterministic automata [Mur08a]).

In this work we focus on the very low levels of the Borel hierarchy: the class BC(XY)
of Boolean combinations of open sets; and the self-dual class AJ at the second level of the
hierarchy. We use algebraic methods for infinite trees, i.e. our characterisations are defined
by equations which must be satisfied by the syntactic algebra of a language.

This paper continues a line of work aimed at understanding the algebraic theory of
regular languages of infinite trees [Blull, BS13, BI09a]. The obtained results show that
even simple algebras (i.e. not strong enough to distinguish all regular languages or not
complete, see Subsection 7.1) can be adequate for characterising classes of languages that are
sufficiently simple. This opens the possibility that a bit more complex algebraic structure
(but a priori not complete) might be enough for the successive levels of the Borel hierarchy,
like AY.

Contribution of this article. Consider a class I' of languages (e.g. the class of open
sets 3Y). Then, an effective characterisation of T is an algorithm for the following decision
problem:

Problem 1.1 (Effective Characterisation of I'). Given a representation of a regular lan-
guage L, decide if L € T'.
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As explained above, there are multiple results providing effective characterisations
for various classes of languages. In this article we focus on the classes of the Wadge
hierarchy inside A9, see Figure 1 (the relevant technical notions are introduced in Section 2).
Notice that, since regular languages are effectively closed under complement, an effective
characterisation of I' provides at the same time an effective characterisation of I' and
I'n I Thus, we will focus on non self-dual classes on one side of the hierarchy. Since Tr4
is homeomorphic to 2¥ (see Fact 2.2) all the results from Subsections 2.4 and 2.5 apply.
Therefore, the Wadge hierarchy over Tr4 introduces the following classes of sets:

(1) The class {Tra}. A language L belongs to {Tr4} if and only if L = Tr4, thus solving
the effective characterisation for that class boils down to checking universality of L,
which reduces to non-emptiness of the complement of L [Rab69].

(2) The class of open sets XY. That characterisation follows from [KW02, Wal02a).

(3) The classes of the difference hierarchy D, (2(1]) for 2 < n < w. These classes are
characterised in this paper, see Theorem 3.8.

(4) The class BC(XY) = ,c., Pn(XY) of Boolean combinations of open sets. This is the
main contribution of this paper, see Theorem 5.1.

(5) The self-dual class A§ = Ug<w, D (29) of the Borel hierarchy. This result was claimed
in [FM14], however the arguments there contain a flow, see discussion in Section 6. In
this paper we provide a complete argument, see Theorem 6.1.

(6) The class XY from the second level of the Borel hierarchy. This class seems to be out of
reach of the algebras considered in this paper, see Subsection 7.1. However, an effective
characterisation for that class exists, see [CMS17].

What remains open is how to characterise the specific classes Dy (2(1)) for w < € < wy. Notice
that there are only countably many regular languages and therefore there must exist § < wy
such that no regular language belongs to D¢ (2(1)) for £ > &. However, the value of & is not
known. Duparc and Murlak [DMO07] have proved that there exist regular languages in any
Wadge degree with Wadge rank less than w® (i.e. § > w®). We do not know if {y = w®,
even if this is a quite reasonable conjecture.

Related work. First, a series of works [NW05, NW03, Mur08b, FMM16] provide effective
characterisations for almost all natural classes when the input is restricted to deterministic
automata or their dualised variant — the so-called game automata. These results are based
on the pattern method saying that the language recognised by a deterministic automaton
is complex if and only if the automaton itself contains a complex pattern. Unfortunately,
there is no known method allowing to extend these techniques to languages involving
non-determinism.

Recently, certain new techniques have been developed that show how to deal with
the non-determinism of regular languages of infinite trees. The first result of this kind
is the reduction of the general Rabin-Mostowski index problem to a certain boundedness
problem for cost automata [CL0O8]. Unfortunately, the latter problem is not known to be
decidable. However, the game approach used in the above reduction turned out to work for
the lowest indices [CKLV13]. By adopting these techniques, the authors of [SW16] provided
a characterisation of Borel sets among languages recognisable by Biichi automata. A similar
approach used in [CMS17] provided an effective characterisation of the Borel class TI among
all regular tree languages. An effective (but not algebraic) characterisation of the class A9
follows directly from that result, however it does not solve the more difficult case of BC(X?).
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The paper is based on the conference papers [BP12] and [FM14], see Conclusions for
a discussion on relations between the new paper and the original ones.

Structure. The paper is structured as follows. In Section 2 we recall some basic notions
about words and trees and we set the notation used throughout the article, with a special
emphasis on the topological hierarchies involved. In Section 3 we describe a topological game
that will be used to obtain effective characterisations of the levels of the Wadge hierarchy up
to w. Subsection 3.1 provides an easy application of the game to prove decidability of each
of the first w levels of the Wadge hierarchy (i.e. all the finite levels). Subsection 3.2 extends
the game to an infinite variant used later to characterise AY. In Section 4 we present the
algebraic structure used in this paper to represent regular languages of infinite trees. In
Section 5 we state Theorem 5.1 characterising the class BC(XY) in terms of equations defined
in the syntactic algebra. The proof of this theorem is spread across Subsections 5.2, 5.3, 5.4
and 5.5. Finally, in Section 6 we state and prove Theorem 6.1 that uses the algebraic tools
from Theorem 5.1 to characterise the Borel class AY.

2. BASIC NOTIONS

If f is a function, by dom(f) we denote the domain of f. We denote by w the first infinite
ordinal and by wy the first uncountable ordinal.

2.1. Words and trees. Consider a non-empty set A. We call A an alphabet if A is finite.
Let A™ be the space of the functions of the form s: {0,...,n—1} — A. Such a function can
be represented as a word s = (s(0),...,s8(n—1)) = sg---$p,—1 over A. If s = s981- - Sp—1
then we say that n is the length of s, and we denote it by lt(s). The empty word is denoted

by e, i.e. lt(e) = 0 and A° = {e}. By AS" we denote the set of words over A of length at

most n, i.e. AS" ©FAOU AT U U A" We denote by A* the set of all the finite words

over A: A* & Unew A" By A“ we denote the set of infinite words over the alphabet A,
formally the elements of this space are functions of the form «: w — A. Such a function

can be represented as an infinite sequence («(0), (1), a(2),...) = apaiag - -- Finally, we

set AS® def A* U AY.

If « € AS* and n € w, we define a|n def apaq -+ -1 € A™ (if « is finite this definition
makes sense only if n < [t(a)). We say that s € A* is a prefiz of a € AS¥ if s = a[n for some
n; in symbols s < a. We write s < a if s < a but s # a. The concatenation of s,t € A*,
where s = sg---s,_1 and t =tg---t;,_1, is the word st = st = sg---Spn_1to- - tm_1. We
can also consider the concatenation s”« of a finite word s and an infinite word « defined in
the obvious way: s"a = sps152 - Sy(5)—1Q0 Q1 * * -

Now let us generalise these notions to trees. In this article, we focus on trees with binary
branching, where the two directions are left L and right . A partial tree over an alphabet A
is a partial function ¢: {L,r}" — A with a non-empty prefix-closed domain dom(¢) (i.e. if
s € dom(t) and s’ < s then s’ € dom(t)). A node u € dom(t) is either an internal node
(i.e. both u"L and u"r belong to dom(t)), a unary node (i.e. exactly one of u"r and u’r
belongs to dom(t)), or a leaf (i.e. none of u"L and u"r belongs to dom(t)). For the sake of
readability, we write u € t to denote that u € dom(t) is a node of t. The empty sequence ¢
belongs to every partial tree and it is called the root of a tree. A branch of a partial tree
t is a word 7 such that w[n € ¢ for any n < lt(m) if 7 is finite (resp. for any n € w if 7 is
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infinite). An infinite branch of a partial tree ¢ is called a path of t. A node u is on a branch
(finite or infinite) 7 if it is a prefix of 7, i.e. if u < 7. A partial tree t is finite if its domain
dom(t) is finite. A tree is a partial tree ¢t with dom(t) = {r,r}" (i.e. a complete tree). The

set of all trees over an alphabet A is denoted Try4, that is Try4 def {t|t: {L,r}" — A}.

If p and ¢ are partial trees, we say that p is a prefiz of ¢, and we denote it by p C ¢, if
dom(p) C dom(t) and p(u) = t(u) for any u € dom(p). We write p C t if p C ¢ but p # t.
Finally, if £ is a partial tree and u is a node of ¢, by t.u we indicate the partial tree ¢ truncated
in w: for any w such that vw € dom(t), we have t.u(w) = t(uw).

For d > 0 a d-prefix of a tree t is the prefix p def tH{z, R}<d, i.e. the prefix of ¢ containing
all the nodes at depths smaller than d. For instance, the 1-prefix of ¢ consists of the root of
t only.

A subset L C Try is a tree language. Regular tree languages are the ones recognised by
parity non-deterministic automata or, equivalently, definable in Monadic Second-order Logic
(for this equivalence see for example [GTWO02]).

2.2. Polish spaces. The subsequent subsections recall the topological notions coming
from Descriptive Set Theory that we will use throughout the article. We do not aim for
completeness, for more details we refer the reader to [Kec95]. In the first subsection we
define Polish spaces, that are the main objects studied in Descriptive Set Theory. In the
remaining section we introduce the main hierarchies usually considered for Polish spaces,
i.e. the Borel, difference, and Wadge hierarchies.

We denote a topological space by (X, 7), where X is a non-empty set and 7 is a family
of subsets of X called open sets. If 7 is understood from the context we write just X and
suppress 7 from the notation. We say that X is a Polish space if T is completely metrizable
(i.e. there exists a complete metric on X that generates 7) and separable (i.e. there exists

a countable dense subset of X).

If a space X is known from the context and A C X then by A° def \ A we denote the

complement of A in X. Similarly, if I is a family of subsets of X then I'° def {A°| AeT}.

Consider a non-empty at most countable set B. We will now introduce the so-called
prefix topologies on the spaces B and Trp by providing explicitly their bases. However, it
is worth noticing that these topologies coincide with the Tychonoff topologies when B is
considered as a discrete topological space, see [Eng89, Section 2.3].

The prefiz topology on the space of infinite words B“ over B is generated by the basic
open sets of the form:

Ny={a € B“|s<a},
with s € B*. When B = {0,1}, we obtain the Cantor space, denoted by 2¢. When B = w,
we obtain the Baire space, denoted by w“. Every space of the form B with the prefix
topology is Polish. It is easy to check that the prefix topology is completely metrizable: the
metric d(«, 5) = 27", where n is the minimum index such that a(n) # 8(n) (and d(a, ) =0
if @« = f3), is complete and it generates the prefix topology. Moreover, if we fix a symbol
c € B, the set

D ={s"ccc---|se B}
is countable (since B* is countable) and dense, so B% is separable. In particular, the Cantor
space and the Baire space are Polish spaces.
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The prefix topology can easily be generalised to trees Tr 4, with basic open sets of the

form:
N,={teTra|pCt}

where p is a finite partial tree. Every N, is actually a clopen (i.e. both open and closed). We
denote this topology by 7prer. The topology Tpref is generated by several metrics. The usual
metric considered to generate Tpref is dpre(t1,t2) = 27" where n is the minimum length of
a node u such that ¢;(u) # ta(u) (and dprer(t1,t2) = 0 for t; = t2). Each open ball of dpyef is
a basic clopen set N, for a certain finite partial tree p.

Notice that the metric dp,.f satisfies the following strengthening of the triangle inequality:

dpref($a Z) < max (dpref(l'a y)’ dpref(ya Z))
Such a metric is called an ultrametric, see [Kec95, Exercise 2.2]. This property makes dpyet
too rigid for our way of choosing optimal witnesses (see Definition 5.16 of optimal strategy
trees). Therefore, we will also consider a different metric, denoted by A\ and called the
discounted distance. This metric also generates 7pef but has a less intuitive family of open
balls. Fix some enumeration ug,uy,. .. of all the nodes in {r,r}*. Given two trees ¢; and ¢,
for any node w, define dist(¢1(u),ta(u)) = 0 if ¢;(u) = t2(u), 1 in the other case. Let

def .
At t2) ) o dist (1 (un), ta(un))-
n>0

Fact 2.1. Regardless of the enumeration (ug, u1,...), the prefix and discounted distances
yield the same topology.

Proof. 1t is enough to observe that 7.t is exactly the product topology obtained by starting
from the discrete topology and the discounted distance is exactly the product metric. []

Fact 2.2. Tr, with the topology 7y is a Polish space homeomorphic to the Cantor space 2¢.

Proof. The proof is a standard encoding of one compact product space into another. One
can also use a characterisation of the Cantor space, see [Kec95, Theorem 7.4, page 35]. []

2.3. The Borel hierarchy. Let (X, 7) be a topological space. Recall that w; is the first
uncountable ordinal. We define, by a transfinite recursion on 1 < ¢ < wq, the following
classes:

»0(x) % A C X | Ais openl;

(X)) © {A°C X | A e B2X)} = (ZUX))":

S0X) E{JAn | A €T (X), 1< 6, <&, nEw).

Moreover, for 1 < £ < wy, we define the intersection of the two classes Ag(X ) & Zg (X)n
I2(X).
Fact 2.3. For each 1 < ¢ < wy, the classes Eg(X ) and Hg(X ) are closed under finite unions

and finite intersections. The class Ag (X) is also closed under complement and therefore
forms a Boolean algebra.
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Figure 2: The first levels of the Borel hierarchy.

The smallest Boolean algebra containing all the sets from Eg(X ) is denoted BC(E?)(X ).
The above fact implies that BC(Eg)(X ) C Ag 4+1(X). For uncountable Polish spaces the
inclusion is strict, this fact follows from [Kec95, Exercise 22.26(iii)].

The Borel sets of X are:
BX)=J =)= |Jmx) =] adx).
f€w E€wr £Ew
When the space X is clear from the context, we omit it and write just X2, Hg, etc. ..

Notice that if £ < ¢ < w; then directly from the definition we know that Eg - 22,.
The following fact shows that the opposite containment does not hold in general.

Fact 2.4 [Kec95, Theorem 22.4]. Let (X, 7T) be an uncountable Polish space. Then the Borel
hierarchy of X does not collapse i.e. every class 22 is properly contained in 22+1.

For the rest of the article we will focus on the first two levels of the Borel hierarchy, as
depicted in Figure 2.

2.4. The difference hierarchy. The Borel hierarchy is refined by the so-called the differ-
ence hierarchy, see [Kec95, Section 22.E]. First notice that every ordinal 6 can be uniquely
written as A + n, where A is 0 or a limit ordinal and n € w. We say that the parity of 0 is
even (resp. odd) if n is even (resp. odd).

Definition 2.5. Let X be a topological space, I' a family of subsets of X, and 0 < w;
a countable ordinal. A set A C X is called a 6-difference of I' sets if and only if there exists
a f-indexed sequence of sets (Ap), , € I' that is non-decreasing (i.e. 4; C Ay if n < n')
and:
x € A <= the minimum 7 < ¢ such that = € A,),
has parity opposite to that of 6.

The family of all f-differences of T" sets is denoted Dy(I"). In particular, for each £ < w; the
class Dy (22) (X) is the family of all f-differences of sets from the Borel class Eg(X ).

The above definition requires the sequence (An)77 <p to be non-decreasing and we will
focuson I' = 22(X ). These are important assumptions, because of the following remark.

Remark 2.6. For each £ < w; we have D, (Hg) = 22+1'

Proof. The inclusion D, (Hg) C 22 41 follows directly from the definition. For the opposite

direction, consider a set A € 22 41+ It is easy to check that A can be written as Unew An
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Figure 3: Aset A= AgU (A2\ A1) U---U(Ap—1\ An—1) (A is the union of the black parts)
with AgC A1 C Ay C---CA,_ 2oCA, 1and 4; € Eg for every 1.

with (An),cy
sequence is also non-decreasing and contains only Hg sets. However, x € A iff dn. z € A,

non-decreasing and each A,, in Hg. Then take A/, of Al and notice that this

iff the minimum n such that x € A/, is even. Therefore, A is an w-difference of Hg sets and
A € D, (1Y) O]
Notice that for a natural number n we have A € D,, (Zg) if and only if it can be written
as follows (see Figure 3):
A= AyU (A2 \Al) J---u (An,1 \ An,Q) if n is odd, (21)
A= (A1 \ AU ---U(Ap_1\ An—2) if n is even,
with Ao, ..., An—1 belonging to Eg.
As one can easily check from the definition, the classes D, (22) are monotone both in n
and in €.
Fact 2.7. For each n < 7/ and £ < & we have
D,(22) € Dy (ZY).
The following theorem shows that the difference hierarchy over Eg saturates the succes-

: 0
sive class A£ 41

Theorem 2.8 (Hausdorff, Kuratowski, see [Kec95, Theorem 22.27, page 176]). In Polish
spaces and for any 1 < & < wy we have that

Al = |J Do(z).
1<0<wy

Similarly, the first w levels of the hierarchy coincide with the class BC(E?):
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Theorem 2.9 [Kec95, Exercise 22.30, page 177]. In Polish spaces and for any 1 < & < wy
we have that
BC(ZY) = | Du(ZD).

1<f<w

2.5. The Wadge hierarchy. We are now in the position to define the Wadge hierarchy
of a general topological space. Later in the article we will focus on the specific case of the
Wadge hierarchy of the Cantor space 2.

Definition 2.10. Let X, Y be two topological spaces. We say that a set A C X continuously
reduces to B C Y if there is a continuous function f: X — Y such that the pre-image
fY(B)={z e X | f(x) € B}isequal to A (i.e. z € A& f(z) € B for every x € X).

The following proposition shows that continuous reductions preserve the topological
classes defined above.

Proposition 2.11. Let I' be a level of the Borel hierarchy or of the difference hierarchy.
Then T' is closed under continuous preimages: if B is a subset of a topological space Y such
that B I'(Y) and f: X — Y is a continuous function from a topological space X toY,
then f~Y(B) € T(X).

Now we are in place to define the Wadge order.

Definition 2.12. Let X and Y be two topological spaces and let A C X and BCY. We
say that A is Wadge reducible to B, and we denote it by A <w B, if there exists a continuous
reduction of A to B. We say that A is Wadge equivalent to B, in symbols A =w B, if
A <w B and B <w A. Finally, we write A <w B if A <y B and B <w A does not hold.

Fact 2.13. <y is an equivalence relation.

The relation <y induces a partial order between the =yy-classes, called Wadge degrees,
of subsets of topological spaces. If we fix a space X and we restrict the ordering induced by
<w to the sets of X, we obtain the Wadge hierarchy of X. If A is a subset of X, then by
[Aly we denote its Wadge degree:

Al = {B C X | B=y 4}.

Even tough the Wadge hierarchy can be defined for any topological space, its shape for
a generic space can be very complicated (for example the Wadge hierarchy of many non
zero-dimensional topological spaces, including the space of real numbers, is very complicated:
see for instance [MRS14] and [MRSS15]). Also, the good properties of the hierarchy (like
its width or well-foundedness) depend on the determinacy of related games. Therefore, in
our work we will restrict our attention to the order <yy restricted to the first levels of the
Borel hierarchy of the Cantor space 2. We refer the reader to [AC13] for a description of
the structure of the Wadge hierarchy for 2.

Theorem 2.14 (Wadge’s lemma, see [Kec95, Theorem 21.14, page 156]). For any A, B €
B(2¥) it holds that
A SW B or B¢ SW A.

Theorem 2.15 (Wadge, Martin, Monk, see [Kec95, Theorem 21.15, page 158]). The ordering
<w among the Borel sets of 2* is well-founded.
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Definition 2.16. A set which is Wadge reducible to its complement is called self-dual,
otherwise it is called non self-dual.

Example 2.17. It is easy to check that every non-trivial (i.e. different than () and 2%)
clopen subset of 2 is self-dual.

Since the notion of self-duality is invariant under =w we can speak of self-dual and non
self-dual Wadge degrees. If [A]y is a non self-dual Wadge degree then we say that the pair
{[Alyw, [A°\w} is a non self-dual pair.

Corollary 2.18. The anti-chains in the Wadge degrees have length at most 2 and are of

the form
{[Alw: [ATw}
with A non self-dual.

Notice that technically every Wadge degree does not contain the elements contained
in the previous degrees of the hierarchy. For example, the Wadge degree [C]yy, where C' is
a clopen set different from 2¢ and (), contains all the clopen sets except the whole space
2% and the empty set (). This is obvious, since any Wadge degree is an equivalence class
of the relation =w. We define the Wadge class of a set as the union of its Wadge degree
with all its predecessors in the hierarchy. For example the Wadge class A{ is obtained by
taking the union of the Wadge degree A\ {0, 2%} with its predecessors {#} and {2¢}. It is
clear that the two hierarchies, the one of Wadge degrees and the one of Wadge classes, are
isomorphic as orders, so we can treat both the hierarchies in the same way. In the pictures
of this section we show the hierarchy of the Wadge classes, because they are more intuitive
and easier to describe.

Theorem 2.19 (See [AC13]). In the Cantor space, [2¥]yw = {2¥} and (0], = {0} are the
two minimal Wadge degrees and they clearly form a non self-dual pair. Then we have the
Wadge degree formed by any clopen set different from 2¥ and () and this is a self-dual Wadge
degree. The hierarchy continues with a constant alternation of a non self-dual pair and one
self-dual Wadge degree. All the limit levels of the Wadge hierarchy consist of a non self-dual
pair. Certain specific Wadge classes coincide with the levels of the Borel hierarchy.

Hence, the Wadge hierarchy of the Cantor space has the shape as depicted in Figure 1.

Now we can assign an ordinal to any level of the hierarchy. This ordinal is the Wadge
rank of a Wadge degree (or of the corresponding Wadge class). The two bottom Wadge
degrees {(} and {2¢} have Wadge rank 1, the Wadge degree A\ {0, 2*} has Wadge rank 2
(so it has the Wadge class AY), and so on.

Among the non self-dual Wadge classes we find the classes 9 and IT9. The classes X
and I1Y are immediately after the Wadge class AY, so their Wadge rank is 3. Then, between
the non self-dual pair

{=), 10}
and the successive
{22-1—17 H?H—l}
w1

© n times

there are wfl Wadge classes. In particular, there are w; Wadge classes between the
pair {E9, 19} and {9, T13}. Hence, the Wadge rank of the Wadge classes 39 and II is wy,
and the Borel class A9 contains w; different levels of the Wadge hierarchy.
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Figure 4: An initial fragment of the Wadge hierarchy inside the Borel hierarchy of 2.

Now we focus on the segment that we will study in this article, that is the initial segment
from the beginning of the hierarchy until the Wadge classes X9 and II9. Using this notion
we can express a characterisation of the first wy levels of the Wadge hierarchy in 2 in terms
of the difference hierarchy.

Theorem 2.20 (See [AC13]). For every m > 1 every class Dy(X9,) corresponds to a Wadge
class of a non self-dual pair. For m = 1 these are essentially all Wadge classes: there is no
non self-dual Wadge class between Dy (2(1)) and Dg41 (2[1)). Therefore, Figure 1 depicts the
first wy levels of the Wadge hierarchy.

Hence, in the Cantor space the difference hierarchy is an important tool to understand
the Wadge hierarchy, especially in the initial part up to 9. Beyond that level, the difference
hierarchy becomes much coarser (i.e. it skips a lot of Wadge degrees).

3. THE GAME FOR WADGE RANKS

In this section we define a game that we will use in this article to obtain results of decidability
of Wadge degrees with Wadge ranks up to w (i.e. the classes D,, (2?) for n € w). This game
is played by two players, named Alternator and Constrainer and it is a finite duration game.
In this article we work on the space Tra, but a priori this game can be defined in any
topological space and the characterization that it gives holds in general. Yet, in the case of
regular languages of trees, it is possible to decide which player wins the game. This fact will
be crucial to state the results about decidability.

Let us describe the game. Let X be a topological space, Uy C X open and non-empty,
and let X1,..., X, be arbitrary subsets of X. We define the game

Ho (X1, .., Xn)

played by Constrainer (choosing open subsets of X) and Alternator (choosing points of X).
The game will last for n rounds, a round 7 for 1,...,n of the game is played as follows:

(1) Alternator chooses a point z; € U;—1 N X;. If there is no such point x;, the game is
interrupted and Constrainer wins immediately.
(2) Constrainer chooses an open set U; C U;_1 that contains z; and the next round is played.

If Alternator manages to survive n rounds then he wins, otherwise Constrainer wins.

A special variant of the game, when Uy = X is the whole space, is denoted simply as
H(X1,...,X,). Now we prove some properties of this game.

Let (X, 7) be a topological space, U C X open non-empty, and let X1, ..., X,, be subsets
of X. Consider the game Hy (X1,...,X,). In this framework we can represent a position of
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a play trough a tuple

<U0, 1, Ul,xg, UQ, ceey Ly, Ui>,
where x1,...,z; € X and Uy, Uy, ..., U; € 7 with Uy = U. A strategy for Constrainer in the
game Hy(Xq,...,X,) is a function

o XS 5 1.

If s is a word belonging to X =" compatible with the game H and with o, then o(s) is the
open set played by Constrainer in the position

<801 0(80)7 51, 0(5051)7 sy Slt(s)—h U(S)>'

If s does not represent a position compatible with the game H and with o (for example
because the second letter of s is not an element of X5 or it is not an element of o(sp)),
then we put o(s) = () by convention. As usual, a strategy o for Constrainer is winning if
Constrainer wins every play where he follows o. In a specular way we could define strategies
for Alternator, but we will not use them in this article.

Since the duration of the game is finite, it is determined — one of the players has
a winning strategy. The following remark is not used in this article but provides a simplified
form for the strategies of the players.

Remark 3.1. The game Hy (X1, ..., X,) is positionally determined: the winner of the
game does not change if we insist that the players’ strategies depend only on the number of
the round and the last move of the opponent. This means that we can freely assume that
Alternators’s point x; depends only on ¢ and the current open set U;_1; while Constrainer’s
open set U; depends only on ¢, the current point x;, and the previous open set U;_;.

The first property we prove is Refinement Lemma, that states that if the sets Xy,..., X,
are split into finitely many parts each and Alternator wins H (X1, ..., X,,) then he can win
for some choice of parts of X1,..., X,.

Lemma 3.2 (Refinement Lemma). Let Xi,..., X, be subsets of a topological space X. For
i€ {l,...,n}, let Y; a finite family of sets partitioning X;. For any non-empty open U C X,
if Alternator wins

Hu(Xq,..., X5)
then there exist Y1 € Y1, ..., Y, € YV, such that Alternator wins
Hu(Yi,...,Y,).

Proof. We prove the theorem by induction on n. The induction base is immediate, because
Alternator always wins when n = 0 and he wins when n = 1 if and only if X; # (). Now
prove the induction step. Consider the first move by Alternator, and assume that he chooses
the same point x € U as chosen by his winning strategy in Hy (X1, ..., X,). This point
necessarily belongs to some Y; € Y;. For i € w, let U; be the open ball around z of radius %
By the definition of the game, we know that for every ¢ < w Alternator wins

Hu (X1, ..., Xn).

Thus, he also wins Hy, (X2, ..., X,) and by the inductive assumption, we know that for
every i there exist YQ(Z) €No, ..., Yrgl) € Y, such that Alternator wins
/HUZ.(YQ(Z'), e ,Yn@).
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By Pigeon-hole Principle, there must be some Y5, ..., Y, such that
(Ya,...,Y,) = (¥, ..., vy

holds for infinitely many 4. Since the game Hy (Ya, ..., Y,,) grows more difficult for Alternator
as the open set V becomes smaller, and since every open set V' that contains x contains
some U;, we conclude that Alternator wins

Hy (Yo, ..., Yn)

for every V that contains x. By viewing V as a response of Constrainer to Alternator’s
move x € Y7, we conclude that Alternator wins the game

Ho(Yi,..., Vo). []
Now let Y be a subset of our topological space X and consider a particular case of the
game where the sets Xi,...,X,, alternate between Y and its complement, i.e. we consider

H(X1,...,X,) where X; is Y if 4 is odd, Y otherwise. We denote by HE¥#(Y,n) that game
and by ’H[ej’g(Y, n) the variant relativised to a non-empty open set U C X.

Example 3.3. Consider the game where the topological space X is the space of real
numbers R and Y = Q, i.e. the rational numbers. Then for every n, Alternator wins the
game HEE(Y,n).

Remark 3.4. Notice that if Alternator wants to survive in HE#(Y,n) as long as possible,
he has to avoid to play points in the interior! of Y and the interior of Y¢. For example, if
at the first round Alternator plays z belonging to the interior of Y then Constrainer can
play (a subset of) the interior of Y and Alternator loses because he cannot go outside Y any
more.

Example 3.5. In the real numbers R, let Y be the complement of {1 € R | n € w}.
Alternator wins H€’¢(Y, 3). Indeed, in the first round Alternator can play 0 € Y. In the
second round, Alternator plays % ¢ 'Y for some large n depending on Constrainer’s move.
In the third round, Alternator plays % + e €Y, for some small € depending on Constrainer’s
move.

We now argue that Constrainer wins HS#(Y,n) for n > 4. Notice that since zp must
belong to Y°¢ = {% € R | n € w}, Constrainer can choose Uy C Uj in such a way to guarantee
that o € Uz but 0 ¢ Us. Then Alternator chooses a point x3 € Y N Uy that must be
distinct from 0. Thus, there exists an open set Uz such that x3 € Us C Us but Us C Y. This
guarantees that Alternator is not able to choose x4 € Y¢ N Uz, making him lose the game

HEE(Y,4).

Remark 3.6. Let 01 and o2 be two strategies for Constrainer such that o1(s) C oa(s) for
any finite word s € X=". If o5 is winning for Constrainer then o1 is winning for Constrainer
too.

Lemma 3.7. Choose some basis B for the topology of the topological space X . If Constrainer
has a winning strategy in ’HE’¢(Y, n) then he has a winning strateqy which uses only basic
open sets from B.

1Recall that the interior of a set Y is the union of all open sets contained in Y.
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Proof. Consider any function f that to every pair (U, z), where U is an open set and = € U,
assigns a basic open set V' € B such that x € V and V C U. Let o be a winning strategy for
Constrainer. We can define another winning strategy & that always takes sets from B: given
a finite word s of length i, we define &(s) = f(co(s), s;). Since o was winning for Constrainer,
by Remark 3.6 also & is winning. L]

Now we are ready to give a characterization of D, (2(1)) sets in terms of the game H.

Theorem 3.8. Let X be a topological space and let Y C X. The following conditions are
equivalent:

(1) Y belongs to Dy (X9).
(2) Constrainer wins the game HEE(Y,n +1).

Proof. We have to prove both directions separately.

Implication 1 = 2. Suppose that n is odd and let
Y:AoU(AQ\Al)U-'-U(An,1\Anfg), (31)

where Ag C Ay C Ay, C---C A, 2 C A,_1 and every A; is open for 0 < i <n — 1. Then,
a winning strategy for Constrainer in HE’¢(Y, n) is to play A,_1 as the first move, 4,
as the second move, and so on. Equation (3.1) implies that this is a valid strategy of
Constrainer. The nth move will be Ag, and since Ay C Y, at that point Alternator loses at
the (n+1)th round. The case of n even is completely dual, in that case Ag C Y°.

Implication 2 = 1. Suppose that n is odd, the opposite case can be solved by an entirely

dual argument. Our aim is to present Y as in (3.1). For i = 0,1,2,... define sets
A; def U {U | Constrainer wins ’H[ejg(Y,z +1)} for odd 4
A; U {U | Constrainer wins ’Hzej’g(YC, i+1)} for even i

where the unions range over open sets U C X. Notice that if Constrainer wins Hlej’gé(Y, i)

then he also wins 7—[5’¢(Y6, i+ 1) by the same strategy, just playing U in the first round.
Therefore, the family (A;) is increasing. By the definition, all the sets A; are open. Clearly,
the assumption that Constrainer has a winning strategy in HS#(Y,n + 1) implies that A,
is the whole space. Thus, it is enough to inductively prove the following claim.

Claim 3.9. Fori=0,1,... the following holds
YNA =AU A2\ A1) U---U (A1 \ Ai—2) for odd i
YNAi = (A1 \Ap) U (A3 \ A2) U---U (A1 \ 4i—2) for even i
Notice that by the definition Ag C Y — whenever there exists z € UNY© then Alternator

wins 7—[5’¢(YC, 1) by playing x. Therefore, the above claim holds for ¢ = 0 as Y° N Ay = 0.
Assume that Claim 3.9 holds for i—1 and consider the two cases for 3.
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The case of odd i. In that case we need to prove that Y N 4; is of the form from (3.1).
Consider a point x € A;. First consider the case that € A; ;. Then by the inductive
assumption z € Y if and only if
x ¢ (A1 \Ao) U (Ag \ Az) J---u (Ai_g \ Ai_g)

what is equivalent to the disjunction of x € (4;_1 \ A;—2) or

x € Ay U <A2\A1) U---u (Ai_g \ Ai_4).
Thus, x € Y if and only if

T € Ag U (A2 \Al) Uy---u (Aifl \ Al;g).

Thus, the statement of Claim 3.9 holds in that case.
Now assume that ¢ A;_;. We will prove that in that case = ¢ Y. Assume contrarily
that z € Y. Since x € A;, there exists an open set U such that x € U C A; and Constrainer

wins H[€]¢(K1 +1). Consider the first round of H§’¢(Y,i + 1) in which Alternator plays
x and a winning strategy of Constrainer replies with V' 3 x. This means that Constrainer

has a winning strategy in Hg’g(YC,i) and therefore by the definition z € V C A;_ 1,
a contradiction.

The case of even i. This case is entirely dual: we take z € A; and consider the case that
x € A;_1. Then the following conditions are equivalent:

x¢Y
x ¢ AgU (A2 \ A1) U---U(Ai—2 \ Ai—3)
x € (A1 \ Ag)U (A3 \ A2) U---U (A3 \ Aj—g) or x € (Ai—1 \ Ai—2)
x € (A1 \ Ag)U (A3 \ A2) U---U (A1 \ 4i—2)
and therefore Claim 3.9 holds in that case. If x ¢ A;_; then we need to prove that z € Y.

Since x € A;, we know that z € U C A; with Constrainer winning 7—[5’¢(Yc,i + 1) for some
open U. Assume contrarily that ¢ Y and as before we see a contradiction, as x is a valid
move of Alternator in H§’¢(YC,Z' + 1) and therefore z € A;_;. ]

Corollary 3.10. The following conditions are equivalent for a set Y :
(1) Y belongs to e, Pn(2}) = BC(ZY).
(2) Constrainer wins the game HE#(Y,n) for all but finitely many n.

Proof. 1t follows directly from Theorem 3.8 and Fact 2.7. []

Since the family of sets defined by prefixes NV, for all finite prefixes p is a basis of the
topology on Tr 4, we obtain the following corollary for the case X = Tr4.

Corollary 3.11. Assume that X = Trya is the space of all trees and L C Tr4. Then, when
considering strategies of Constrainer in He7¢(L,n) we can assume that each open set U;
played by him is a basic open set, i.e. Uiy1 = N, for a finite prefix p of the currently played
tree t;. Then the condition that U;yo C Uy boils down to the assumption that piro O Dit1-
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3.1. Decidability of finite levels of the Wadge hierarchy. In this short subsection
we use the game H(Lq,..., Ly) to show that, given a natural number n, it is decidable if
a regular language L is an n-difference of open sets (i.e. belongs to D, (E?)) Recall that,
without loss of generality (see Corollary 3.11) we can assume that Constrainer plays finite
prefixes of the trees played by Alternator, and Alternator has to extend the finite prefixes
played by Constrainer.

Example 3.12. Consider the language
L = {t € Try | infinitely many letters a appear in t}.

L is regular and it is easy to check that Alternator wins the game ’He’g(L, n) for every n € w.
This is because every finite prefix can be extended to a tree with finitely many a or to a tree
with infinitely many a. So L is not a Boolean combination of open sets (it is easy to see,
indeed, that L is a TI9 set but it is not a 39 set).

Lemma 3.13. Given regular tree languages L1, ..., Ly, one can decide who wins the game
H(Ly,...,Ly). In particular, given L and n, one can decide who wins HE#(L,n).

Proof. We prove the statement for two regular languages L1, Lo. It is easy to generalise it to
n regular languages. The sentences “Alternator wins the game H(Lj, L2)” and “Constrainer
wins the game H(L1, L2)” can be effectively formalized in Monadic Second-order Logic on
the complete binary tree. For instance, the sentence for

“Alternator wins the game H (L1, Lo)”
is:
there exists a tree t; € Ly such that for any finite prefix p of t;
there exists a tree to € Lo that extends p.
In a similar way we can write the sentence that says that Constrainer wins for n > 2. []

So we obtain:

Corollary 3.14. It is decidable, given a reqular tree language L and n € w, whether L is
an n-difference of open sets.

Proof. 1t directly follows from Theorem 3.8 and Lemma 3.13. []

Hence, since Wadge degrees with Wadge ranks below w are formed by Boolean combina-
tions of the levels of the difference hierarchy, we easily obtain:

Theorem 3.15. Given a regular language L and a Wadge degree [Aly, with Wadge rank
less than w, it is decidable if L belongs to [Aly, .

3.2. The infinite variant of the game. We denote by H*°(Y) the infinite variant of
HEE(Y,n): H®(Y) is the infinite duration game played the same way as HE¢(Y,n) but
the winning condition for Alternator is that he has to survive for infinitely many turns. By
Hp (Y) we denote the relativised game.
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Remark 3.16. The game H>(Y) is determined: every play where Constrainer wins is
finite. Therefore, the winning condition for Constrainer is an open condition, while the
winning condition for Alternator is a closed condition, both in the space? (X X T)w, where
the sets X and 7 are taken with the discrete topology. Hence, the game is determined by
Gale—Stewart Theorem [GS53] (see also [Mar75] for the more general result for Borel sets).

Remark 3.17. In the same fashion as in the case of the finite game, without loss of
generality we can assume that Constrainer in his strategies uses only basic open sets, see
Corollary 3.11.

The following fact follows directly from the definition of the two variants of the game.
Fact 3.18. If Alternator wins H°°(Y") then he wins HS#(Y,n) for any n.

Proposition 3.19. The converse to Fact 3.18 is not true, even for reqular tree languages

L.

This proposition follows a posteriori from Theorem 5.1 and Proposition 3.20, using the
fact that the involved games are determined and there exist sets in A9\ BC(XY). However,
the proof provided here is supposed to provide an informative illustration of the considered
games.

Proof. We have to exhibit a counterexample. To do that it is convenient to work with
an alphabet with three different symbols, so let A be the alphabet {a,b, c}. For the sake of
this example, assume that if ¢y, ..., ¢, are trees, by [t1,...,t,] we denote the tree

}Q
b tQ }@\

N

Now let L be the language of all the trees of the form [t1, ..., t,] where for every i € {1,...,n}
the tree t; is

(1) either a tree with every node labelled by a,
(2) or a tree that contains only finitely many letters different than ¢, i.e. a tree for which
there exists a finite prefix p of ¢; such that ¢;(u) = ¢ for any node u ¢ p.

If ¢; respects the first condition we say that t; is a first case tree, if it respects the second
condition we say it is a second case tree. We first prove that Alternator wins HS¥#(L,n) for
any n. Fix a natural number n, we provide a winning strategy for Alternator for the game
HEE(L,2n). We define the following sets of trees:

2Since Alternator chooses points in X and Constrainer chooses open sets in 7, each round of the game can
be represented as an element of X x 7. Thus, the winning condition of the game is a subset of (X X T)w.



27:18 M. BoJsaNczyK, F. CAVALLARI, T. PLACE, AND M. SKRZYPCZAK Vol. 15:3

e For i € {1,...,n} let L; be the set of trees [t1,...,t,] such that the trees ¢,...,t;_; are
second case trees and the trees t;,...,t, are first case trees. It is clear that L; C L for
any ¢.

e We define L as L; except that the tree ¢; contains both a and b nodes, but no ¢ nodes.
Obviously L] is disjoint from L.

Every prefix of a tree in L; can be completed into a tree in L} and every prefix of a tree in

L’ can be completed into a tree in L;;. It follows that Alternator wins the game

%(Ll? ,17L2a /27 s aLTL’L;L)

and therefore also Alternator wins H<# (L, 2n).

Now we move to a proof that Alternator loses H*°(L). Consider the tree played by
Alternator in the first round. Since this tree belongs to L, it must be of the form [ty, ..., ;]
with t1,...,t, either first case trees or second case trees. Let p; be a finite prefix of this
tree which contains the node r". Constrainer uses a strategy, which preserves the following
properties:

(1) All prefixes played by Constrainer extend the prefix p;. Consequently, all the trees
played by Alternator are of the form [s1,..., s,]. Indeed, the prefix p; guarantees that
the played trees t satisfy ¢(r") = b and t(r¥) = a for k < n. Hence, all the modifications
done by Alternator are relative to the trees ti,...,t, and therefore for k € {1,...,n}
it is meaningful to talk about the kth coordinate of the tree played by Alternator in
a round which refers to the tree s.

(2) Suppose that Alternator plays a tree [sq,...,s,] in some round i. Let p; be a finite
prefix of this tree such that for every coordinate k € {1,...,n} we have:

e If 55 is a second case tree then p; contains a prefix of s; such that under that prefix

every node is labelled by c.

e If s; contains some b then p; contains some b in the subtree sy.

In the next round Constrainer chooses p;. Consequently, if ¢, j are rounds with ¢ < j

and k € {1,...,n} then

e If the kth coordinate of Alternator’s tree in round 7 is a second case tree then also the

kth coordinate of Alternator’s tree in round j has to be a second case tree.

e If the kth coordinate of Alternator’s tree in round 4 contains a b then also the kth

coordinate of Alternator’s tree in round j contains a b.

So, in an odd-numbered round, Alternator’s tree belongs to the language and therefore all
the coordinates with a b are second case trees. In an even-numbered round, Alternator’s
tree is outside the language. Therefore, when going from an odd-numbered round to the
next even-numbered round, Alternator must change some coordinate from a first case
tree without b to a tree with b. It follows that the number coordinates with b increases
in each even-numbered round. Since this can happen at most n times, Alternator must
lose after at most 2n rounds.

The proof is complete. []

Now we can give a non-effective characterisation of the class A9 for topological spaces
that are completely metrizable (for the levels D, (Z(l)) we gave a characterisation that holds
in general for any topological space, but here we are forced to require complete metrizability).

Proposition 3.20. Let X be a completely metrizable topological space with a countable basis
of the topology (i.e. X is second-countable). The following conditions are equivalent for
a subsetY of X:
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(1) Constrainer wins H>®(Y').
(2) Y € AY(X).

Proof. The proof is very similar to the analysis of other games of this kind, for instance
Banach-Mazur game, see [Kec95, Section 8.H].

Implication 1 = 2. Assume that Constrainer has a winning strategy o in H*°(Y'). By
Remark 3.17 we can assume that ¢ plays only basic open sets.

Notice that o (seen as a tree) is well-founded because the strategy is winning and
therefore it admits no infinite play. We will prove by induction on the structure of o that if
(Uo,1,U1,...,U;—1) is a position compatible with o then Y N U;—1 € AY. Consider such
a position P = (Up,x1,Uy,...,U;—1) and assume that the thesis holds for all the positions
extending that one. If the position P is instantly winning for Constrainer (i.e. Alternator
cannot play a single round from P) then, depending on parity of i, either U;—1 C Y or
U;_1 C Y. In both cases the inductive thesis holds. Now assume that P is not instantly
winning for Constrainer. By the symmetry lets assume that ¢ is odd, i.e. Alternator is forced
toplay x; € U;—1NY. Let (Bw)eri,mY be the indexed family of basic open sets B, played
by o as a response to Alternator playing x. By the inductive assumption we know that for
each x € U;_1NY we have Y N B, € Ag.

By the definition of the family B, we know that

YNU,_1 = U (BzﬂY),
zeU;_1NY
where the union is in fact countable since there is only countably many basic open sets in X.
As every set taken in the union is X9 (in fact AJ) we know that Y NU;_; is £9. Dually

Y°NU;_1 = | U;_1 \ U B, U U (Bx N YC),
zeU;_1NY zeU;_1NY

which again is a X9 presentation of YN U;_1.
Thus, the above induction implies that Y NUy =Y N X =Y is AJ.

Implication 2 = 1. We need to prove that if Y € AY then Constrainer wins H>®(Y).
Indeed, if Y is in A we can write Y and its complement as

Y=()4; and Y°=[()B,
JEW JEW
where all the sets A; and B; are open. Now we can describe a winning strategy for Constrainer
in H*°(Y). Suppose i = 1,2, ... is the round we are playing and ¢ is odd (resp. i is even).
Let j = |51]. Assume that U;_ is the open set that was played last (Up = X) and let z;
be the point played by Alternator in the current round. By the definition of the game, if 4
is odd then z; € Y and otherwise z; € Y°. Let Constrainer play U; such that U; C U;_;
Ui € Aj (resp. U; C Bj); and the diameter of U; is smaller than 2% Such a set exists
because z; € Uj—1 N Aj (resp. z; € Ui—1 N Bj).

Clearly it is a valid strategy of Constrainer. Consider an infinite play consistent with
this strategy. Since X is Polish and the sets U; are of decreasing diameter with U; C U;_1,
there must exists x € ,,¢,, U;. But by the construction of U;, such = must belong to both
N jcw A; =Y and jcw Bj = Y¢, a contradiction. Thus, each play consistent with the above
strategy is finite and therefore winning for Constrainer. L]
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Corollary 3.21. Let X be a completely metrizable topological space and Y be a subset of X.
Then'Y € A\ BC(XY) if and only if Alternator wins HE#(Y,n) for all n but he loses
H>(Y).

4. THE ALGEBRA ON TREES

Our next goal is decidability of the class [J,,c,, Pn(E?) = BC(XY). Notice that Corollary 3.14
gives us a semi-algorithm for deciding if a regular language is in (J,,c,, Dn (2(1)). Indeed, for
n=1,2,... we can use Corollary 3.14 to decide if L € D,, (2(1)). If for some n this is the
case then L € J,,c, Dn (2?) and the algorithm terminates. Otherwise, the algorithm does
not terminate. Section 5 provides an alternative algebraic algorithm that always terminates
and solves the above decision problem.

The algebraic approach we define in this section is based on the so-called Myhill-Nerode
equivalence that allows to distinguish trees based on their behaviour when put into certain
contexts.

Definition 4.1. A multicontext over an alphabet A is a partial tree t over A LI {0} where
O ¢ A such that: ¢ does not contain any unary nodes and a node of ¢ is a leaf if and only if
it is labelled O. A port of a multicontext C' is any node of ¢ that is labelled O (i.e. any leaf
of t).

The number of ports is called the arity of the multicontext. A priori a multicontext
may have infinitely many ports and in that case the arity is co. A multicontext with exactly
one port is called a contexrt. Given a multicontext C' and a valuation 1 which maps ports
of C to trees in Tr, we write C[n] for the tree obtained by replacing each port u by the
tree n(u). The tree Cn] is said to extend the multicontext C. If L is a set of trees and C' is
a multicontext then by C[L] we denote the set of trees obtained by plugging trees of L in
the ports of C in all the possible ways. The set of all trees extending a multicontext C is
denoted by C[x]. If C' is a multicontext, possibly with infinitely many ports, and ¢ is a tree,
we denote by C[t] the tree obtained by putting ¢ in every port of C.

Example 4.2. The multicontext Cy consists of only one node — the root. It is called
the trivial context and denoted O. C} is a tree, it has no ports, and Cy[*] is {C1}. The
multicontext Cs is a context and if we complete Cy with a tree we obtain a tree where the
root label is a and the left subtree of the root is labelled with only letters b. Finally, Cs is
a finite multicontext and C3[x] = {t | t(¢) = a}.

Co Ch Co Cs

TR AY oY

Now we focus on contexts, i.e. multicontexts with exactly one port. We write Ct4 for the
set of all non-trivial contexts over A. Given two contexts C, D we write C'- D for the context
obtained by replacing the port of C' with D. Moreover, if C' # O (i.e. C is non-trivial) then
we write C'° for the infinite tree

c-Cc-C-C---
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Notice that the above definition does not construct a tree for C' = O (the trivial context).
That is why we restrict the set of contexts Ct to only non-trivial ones.

Remark 4.3. It is easy to verify that - is associative, therefore (Cta4 LI {O},") is an infinite
monoid, with - associative and the trivial context O as the neutral element.

Now we define the two Myhill-Nerode equivalence relations: one for trees and one for
contexts. These equivalence relations depend on a fixed language L C Tr4.

Definition 4.4. In the Myhill-Nerode equivalence for trees, we say that two trees ¢ and ¢/
are L-equivalent (denoted ¢ ~p t! ) if

Cltje L<= C[t'] € L for every multicontext C.

Remark 4.5. Notice that because of the duality between L and the complement L€ in the

above definition, we know that the equivalence relations ~ . and ~ rc coincide. Moreover,
since O (i.e. the trivial context) is a multicontext we know that if t € L and ¢’ € L® then

tbpt

The above remark says that the equivalence relation ~ 1, is always able to distinguish
trees from L from those not in L. In the following example these are the only two classes of
~ L, i.e. ~ 1, is not able to distinguish anything else.

Example 4.6. Consider the language L = {t € Try4 | t(¢) = a}. In this case we have just
two equivalence classes that are L and the complement L¢. The multicontext that establishes
if a tree belongs to L or L€ is the trivial context O.

To give a similar definition for contexts, we use a variant of multicontexts where the
ports can be substituted by contexts and not trees.

Definition 4.7. A context environment over an alphabet A is a partial tree labelled by
AU {0} such that: t has no leaves and a node of ¢ is unary if and only if it is labelled O.
A port of a context environment is any node of ¢ that is labelled O (i.e. any unary node of t).

Given a context environment E and a non-trivial context C, we write E[C] for the tree
obtained by substituting C' for every port of E in the following way. For each port v of F
we first plug a copy of C into that port and then plug the subtree of E below that port into
the port of C. Notice that there may be more than one occurrence of O on a branch of F
and the above plugging needs to be performed in each of them, see the left-most branch of
E[C] in Example 4.8. This guarantees that E[C] is a tree — it does not contain any port
of E nor any of the copies of the port of C.

The assumption that C' is non-trivial is important in the above construction, because if
E is a unary tree labelled everywhere O (i.e. a O-labelled infinite path) and C = O is the
trivial context, then E[C] (if defined at all) does not contain any node.

Example 4.8. In the following figure, C' is a context, E is a context environment, and F[C]
is a tree.
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Definition 4.9. We define two non-trivial contexts C' and C’ to be L-equivalent (denoted
C =y C)if
E[C] € L < E|[C' € L for every context environment E.

4.1. The syntactic tree algebra (Hy,Vy). We denote by HJ, the set of the equivalence
classes of trees with respect to L, the elements of Hj, are called tree types. Similarly we
denote by V7, the set of the equivalence classes of non-trivial contexts with respect to L, the
elements of V7, are called context types. By 11, we denote an additional type corresponding to
the trivial context O. Since V7, denotes types of the non-trivial contexts, in general 17, ¢ V.

We will now prove a number of results, showing that the sets Hy and Vj, bear certain
algebraic structure. We start with a simple fact following directly from the definition of
L-equivalence.

Fact 4.10. For every multicontext D and context environment F, the following two opera-

tions preserve the L-equivalence:
Tr

(1) the operation t — DIJt], i.e. if t =y t' then D[t ~r D[t'],
(2) the operation C' — E[C], i.e. if C &, C’ then E[C] ~ E[C].

The following corollary follows directly from Fact 4.10.

Corollary 4.11. Given a multicontext D, a context environment E, and elements h € Hy,
v € Vi, the sets

DI % (D[] |t € h} C Tra,

El] ¥ {B[C]| C € v} C Tra.

are L-equivalence classes, i.e. elements of Hy,.

Thus, each multicontext D (resp. context environment E') induces an operation Hy, — H,
(resp. Vi, — Hp).

As expressed by the next lemma, the following natural operations on contexts and trees
respect the L-equivalence.

Lemma 4.12. The following operations respect L-equivalence.
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(1) The composition of contexts (C1,C2) — Cy - Ca.

(2) Substituting a tree in the port of a context (C,t) — C|[t].

(3) Infinite iteration of a non-trivial context C — C*.

(4) For every symbol ¢ € A, the operations t — c(t,0) and t — ¢(0O,t), that produce new
contexts with roots labelled ¢, and t plugged as the left or the right subtree under the root,
respectively.

Proof. We prove all the items.

Item 1. Let C1, Co, D1, Dy be contexts such that C7 is L-equivalent with D and Cj is
L-equivalent with Dy. Let E be some context environment, we prove that
E[Cl . 02] cl & E[Dl . DQ] e L.

We construct from E, C; and FE, Ds respectively two new context environments E¢o and
FEp such that
Ec[CQ] == E[Cl . CQ] and ED[Dl] == E[Dl . DQ]
By the symmetry, lets focus on E¢. This context environment is obtained from F by
inserting into each occurrence of O a whole copy of C; (including its own O). Thus, the
overall number of holes of E¢c and FE is the same and the above equality follows.
Using the L-equivalence, we have:

ED[Cl] eL & ED[Dﬂ eL
Ec|Col e L & E¢[Dg) €L

Note that by the definition of E¢ and Ep we have E¢[D2] = Ep[C}]. It follows that
E[Cl . 02] cl < Ec[CQ] cl& EC’[D2] el & ED[Cl] cl& ED[Dl] e L.
Therefore, C7 - Co and D; - Dy are L-equivalent.
Item 2. Let C, C’ be L-equivalent contexts and ¢, ¢’ be L-equivalent trees. We want to
prove that C[t] and C'[t'] are two L-equivalent trees. Let D be a generic multicontext. We
prove that
D[C[t]] € L < D[C'[t']] € L.

Let D' be a multicontext such that D'[t] = D[C[t]] and E a context environment such that
E[C'] = D[C'[t']]. Using the L-equivalence we have:

D[]el < DI elL,

ElCleL < E|C]€elL.
By the definition of E and D’ we have D'['] = E[C]. Tt follows that

DICitle L& D'tje L& D'f']e L< E[C] € L& E[C'] € L+ D[C'[']] € L.

Therefore, C[t] and C'[t'] are L-equivalent.
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Item 3. Let C, C' be L-equivalent non-trivial contexts. We want to prove that C°° and
C'* are two L-equivalent trees. Let D be some multicontext, we prove that

D[C*] € L < D|[C"™] € L.

Consider a context environment E constructed from D by replacing each port of D with an
infinite chain of ports. Using L-equivalence of C' and C’ we get:

ElCle L& E|C e L
By definition of E we have E[C] = D[C*] and E[C'] = D[C"*]. It follows that
D[C*] € L & D|[C"™] € L.

Therefore, C*° and C'* are L-equivalent.

Item 4. We only do the proof for ¢ — ¢(¢,0), the other operations is handled symmetrically.
Let t,t be L-equivalent trees. Let E be some context environment, we prove that
Elc(t,0)] € L & Elc(t',0)] € L.
By inserting c into the ports of ¥ we construct a multicontext C' such that for all trees s,
C[s] = E[c(s,0)]. Using L-equivalence of ¢ and ¢ we get:
Cltje L& Clt'|eL
Therefore, ¢(t,0) and ¢(¢',0) are L-equivalent. []

Corollary 4.13. The above operations on Tra and Cty induce the following algebraic
structure on (Hp,Vy):

e composition of context types Vi, S u,v — u-v € Vg,

action of Vi, on Hy, i.e. Vi x Hp 5 (u,h) —> u-h € Hp,

e infinite composition Vi, 3 u— u>® € Hp,

o creation of contexts Hy, 3 h — ¢(0O, h),c(h,0) € Vi, for c € A.

Moreover, (Vi,+) is a semigroup acting over Hp via -, (VL L {1L},-) 1 a monoid, and
(Hr, V1) satisfy the axzioms of a Wilke algebra [Wil93].

A pair of sets (H, V), equipped with the operations as in Corollaries 4.11 and 4.13, is
called a tree algebra. Once restricted to the operations from Corollary 4.13, it becomes a thin
algebra®. An advantage of a thin algebra is that (given that H and V are finite) it can be
represented effectively on a computer by giving the sets and the multiplication tables for the
five involved operations. Because of the simplicity of the considered classes of topological
complexity, the operations involved in our characterisations involve only operations of thin
algebras, see Equations (5.1) and (5.2).

Notice that the pair (Tr4, Ct4) with the actual operations of composition of trees and
contexts is in fact a tree algebra, we call it the free tree algebra.

The syntactic morphism of a language L, denoted by «r, is the two-sorted function

ay,: (TrA,CtA) — (HL,VL),

that maps a tree t € Tr4 into its gL-equivalence class ar(t) € Hy and a context C' € Cty

. C .
into its ~ r-equivalence class ar(C) € V.

3The name comes from the theory of thin trees, sometimes called scattered trees, see [ISB16].
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The next fact is considered folklore, see for instance [PP04, Proposition 1.11 in Annex A
on page 442|. The usual notation for the number § is w, however it is better not to use that
symbol in this paper to avoid confusion with the infinite repetition.

Fact 4.14. Given any finite semigroup V, there is a number fy (denoted just f if V is
known from the context) such that for each element v of V the element v* is an idempotent,
i = .t
ie vf =vF . 0h

4.2. Congruences. To be able to compute the syntactic tree algebra (Hp, V7)) we will need
to start with its approximation. This notion is formalised as follows.

Definition 4.15. Consider a two-sorted function a:: (Try, Cta) — (H, V) that is surjective

onto a pair of sets (H, V). We say that it is a congruence if the following two conditions
hold:

e for every multicontext D and every pair of trees t,t’ € Try such that a(t) = a(t’) we have
a(Dlt]) = a(D[t),
e for every context environment E and every pair of contexts C,C’ € Cty such that
a(C) = a(C’) we have
a(E[C]) = a(E[C).
We say that a recognises a set of trees L C Try if L = a~1(S) for some subset S C H.

Remark 4.16. If o is a congruence that recognises L then its kernel is finer than the
L-equivalence in the sense that for each pair of trees ¢, t and pair of contexts C, C’ we have:

at)=at’) =t ~pt  and a(C)=a(C")=C RO
Proof. Assume that S C H is such that a=1(S) = L. Consider the first claim and take two
trees t,t’ € Tr4 such that a(t) = a(t’). We need to prove that ¢ ~ t'. Take a multicontext D
and assume by the symmetry that D[t] € L, i.e. «(D[t]) € S. However, the assumption that
« is a congruence implies that «(D[t']) = a(D[t]) and therefore D[t'] € a~*(S) = L. [
Corollary 4.11 implies that the syntactic morphism ag: (Tra, Ctq) — (Hp, V) is
a congruence. Lemma 4.12 implies that oy is a homomorphism of thin algebras, i.e. it

commutes with the operations of these algebras — for instance for the operation v - v" one
needs to observe that for every two contexts C,C’ € Cty we have

aL(C) . OéL(C/) = aL(C’ . C,)
Additionally, Remark 4.5 implies that aj, recognises L.

4.3. Computing (Hy, Vz). We will now prove that the syntactic algebras can be constructed
effectively, as stated by the following proposition.

Proposition 4.17. If L is a regular language then both Hy and Vi are finite. Moreover,
given a parity non-deterministic automaton A recognising L, one can compute in EXPTIME
the syntactic algebra (Hp,Vy) for L, together with the structure of thin algebra on (Hp,Vr5).
Additionally, both Hy, and Vi have at most exponentially many elements in the number of
states of A.
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The following remark shows that finiteness of Hy, and V7, is not sufficient for regularity
(the remark is motivated by Running Example 2 in [Bojl5al).

Remark 4.18. Both Hj, and V7, are finite for any language defined in MSO+U (see [Boj04]).

The rest of this subsection is devoted to a proof of Proposition 4.17. We follow implicitly
the approach from [Bojlbal, see [Bojl5b, Theorem 3.1] in the full version of the paper.
A very similar construction is also given in [BI0O9b, Appendices D.1 and D.2] or [Idz12].

The proof is divided into two stages. The first stage shows how to construct some
congruence «: (Tra, Cty) — (H,V) recognising L, such that the sets H and V are at most
exponential in the number of states of A — a non-deterministic automaton recognising L.
The second stage merges certain elements of that congruence to obtain the syntactic algebra
(Hp,Vp).

The first stage — a congruence a. We assume the notions of parity automata over
infinite trees as in [Tho96]: such an automaton is a tuple A = (4, @, q1,6,?), where A is
an alphabet, Q is a set of states, g1 € Q is an initial state, § C Q x A x Q? is a transition
relation and Q: Q — {i,...,j} is a priority assignment. We use the standard concepts of
an accepting run of a given automaton over a given tree.

Define a two-sorted function a: (Trg, Ctyg) — <2Q, QQX{iv~~~:j}XQ) as follows:

a(t) def {q € @ | A has an accepting run over ¢ from q},

def . .
a(C) = {(a,6,¢) € Q x {i,...,j} x Q|
A has an accepting run over C' that:
starts from ¢ in the root of C,

reaches ¢’ in the port of C,

and the maximal priority seen in that run

on the path to from the root to the port equals E}.

Let (H,V) be the range of . Intuitively, the value «(t) says from which states the
automaton A can accept a given tree. In particular, ¢t € L if and only if q1 € a(t) (thus, «
recognises L). Similarly, the value o(C') for a context C' contains information about the
relation between the states A can have in the root and in the port of C'. However, as our
algebra needs to deal with the operation C'*°, we additionally need to know what is the
maximal priority on the considered path, to make sure that it satisfies the parity condition
once repeated infinitely many times.

Claim 4.19. « is a congruence.

Proof. We start with the first bullet of the definition (the second bullet speaking about
contexts is analogous). Consider two trees t,t" € Trg such that a(t) = a(t’) = h € H and
let D be a multicontext. Our aim is to prove that a(D[t]) = a(D[t']). Assume by the
symmetry that g € a(D[t]), i.e. the tree D[t] can be accepted from a state ¢ € ). We need
to prove that ¢ € a(D[t’ ]) (the symmetric case is analogous). There exists a run of A over
DJt] that is accepting and starts from the state ¢ in the root of D[t]. By the assumption that
a(t) = a(t’) we can construct a new run of A over D[t'] that is also accepting and starts



Vol. 15:3 REGULAR TREE LANGUAGES IN LOW LEVELS OF THE WADGE HIERARCHY 27:27

from g, it is enough to replace the runs over ¢ by the respective runs over t’, below each of
the ports of D. []

We will now define explicitly the operations of thin algebra on (H,V), for h € H4,
v,v" € Vy, and ¢ € A:

def
v = {(g.max((,0),q") | (a.4,4) € v,(d, 0, q") € '},
v hE {ge Q| (0,6,q) €v,q €h},
oo Cidh see Fact 4.14,

oo def

e ={qeQ|(q,0q)ce (d,20,q)€e} for e € V idempotent,
def
C(D,h) :e {(Q7Q(Q)7ql~) ‘ (Q7 c, QLaQR) € 53 gr S h}v

C(h7 D) d:ef {(Q,Q(Q),QR) ‘ (Q7ca QLaqR) € 57 qL € h}

It is relatively easy to check that the above operations are compatible with «, i.e. « is
a homomorphism of thin algebras. Thus, we have constructed a congruence a: (Try, Cty) —
(H, V) that recognises L and additionally we have given explicitly a structure of thin algebra
on (H,V).

The second stage — a quotient of (H, V). We now provide a sketch of the second stage
of the construction: computing the equivalence relation ~ on (H,V') defined as:

tapt e alt)~alt) and C=pC e a(C)a(C). (4.1)

First notice that this is a correct definition that does not depend on the choice of witnesses
because of Remark 4.16.

For the sake of simplicity we will focus on the case of trees, i.e. we need to compute
in EXPTIME if h =~ h/. However, Equation (4.1) says that h % A’ if and only if there
exists a multicontext D such that D[h] € L < D[h'] ¢ L (the question whether D[h] € L is
well-posed because « is a congruence recognising L).

This goal is achieved by constructing a non-deterministic parity tree automaton Cy,
of size polynomial in A, that recognises the language of those multicontexts D such that
DIh] € L. The automaton Cp, non-deterministically guesses an accepting run of A over D[t
for some hypothetical tree t. When it reaches a port of D, it verifies if the current state g of
A belongs to h. Once these automata are constructed, the question whether h ~ h’ boils
down to checking if L(Cj,) = L(Cp/), which can be done in EXPTIME .

Now, that the equivalence relation ~ is computed, it is enough to divide (H, V') by it.
Because of (4.1), there is a bijection between the quotient (H,V)/ ~ and the syntactic
algebra (Hp, V7). Moreover, since both « and «, are homomorphisms of thin algebras, the
thin algebra operations in (H, V') must preserve =. This means that we can obtain the
structure of a thin algebra on (H,V')/ & that corresponds to the thin algebra structure of
(Hp,Vr). This concludes the proof of Proposition 4.17.

4.4. Quotients. Similarly as in the case of finite words, the syntactic algebra induces
a natural notion of a quotient of a language: given a multicontext D with n holes and
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a language K of trees, by D~!(K) we denote the set of tuples (t1,...,t,) such that the
valuation 1 mapping the ith port of D into ¢; satisfies

Dln] € K.

Notice that if D is a context then in fact D~!(K) is a set of 1-tuples of trees, which we
identify with trees, i.e. D™}(K) C Try.

If L is a language recognised by a morphism «y, then the fact whether D[t] € L depends
only on ar(D) € VL U{1.} and ar(t) € Hy. Therefore, it makes sense to write v—1(L)
for v € Vi, U {1.}. Also in that case v~!(L) is a language recognised by the morphism ay.
Directly from the definition we get that

(vu) ML) =u! (v=H(L)). (4.2)

4.5. The game on types. Now we want to extend the definition of the game H to sets
of contexts. Recall that contexts are defined as a special case of partial trees, with an
additional port label that appears in exactly one leaf. Notice that if p is a finite partial
context (i.e. p has exactly one leaf labelled O) then every context in the basic open set N,
must have the same port as p — in such a case we say that p fizes the port. Also, if U is
an open set of contexts and C' € U then there exists a sufficiently big prefix p C C such that
C € N, CU and p fixes the port. Thus, without loss of generality we can assume that we
consider only those basic open sets N, where p does fix the port. This means that every
two contexts C,C’ € N, must have the same position of the port.

This yields the definition of a game V(K7,..., K,,) for a sequence K1, ..., K, of context
languages (i.e. subsets of Ct4 LI {O0}), which is played by Alternator and Constrainer. The
game is played in n rounds. Round ¢ = 1 is special: Alternator chooses a context C € K;.
Let uw be the port of the context €. This port will stay fixed for the rest of the game;
all contexts produced by Alternator will have their port in the node u. Next, Constrainer
chooses a finite prefix D; of C, which has one of its leaves in the node u (i.e. fixes the
port).

A subsequent round i € {2,...,n} is played as follows. Let D;_; be the finite partial
tree over A LI {O} chosen by Constrainer in the previous round with a leaf in the node u.
e Alternator provides a context C;, which extends D;_1, belongs to K;, and has its port

in the node wu. If there is no such context, the game is interrupted and Constrainer wins
immediately.
e Constrainer chooses a finite prefix D; of C; and which has a leaf in the node wu.
If Alternator manages to survive n rounds then he wins. Recall that by the definition of the
syntactic morphism, a tree type h € Hy, is actually equal to the set of trees oezl(h), similarly
for a context type v € V. Therefore, it makes sense to talk about the games H(h, ..., hy,),
and V(vy,...,v,) for sequences of types. Using these games we define the following sets of
sequences of types:

Definition 4.20. We define two sets:
Hr ={(h1,...,hs) € (Hp)" | Alternator wins H(hy,...,h,)},
Vi ={(v1,...,v,) € (V1)" | Alternator wins V(v1,...,v,)}

A comment on notation is in order here. The sets H; and V; contain words, over
alphabets Hy and Vp, respectively. Usually when dealing with words, one omits the brackets
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and commas and writes abc instead of (a,b,c). When the alphabet is V7, this leads to
ambiguity, since the expression vwu can be interpreted as a word with a single letter
obtained by multiplying the three context types v, w, and u, or a three-letter word over the
alphabet V. These two interpretations should not be confused, so we write (v1,...,v,) for
n-letter words over the alphabet V. For the sake of uniformity, we also write (hq,...,hy)
for n-letter words over the alphabet Hj, although there is no risk of ambiguity here.

It turns out that the sets of words Hy and Vr have specific structure. We say that
a word u is a subword of w if u can be obtained from w by removing some letters.

Fact 4.21. Both sets Hy and Vy, are closed under removing letters, i.e. if u is a subword of
w and w € Hp, then also u € Hy, (similarly for Vr).

Proof. 1t is clear from the definitions of the games H and V. (]

The order induced by the subword relation (known also as the Higman’s order) has the
following finiteness property.

Lemma 4.22 (Higman’s Lemma, see [High2]). The set of finite words A* over a finite
alphabet A with the subword ordering is a well-quasi order: there is no infinite antichain nor
an infinite descending chain.

Fact 4.23. If L C A* is closed under removing letters then L is regular.

Proof. Consider L C A* that is closed under removing letters. Then L forms a down-
ward-closed set with respect to the subword relation. Thus, Higman’s Lemma implies that
there exists a finite set of words wy, ..., wy such that w does not belong to L if and only if
one of wy,...,wy is a subword of w. Such a condition is a regular condition. []

Corollary 4.24. Both Hy and Vy are regular languages of finite words.
Proof. Both languages are closed under removing letters and therefore Fact 4.23 applies. []

The above corollary is amusing, but useless for our needs, because it does not say how
to compute automata for Hy, and Vp, as a function of a representation of the language L.

Lemma 4.25. The following properties hold for each context C' and context environment E:

(1) (h1,...,hy) € Hp implies (C[h1],...,Clhy]) € HL.

(2) (v1,...,vn) € VL implies (Elv1],...,E[v,]) € HL.

(3) (v1,...,0p), (w1,...,wy) € VL implies (viwy,...,vwy) € V.

(4) (v1,...,vn) €V, (h1,...,hy) € Hp implies (vihy,...,vhy,) € H.

(5) (v1,...,vn) € Vr, implies (v°,...,v°) € H.

(6) (h1,...,hyn) € Hy, implies (c[O, hq],...,c[0, hy]) € Vi

(7) (h1,...,hy) € Hr implies (c[h1,0],...,clhy,,0]) € VL.

Proof. All properties are proved by composing strategies, we prove the first one. All
other properties are proved similarly. Assume that (hi,...,h,) € Hr, and consider some
multicontext C' (possibly with infinitely many ports). For all ¢ < n let L; be the set of trees
that are Alternator’s first move in some winning strategy for H(h;, ..., h,). Note that since

(hi,...,hy) € Hp, L; is non-empty for all i.
Lemma 4.25 follows directly from the following claim.

Claim 4.26. For all i < n, for all trees t obtained by plugging trees of L; in the ports of C,
Alternator has a winning strategy in H(C[hi], ..., Clhy]) such that the tree chosen in round
1 s t.
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Proof. We proceed by induction on 4. For ¢ = n this is obvious. Assume the result holds for
1 and we prove it for ¢ — 1. Let p be a prefix of ¢, for all subtree s plugged into a port of C, p
yields some (possibly empty) prefix ps of s. Since s € L;_1, ps can be completed into a tree
s’ € L;. Tt follows that p can be completed into ¢’ obtained by plugging trees of L; in the

ports of C'. By induction hypothesis, Alternator has winning strategy in H(C[h], ..., Clhy])
such the tree chosen in round 1 is /. Finally we conclude that Alternator has winning
strategy in H(C[hi—1],...,C[hy]) such the tree chosen in round 1 is ¢. []

This completes the proof of Lemma 4.25. L]

Definition 4.27. We define the alternation of a finite word to be the length of the word
obtained by iteratively eliminating letters that are identical to their predecessors. We say
that a set of words has unbounded alternation if it contains words with arbitrarily large
alternation. In the other case we say that a set has bounded alternation. A word is alternating
if every two consecutive letters are distinct.

For example the alternation of abcebbb is 4 and abeb is the alternating word witnessing
that. The notion of alternation gives us another characterization of the class BC(XY).

Lemma 4.28. For a regular language L of infinite trees, the following conditions are
equivalent:

(1) Alternator wins the game HE#(L,n) for infinitely many n.

(2) The set Hy, has unbounded alternation.

Clearly, if n < n/ and Constrainer wins the game HS#(L,n) then he also wins the game
HE¥#(L,n'). This means that in fact there are only two possibilities: either Alternator wins
HEE(L,n) for all n; or Constrainer wins HE# (L, n) for all except finitely many n. Thus,

the conditions of Lemma 4.28 are in fact equivalent to saying that Alternator wins the game
HEE(L,n) for all n.

Proof. We have to prove both implications.

1 = 2. We show that for n € w if Alternator wins the game HS#(L,n), then H, contains
an alternating word of length n. Suppose that Alternator wins H€’¢(L, n). Both L
and L° can be partitioned into tree types, see Remark 4.5. By Lemma 3.2, Alternator

wins H(hi, ..., hy) for some sequence of types, such that h; is included in L or its
complement, depending on the parity of i. In particular, the consecutive types are
different.

2 = 1. Suppose that H; has unbounded alternation. By Fact 4.21 we know that Hy is
closed under removing letters. We will now argue that there must be some g, h € Hp,
with g # h such that H contains all the words

(9,h),(g,h,g,h),(9,h,9,h,g,h),...

Assume contrarily and use finiteness of Hy: there must exist a global bound B
on the number of times any pair of distinct types g # h can appear in a word
in Hy in the alternating way as above. Consider an alternating word of length
|Hp|?- (B +1)+1in Hp. This word contains |Hp|? - (B + 1) pairs of consecutive
distinct letters and therefore some pair of those must appear there at least B + 1
times — a contradiction.

Since g and h are different elements of the syntactic algebra, it follows that there
must be some multicontext C' such that the tree type Clg] is contained in L, while
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the tree type C[h] is disjoint with L. By the first item of Lemma 4.25, we can
conclude that Hj, contains all the words

(Clgl, ClR]), (Clg), C[hl, Clgl, C[hl), (Clgl, C[h], Clg], C[R], Clg], C[R]), ...

It follows that Alternator can alternate arbitrarily long between the language L and
its complement. L]

Lemma 4.29. If Vi, has unbounded alternation then so does Hy,.

Proof. Assume that V; has unbounded alternation. Take n > 0, we will find a sequence

in H,, of alternation at least n. Let N % 2. n - V| and let (v1,...,vy) be an alternating

sequence in Vy, of length N — such a sequence exists by the assumption and Fact 4.21. By
Pigeon-hole Principle, there exist two types v # v’ € Vp, such that the word (v,v’)" can be
obtained from (vy,...,vy) by removing letters. By the definition of Vi, (see Definition 4.9)
we know that there exists a context environment E such that E[v] # E[v']. Thus, by Item 2
of Lemma 4.25 we know that the word (E[v], E[v'])" is a member of Hp,. Since this word is
alternating and has length 2n, the claim holds. ]

5. EFFECTIVE CHARACTERISATION OF BC(XY)

In this section we state the crucial result of the paper, providing an effective characterisation
of the class of regular tree languages in BC(XY).

Theorem 5.1. For a regqular language L of infinite trees, the following conditions are
equivalent.

(1) L is a Boolean combination of open sets, i.e. L € BC(XY).

(2) Constrainer wins the game HE#(L,n) for all but finitely many n.
(3) The set Hy, has bounded alternation.

(4) The following identities are satisfied in the algebra (Hp,Vy):

wruw? = vhowt = wrww! if (u,v,w) € Vg, or (w,v,u) € Vr, (5.1)

(u2wgv)ﬁu1wfo = (u2wgv)oo if ve Vp and (u1,uz), (w1, ws) € Vg, (5.2)

We have already proved the implications 1 < 2 < 3 respectively in Corollary 3.10 and
Lemma 4.28. It remains to prove 3 < 4. The direction 3 = 4 is not hard and we prove it in
the next section, whereas the direction 4 = 3 forms the technical core of the paper.

Corollary 5.2. The problem whether a regular language L belongs to BC(XY) is EXP-
TIME -complete, when the language L is given as a parity non-deterministic automaton A
recognising L.

Proof. Given a representation of L, one can compute the algebra (Hp,Vz) in EXPTIME,
see Fact 4.17. Then, verifying the equations from condition 4 of Theorem 5.1 can be done in
time polynomial in the size of the algebra (which is exponential in the number of states of
the given automaton for L).

Hardness follows immediately from EXPTIME hardness of the universality problem for
non-deterministic automata over finite trees [Sei89], see [Wal02b, Theorem 4.1, page 8] for
a generic reduction of problems about complexity of infinite tree languages to universality of
finite tree languages. L]
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5.1. Overview of the proof. The remaining part of the proof of Theorem 5.1 consists of
two implications: 3 = 4 (Subsection 5.2) and 4 = 3 (Subsection 5.3).

The proof of the implication 3 = 4 is rather straightforward: we assume that either (5.1)
or (5.2) is violated and prove that the set #;, has unbounded alternation. This is achieved
by providing concrete strategies for Alternator in the game Hp,.

The proof of the implication 4 = 3 is more demanding. First, we introduce a concept of
strategy trees that represent specific strategies of Alternator in H (Subsections 5.3.1 to 5.3.3).
We study properties of the set ¥, of those strategies and notice two distinct cases of their
behaviour: Case (C1) leading to a violation of (5.1); and Case (C2) leading to a violation
of (5.2). See Subsection 5.3.4 for the case distinction.

The first argument, provided in Subsection 5.4, utilises the assumption of Case (C1) to
construct strategy matrices — finite combinatorial objects witnessing the assumptions of
Case (C1). By applying Erdés—Szekeres Theorem and Ramsey Theorem for hypergraphs,
we gradually simplify the structure of these matrices. Ultimately, we construct a strategy
matrix that literally encodes a violation of (5.1) (see Lemma 5.38).

The second argument, given in Subsection 5.5, works under the assumption of Case (C2).
This proof involves another object for representing certain strategies in G: a strategy graph
Gr. The edges of that directed graph encode special types of strategies of Alternator in the
game V), see Lemma 5.40. A relatively easy observation (Lemma 5.43) shows that if the graph
is recursive (i.e. contains certain loops) then it witnesses a violation of (5.2). Subsection 5.5.2
constructs inductively such a loop in G, based on the assumption of Case (C2).

5.2. The implication 3 = 4. In this section we prove the implication 3 = 4 of Theorem 5.1
in the contra positive, as stated below.

Proposition 5.3. If one of the identities (5.1) and (5.2) of Theorem 5.1 is violated then
the set Hy has unbounded alternation.

5.2.1. The case when (5.1) is violated. The assumption that (5.1) is violated says that there
are u,v,w € Vg, such that

(u,v,w) € Vg, or (w,v,u) € Vr,
but the three context types ufuw?, ufvw?, and ufww! are not all equal. If the three context

types are not equal then the second one must be different from either the first one or the
third one. We only do the proof for the case when (u,v,w) € Vy, and when ufuw? # ubvw?;

the other cases are entirely dual. For n > 0 and i € {1,...,n}, define
2(n—i)+1 2(i—1)
. def N 2
Wi ) = (u,..,0, v, W,w,...,w) € (V)™

This word is obtained from (u,v,w) by duplicating some letters, and therefore it belongs to
V. For a given n, consider the words

U_j(l,n)7 . ,@'(n’n) eVr.

These are n words of length 2n. Let us multiply all these words coordinate-wise, yielding
a word w,, also of length 2n, which is depicted in the following picture:
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letter 2:—1 letter 27

S
Wipy= v uw u u W W U U u v
Weyy= v u u u U W U VvV W w
WEgyy= v u U u U v W w w w
Wypy= v v u v W W w w w w
W= v v W W W W w w w w
Wit Lyl ‘u}fiv,wifl

As ), is obtained by a coordinate-wise multiplication of the rows of the above matrix,
and all these rows belong to Vr, Lemma 4.25 implies that also @, € V.

Recall that # is a number dependant on V7, such that for every z € V, we know that 2% is
an idempotent. Choose some k, and take n = k-4 1, and i € {#+1,28+1,...,(k—1) -f+1}.
Consider the letters 2¢ — 1 and 2¢ in the word w,, which are

n—i i—1

n=it L=l — gt ulow'™ = wlowt.

U

By the assumption, these letters are different, and therefore the word  has alternation
at least k. Because k was chosen arbitrarily, it follows that V;, has unbounded alternation.
Lemma 4.29 implies that in that case also Hy has unbounded alternation.

5.2.2. The case when (5.2) is violated. The assumption that (5.2) is violated says that Vr,
contains pairs (uy,ug2) and (wy,wsz) such that for some v € V7,
e # euqwi® for e & (uzwgv)ﬁ.

Let h; = e* and hg = eujw(®, by the above assumption we know that h; # ho. It turns
out that a violation of Equation (5.2) has even stronger consequences than a violation of
Equation (5.1), as expressed by the following claim. It speaks about the infinite variant of
the game of types, which is defined analogously to the finite one, see Subsection 4.5.

Claim 5.4. If Equation (5.2) is violated then Alternator wins H*(hi, ha, hi,...).

The above claim implies in particular that for every n the sequence
(h1, h2)"
belongs to Hr, and thus H; has unbounded alternation.

Proof. Let C,,, Cy, be contexts of types uj, w; that witness that (ui,u2), (w1, ws) € V,
i.e. they are contexts played by Alternator in the first rounds of the respective games.
Let Cy,, Cy,, and C, be any three contexts of types ua, wa, and v respectively. Let

C, def (C'UQ CEUQ Cv)ﬁ. The type of the context C, is e.

Our aim is to provide an explicit strategy of Alternator in the game H*°(hy, ha, h1,...).
This will be done inductively, considering the consecutive rounds of the game. The outcome
will be a set of trees (t;), ., that are played in the considered play of the game, with
ar(t;) = hy for odd i and ay,(t;) = hs for even i.

The strategy of Alternator starts with the tree ¢; = (Ce)oo. We will demonstrate how it
works for the first three rounds of the game, the rest is analogous.
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Consider a prefix p; of the tree ¢; that is fixed by Constrainer. It must be the case that
p1 is a prefix of (Ce)nl for some ni. Thus, Alternator can now provide the tree

ty = (Ce)m -Cuy ‘Cﬁi.
f-n2

Now Constrainer chooses a prefix ps of the above tree, in fact ps is a prefix of (C’e)n1 -Cu,y - Cy
for some ny. Thus, by the assumptions on C,,, and C,,,, Alternator is able to provide a tree
of the form
n . o0
ty = (Ce)" + (D, - DES? - Cu) - (Ce) ™
where the contexts D,, and D,, depend on the prefix p» and have types us and ws
respectively. Now we proceed inductively as before, because any prefix ps of t3 must be
a prefix of (C’e)n1 . (Du2 -D?,;QZ -Cv) . (Ce)n3.
Notice that by the choice of e, the type of the context D,, - Dlﬁu';m - Cy is e. Therefore,
ar(t;) = e> = hy for odd i and ar(t;) = euywi® = hy for even i. ]

Consider a pair of trees t; and to of types hy and hg respectively. Since ¢ ; I, to, there
exists a multicontext C' such that?

Clhl € L A Clts] ¢ L, (5.3)

see Definition 4.4. Now, by Item 1 of Lemma 4.12 we know that the types ar (C[tl]),
ar(C[t2]) (and therefore the conditions in (5.3)) do not depend on the actual choice of
the trees t; € hy and ty € he. Thus, by using the above strategy for Alternator under the
multicontext C, we obtain the following corollary.

Corollary 5.5. If Equation (5.2) is violated then Alternator wins H>(L).

5.3. The implication 4 = 3 — case distinction. We now move to the implication
4 = 3 of Theorem 5.1, which is the most involved part of the article. To prove it, we need
to introduce a crucial concept witnessing a large alternation of the set Hy. The objects
witnessing that will be called strategy trees and locally optimal strategy trees. Using these
objects we will split the proof of that implication into two separate cases, see Subsection 5.3.4.
We deal with these cases in Subsections 5.4 and 5.5..

5.3.1. Strategy trees. First, a type-labelled tree is a tree such that the nodes are labelled with
tree types, i.e. it is a tree over the alphabet Hy,.

Definition 5.6. If ¢ is a tree over the alphabet A, the type-labelled tree induced by t is
the type-labelled tree o where the label of a node u is the tree type of the subtree t.u,
ie. o(u) = ar(t.u). In particular o(e) = ar(t).

Definition 5.7. Let o be a type-labelled tree and let ¢ be a tree over A. We say that o is
locally consistent with t if for every node u € {r,r}", whose label in ¢ is a, we have that o(u)
is the type obtained by applying the letter a to the pair of types o(ur) and o(ur), that is

o(u) = a(o(ur),0) - o(un). (5.4)

In other words, if we take a tree ¢; inside o(ur) and a tree t9 inside o(ur) and we plug these
two trees as the left and the right children of a, then the type of the result is o(u).

e swap hi and hg if needed.
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Remark 5.8. The type-labelled tree induced by ¢ is locally consistent with ¢.

Example 5.9. Consider the language
L = {t € Trys | t contains at least one b}

over the alphabet A = {a,b}. Hy, contains two tree types that (treated as sets of trees) are
L and L°. Now consider a type-labelled tree o where every node is labelled with L. It is
easy to check that o is locally consistent with every tree t € Tr4, even with the tree that
contains only letters a.

Fact 5.10. The set of pairs
{(t,o) € Tra x Try, | o is locally consistent with ¢}
is closed in the product topology.

Proof. As Condition (5.4) speaks about finitely many values of ¢ and ¢, it corresponds to
a clopen set of pairs. A type-labelled tree o is locally consistent with a tree t if they obey
the local consistency conditions from (5.4) in all the vertices. Thus, the above defined set of
pairs is an intersection of a family of clopen sets. []

Lemma 5.11. Let (1), oy be a sequence of trees that converges to t. and let (0y,),cn be
a sequence of type-labelled trees that converges to o.. If o, is locally consistent with t,, for
every n then oy s locally consistent with t.,.

Proof. Follows directly from Fact 5.10. L]
Now we are ready to define strategy trees, a key concept of this paper.

Definition 5.12. A strategy tree is a tuple o = (t,01,...,0,) where:

(1) tis a tree over A, called the support of o.

(2) o7 is the type-labelled tree induced by t.

(3) The type-labelled trees o9, ..., 0, are locally consistent with ¢.

(4) For each node u of ¢, the sequence (o2(u), ..., on(u)) belongs to Hy.

Notice that the fourth condition of Definition 5.12 does not mention the type-labelled tree
o1. By the definition, o can be interpreted as a single tree over the alphabet A x H7}.

Intuitively speaking, a strategy tree represents a special kind of strategy for Alternator.
In the first round, Alternator plays the support ¢ of o. However, Alternator also declares all
the types that will appear in the nodes of ¢ as the game progresses. More specifically, he
declares that for every node u of t and round k € {2,...,n}, he has a strategy so that for
the tree played in the round k, the subtree in the node u has type oy (u).

Alternations. The number n is called the duration of a strategy tree o = (t,01,...,0p).
We define the root sequence of a strategy tree to be the sequence of root labels of o1,...,0p,.
If the duration is n, the root sequence is in H}'. We define the root alternation of a strategy
tree o to be the alternation of its root sequence. We define the limit alternation of o to
be the maximal number ¢ such that infinitely many subtrees of ¢ have root alternation at
least ¢. This means that if the limit alternation of ¢ is £ then there exist infinitely many
nodes u such that their root sequence (i.e. the root sequence of the strategy tree obtained
by truncating o in the node u) has alternation at least /.



27:36 M. BoJsaNczyK, F. CAVALLARI, T. PLACE, AND M. SKRZYPCZAK Vol. 15:3

(0, %)
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(cv *) (*7 hl)

/N

(*3 hs) (f, *)

Figure 5: An illustration to the value val(t, 0, X). The grey area is the set X, a label (a, h)
of a node u represents the values of ¢(u) = a and o(u) = h respectively. The
symbol * indicates values that are irrelevant for the value of the set X.

Context zones. A context zone is a set X of nodes for which there exists a node u, called
the root of X, and a node y, called the port of X, such that © < y and X contains the nodes
that are in the subtree of u, but not in the subtree of y:

X={ze{tr} |uazry Lz}

We say that context zones Xy, ..., X, are consecutive if for each i € {1,...,n — 1}, the port
of X; is the root of X;;1. The union of consecutive context zones is a context zone.

Consider a tree t, a type-labelled tree o, and a context zone X. X can be seen as
a context inside t taking into account the types of the subtrees of ¢ as declared in o. This
is achieved by defining a value val(¢,0, X) € V. The definition of val(t, o, X) is inductive
on the number of nodes v in X such that v <y, where y is the port of X. If there is only
one such node then the port y of X is a child of its root u. Let a be the label of u in ¢ and
v € X be the other child of u. We set val(t, o0, X) as a(0,0(v)) if v is the right child and
a(o(v),0) if v is the left child. Otherwise, let u be the root of X, y its port and z the child
of u such that z < y. Let X1 be the context zone with root u and port z and X5 the context
zone of root z and port y. We define

val(t, o, X) ¥ val(t, o, X1) - val(t, 0, Xa).
Figure 5 illustrates an example of a tree and a context zone with
val(t,o, X) = b(0, hy) - c(he, D) € V.

In other words, val(t, o, X) is the value of the context C' def t[X when we assume that the
subtrees of t aside of the branch leading to the port of C' have types as declared by o.

Now assume that o = (¢,01,...,0,) is a strategy tree. Let X be a context zone of o
(we can see o as a single tree). For a round ¢ € {1,...,n}, we define the type

val(o, X, 1) ©val(t, 07, X) € Vi..
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Fact 5.13. Let 0 = (t,01,...,0,) be a strategy tree and X be a context zone. Then
(val(a7 X,1),...,val(o, X, n)) eVr.
Proof. This is by construction and Items 3, 6 and 7 of Lemma 4.25. []

5.3.2. FExistence of strategy trees. We will now prove that whenever Alternator has a strategy
in ‘H then this fact is witnessed by a strategy tree. This fact is expressed by the following
two lemmas. For inductive reasons these lemmas are parametrised by a finite multicontext
C. The games Hc(ha, ..., hy) and Ve(hq, ..., hy) are defined as the games Hy(hq, ..., hy)
and Vy(hi, ..., hy) respectively, where U is the open set of all trees (resp. contexts) that
can be obtained from C, i.e. C[x].

Lemma 5.14. Let C be a finite multicontext for strateqy trees. Consider a sequence of
valuations ny, ..., Ny that map ports of C to Hy,. If

(m(w), ... nn(u) € Hi

for every port u, then Alternator wins the game
%C(C[Tll]’ ERRR) C[nn])
Proof. For every port u of C', Alternator has a winning strategy for the game

H(m(uw), ..., nn(u)).

We describe a winning strategy for Alternator in Heo(Clm], ..., C[n,]). Alternator starts
with a tree obtained by plugging the initial tree from his winning strategy in the game
H(ni(w),...,nn(u)) in every port u of C. Then every prefix of this tree yields a prefix for
each subtree plugged into a port of C' and Alternator can then use his strategies for the
game H(n1(u),...,n(u)) to answer. ]

Lemma 5.15. For a sequence (hi,...,hy,) € Hj and a finite multicontext C' the following
conditions are equivalent:

(1) Alternator wins Hc(hi, ..., hy).

(2) There is a strategy tree whose support extends C, with root sequence (hi, ..., hy).

Proof. We prove the lemma by induction on n. The base case when n = 0 or n = 1, is trivial.
We do the induction step. Let us begin with the easier implication from 2 to 1. Suppose that

o= (t,o1,...,0n)

is a strategy tree as in item 2. Alternator’s strategy is as follows. In the first round, he
plays the tree ¢, which has type hi. Suppose Constrainer chooses a prefix p of t. Let D
be the multicontext obtained from p by labelling all the <-minimal elements outside of
dom(p) by O. Consider the valuations 72, ...,n, that map all the ports of D to Hy with
ni(u) = o;(u) for any port u of D. For every i € {2,...,n}, the root label of o; is the same
as D[n;], because o; is locally consistent with ¢ and D is obtained from a prefix of t. By
Lemma 5.14, Alternator wins the game

Hp(Dn2l, - .-, Dlnwl)-

This shows that for every choice of p, Alternator has a winning strategy in the remaining
part of the game.
Now we move to the more difficult implication from 1 to 2.
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Suppose that Alternator wins H¢c(hy, ..., hy). Let t be the tree of type h; that Alternator
plays in the first round. This tree has prefix C'. Also, for every finite prefix D of ¢, Alternator
wins Hp(hg,...,hy). By the induction assumption, for every finite prefix D of ¢, there is
a strategy tree

op=(tp,0p,,.-.,0D,)
such that tp has prefix D, and the root sequence of op is (ha,..., hy).
A sequence of finite multicontexts (D;),,, is said to converge to ¢ if all of the multicontexts
are prefixes of ¢, and for every j € w, only finitely many multicontexts have some port

at depth at most j. By compactness, there is an infinite sequence of finite multicontexts

(D;);e,, which converges to the tree ¢ and such that all of the sequences
(tD:)icw (0D,2)ic0 e (0Din)icw
are convergent. Let the limits of these sequences be

Ty 02 - Osn-
Because the sequence (D;),.,, converges to t, it follows that ¢, = t. For each D, the type
trees
(op2,---,0Dn)
are locally consistent with ¢t p. Therefore, by Lemma 5.11 it follows that the limits g49, ..., 0wy

are locally consistent with ¢. Finally, define 0,1 to be the unique type tree that is globally
consistent with ¢t. We have just proved that

(0'*1, ce 7U*n)

is a strategy tree. Because root values are preserved under limits, the root value of this
strategy tree is the desired (hy,...,hy,). ]

5.3.3. Locally optimal strategy trees. To make the structure of a strategy tree more rigid, we
will introduce the notion of a locally optimal strategy tree. In such a strategy tree, whenever
oi(u) # oi+1(u), there is some concrete reason for that fact.

Definition 5.16. Consider a strategy tree (¢,01,...,0,) and let v € VL U{1}. The strategy
tree is called locally optimal for v if for every ¢ € {2,...,n} and for every type-labelled tree
o', if o’ is locally consistent with ¢ and v - ¢’/(€) = v - ;(€), then

AMNoi-1,04) < Moi—1,0"),
where X is the discounted distance.

If o is optimal for the context type 17, of the trivial context O then we just say that o
is locally optimal. Let X1, denote the set of all locally optimal strategy trees for L.

Fact 5.17. If o is locally optimal for u - v then o is locally optimal for v as well.

Lemma 5.18. Consider a strategy tree o with root sequence (hi, ..., hy). Letv € VL, U{1}
be a context type. Then there exists a locally optimal strateqy tree o’ for v with root sequence
(h},...,hl) such that

v-(h1,... hy) =v-(h],... hl). (5.5)

Proof. Take a strategy tree o = (t,01,...,0,). Consider the set Xo of type-labelled trees o
that are:
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e locally consistent with ¢,

e if h (resp. h') is the root value of oo (resp. of) thenv-h =v-H.

Fact 5.10 implies that X is a closed set. As a closed subset of the compact space of all trees,
Y9 is compact. It follows that some elements of s minimise the discounted distance with
respect to 1. We choose such an element as the new g9 and we iterate this mechanism to
build a locally optimal strategy tree . This tree satisfies condition (5.5). []

Notice that in the above construction, if v # 11 then the root sequence of the new
strategy tree might be different than the original root sequence. However, if v = 1, then
the root sequence is not modified.

Corollary 5.19. If (h1,ha,...,hy) € Hf then there exists a locally optimal strategy tree o
with root sequence (hy, ..., hy).

Using the above properties, without loss of generality we can restrict our attention to
locally optimal strategy trees. One of the direct consequences of working with such strategy
trees is expressed by the following lemma.

Lemma 5.20. If ¢ is a locally optimal strategy tree, u =< y two nodes of o then for all
i=1,...,n we have

0i(y) # oir1(y) = oi(u) # oiy1(u).

Proof. Assume that o;(y) # 0i+1(y) and o;(u) = 0;+1(u). We show that this contradicts

local optimality. Consider the type-labelled tree o, defined as follows:
e for every z such that u < z, 0 ,(2) = 0i(2),

e for all other nodes z, o} ,(2) = 0i11(2).

By the construction, o7, ; is locally consistent with ¢ (this is by the definition for all nodes

z # u, and because o;(u) = 0;41(u)). Note that by the definition, for all nodes z:
dist(01(2), o)y () < dist(03(2), 7311 (=)

Moreover, dist(o;(y), i1 (y)) = 0 and dist(c;(y), oi+1(y)) = 1. Combining all this we obtain:

e \Noi, a0, 1) < A0, 0i41)-

e 0j ,(€) = giy1(€), as sequences in (Hp)".

This contradicts local optimality of o. L]

Corollary 5.21. If 0 is a locally optimal strategy tree and u <y are two nodes of o then
the root alternation of o.u is not smaller than the root alternation of o.y.

5.3.4. Case distinction. We can now split the proof of the implication 4 = 3 of Theorem 5.1
into two subcases, as discussed below. Then we will treat these cases separately, as expressed
by Propositions 5.22 and 5.23.

Assume for the sake of contradiction that Condition 3 of Theorem 5.1 is violated, what
means that H; has unbounded alternation. Thus, by Corollary 5.19 we know that the root
alternation of the set ¥ of all locally optimal strategy trees for L is unbounded. Now
consider the following two dual subcases:

(C1): X, has unbounded root alternation and there exists a subset 3’ C X that has
unbounded root alternation but bounded limit alternation.

(C2): X1, has unbounded root alternation and every subset ¥/ C ¥;, with unbounded root
alternation has also unbounded limit alternation.
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The following two propositions consider these cases separately:
Proposition 5.22. Assuming (C1), Equation (5.1) is violated.
Proposition 5.23. Assuming (C2), Equation (5.2) is violated.

The proofs of these propositions are given in Subsections 5.4 and 5.5. Notice that since
either Case (C1) or Case (C2) must hold, both these propositions together complete the
proof of the implication 4 = 3 of Theorem 5.1.

Roughly speaking, Case (C1) corresponds to the situation in which the high alternation
of Hy, is achieved by modifications in the strategy trees that are spread inside their structure.
On the opposite, Case (C2) corresponds to the situation in which the high alternation occurs
along some infinite branch of the considered strategy trees.

5.4. Case (C1) — limit alternation is bounded. In this section we assume that ¥/ C ¥,
is a set of locally optimal strategy trees such that the root alternation of ¥’ is unbounded but
the limit alternation of ¥’ is bounded. Under that assumption we prove that Equation (5.1)
is violated. We do this in two steps, using a new object called strategy matriz as an
intermediary. Strategy matrices represent special strategies for Alternator in the game on
tree types. In our first step, we show that if the root alternation of ¥’ is unbounded but the
limit alternation of ¥’ is bounded then there exist special strategy matrices of arbitrarily
large size. Finally we show that the existence of sufficiently large special strategy matrices
violates Equation (5.1).

Definition 5.24. A strategy matriz is a rectangular matrix with entries from V7, such that
every row belongs to V. The wvalue of a column of a strategy matrix is the value in V7,
obtained by multiplying the entries in that column in V, in the top-to-bottom order.

Definition 5.25. A strategy matrix M is called parity alternating if for some n € w it has
2n columns and n rows, and one of the following conditions holds (see Figure 6):
(a) For every i € {1,...,n},
e Columns 2¢ — 1 and 2¢ have the same entries in all rows except for row 1.
e The values of columns 2¢ — 1 and 2¢ are different.
(b) Condition (a) holds when the order of columns is reversed.

If the case (a) holds then the matrix is called top-down and if the case (b) holds then it
is called bottom-up. The set of parity alternating matrices with n rows and 2n columns is
denoted by P,.

Figure 6 depicts a top-down parity alternating strategy matrix in Pg. The picture
presents columns 2¢ — 1 and 2¢ for ¢ = 3, the entries of these columns agree everywhere
except the third row, where the values x and y are distinct. The differences in all the other
pairs of columns are indicated by grey rectangles, their values are not written down for the
sake of clarity. It is important that the definition of a parity alternating strategy matrix
requires the total values of the respective columns to differ, not only the entries in grey
rectangles.
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Figure 6: A matrix in Pg.

5.4.1. Constructing strategy matrices. As we have already said, we want to prove that under
our assumptions we can build arbitrary large strategy matrices: the goal that we aim now,
is to prove that if ¥’ has unbounded root alternation and bounded limit alternation, then
P, is non-empty for every n € w.

Fix some arbitrary n € w. We want to construct a strategy matrix M € P,. Let £ be
the maximal limit alternation among the strategy trees in ¥'. Choose a strategy tree o € ¥’
with root alternation at least £- 27" and let m be the duration of o,ie.0=(t,01,...,0m).

During the proof we will use a known combinatorial fact that we recall now.

Theorem 5.26 (Erdos—Szekeres Theorem, see [ES35]). For given r,s € N, any sequence of
length at least (r—1)(s—1)+1 contains a monotonically increasing subsequence of length r or
a monotonically decreasing subsequence of length s.

Lemma 5.27. There are consecutive contexts zones Xi,...,X, in o and a sequence of
rounds iy, . ..,in, € {1,...,m—1} such that the sequence of rounds is either strictly increasing
or strictly decreasing, and

val(o, X;,1;) # val(o, X;,;+1) for every j € {1,...,n}
Proof. For a round i € {1,...,m—1}, define:
change;(0) = {z € {L,r}" | 0y(x) # 0s11(x)}.

Now we prove three different claims. Once these claims are proved, we easily finish the proof
of the lemma.

Claim 1. Let X be a context zone, and let m be an infinite path that passes through the
root of X, but not through the port. Then

7 C change;(0) = val(o, X, i) # val(o, X, i+1)
holds for every round i € {1,...,m — 1}.
Proof of Claim 1. This is by local optimality of 0. Assume that m C change;(0) and
val(o, X, i) = val(o, X, i+1) for some round i. We construct a type-labelled tree oj,; that is
closer to g; than 0,41 regarding the discounted distance A and with the same root value as

oi+1, contradicting local optimality.
Consider the type-labelled tree o7, ; defined as follows:

e For nodes z € X 0} (x) = 0;(x). Hence, for z € X
dist(0;(2), 0541 (2)) = 0 < dist(o4(z), 0i41(2))
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e For other nodes y we define o7, (y) = oi11(y). Hence

dist(0i(y), o711 (y)) = dist(0i(y), 0i41(y))-
Because m C change, (o), there exists at least one node x € X such that s
dist(o(z),0i41(x)) = 1.
It follows that:
A3 0i11) < Ao, 0iq1)

Moreover since val(o, X, i) = val(o, X,i+1), we have o; (¢) = os41(€). This contradicts
local optimality of o. []

Claim 2. There is a set II of at least 2" distinct infinite paths, and a function when: IT —
{1,...,m — 1} such that for every 7 € II

™ C Changewhen(ﬂ') (0) :

Proof of Claim 2. By consistency of a strategy tree, every node in changej(o') has at least
one child in change;(o). Therefore, each of the non-empty sets change;(o) contains at least

one infinite path. By the assumption on the root alternation there are at least £ - 27° rounds
J where change; (o) is non-empty. By the assumption on limit alternation, an infinite path
can be contained in sets change;(o) for at most ¢ different values of j. L]

Claim 3. Let II be a set of 2* distinct infinite paths in a binary tree. There exist consecutive
context zones X1i,..., Xy and paths 7, ..., 7 € II such that for every i € {1,...,k}, the
path 7; passes through the ports of the context zones Xi,..., X;_1, but not through the
port of X;.

Proof of Claim 8. The proof is by induction on k. The induction base of k = 1 is obvious.

Now assume that the thesis holds for k and consider a set IT of 25t paths. Let u be
the deepest node in the tree that belongs to all paths of II (u exists since the root belongs
to all paths of II). Let II; (respectively, II) be those paths in IT that pass through the
left child of u (respectively, the right child of u). One of the sets IT or IIy must have at
least half of the paths, i.e. at least 2¥ paths. By symmetry, assume that II has at least
2% paths and let y be the left child of u. We apply the induction hypothesis to IT, and
obtain paths mo, ..., mp11 € Il and consecutive context zones X, ..., X411 such that for
every i € {2,...,k+ 1}, path m; passes through the ports of contexts Xs,..., X;_1, but not
through the port of X;.

We slightly modify X by setting y as its root. Note that this does not affect the
properties of the paths mg,...,mp11 € L. Now, we define X; as the context zone with
the root u and the root of X5 as the port. Let m; be some arbitrary path in IIz. By the
definition, X1,..., Xjy1 are consecutive context zones. Moreover, the paths ma, ..., Tp11
are paths of IIp and therefore pass through y, i.e. the port of Xi. Finally, by the definition
71 passes through the right child of u and therefore not through the port of Xj. []

Now we can easily complete the proof of Lemma 5.27. Let II and the function when be as
in Claim 2. Apply Claim 3 to II, yielding a sequence of paths, 71, ..., 7,2, and a sequence of
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context zones, Y1, ..., Y2, such that for every i € {1,...,n?}, the path 7; passes through the
ports of context zones Y7, ...,Y;_1, but not through the port of ;. Consider the sequence

when(7y),...,when(7,2) € {1,...,m —1}.
By Erdos—Szekeres Theorem, we can find a sequence of indexes
jl < <.]n € {1,...,712}

such that the sequence

when(7;,),...,when(7;,)
is either increasing or decreasing. For i € {1,...,n}, define m; to be 7, and X; to be the
union of the context zones
in U---u sz‘+1—1-

By the construction, we know that the path m; passes through the ports of the context zones
X1,...,X;_1, but not through the port of the context zone X;. By Claim 1 we know that

val(o, X;, when(m;)) # val(o, X;, when(m;)+1).
Therefore, the proof of Lemma 5.27 is complete if we define i1, ..., 7, to be
when(7y), ..., when(m,). [

Definition 5.28. Let M be a matrix and consider a row j and a column ¢ of M which is
not the first column. We define a new column, denoted by

almostcopyfj (M),

as follows: almostcopyzéj (M) is equal to column i of M in all rows except for row j, where

it is equal to column i — 1 of M.

Definition 5.29. Let o be a strategy tree of duration m and let X1, ..., X, be consecutive
context zones. We define a matrix with n rows and m columns as follows (for i =1,...,m
and j =1,...,n):
. . .y def .
matrlx(a, Xq,... 7Xn) [i, j] = val(o, Xj,1).
Note that it follows from Fact 5.13 that every row of matrix(o, X1, ..., X,) belongs to
V1, and therefore it is a strategy matrix.

Lemma 5.30. Let N be a strateqy matriz defined by
N = matrix(o, X1,...,X,),

for some locally optimal strategy tree o and consecutive context zones Xi,...,X,. Let j
be a row and i a column, which is not the first column. If columns i and i —1 in N have
different entries in row j then the value of the column

almostcopyfj (N)

is different from the value of column i in N.

Proof. This is a consequence of local optimality of o. The proof is the same as Claim 2 in
the proof of Lemma 5.27. []

Now we are ready to prove the first intermediary step: constructing a matrix in P,,.

Proposition 5.31. Under our assumptions about the strategy tree o we can construct
a matriz M € P,.
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column i,
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column 25—1  column 2j

Figure 7: Construction of the matrix M from N. Column 25 — 1 of M equals almostcopy
of column i; + 1 of N (i.e. the dashed part), while column 2j just equals column
ij + 1 Of N.

Proof. Let X1,...,X, and 1,...,%, be as in Lemma 5.27. Consider the strategy matrix
N = matrix(o, X1,..., X,).

By Lemma 5.27 we know that for every j € {1,...,n} the entries in row j are different
in columns ¢; and 7; + 1.
Suppose first that the sequence i1, ..., 1, is strictly increasing. Define a new matrix M,

which has n rows and 2n columns as follows.

e For j € {1,...,n}, column 2j — 1 of M is almostcopyzi_l(]\f).

e For j € {1,...,n}, column 25 of M is column i; + 1 of N.
Figure 7 depicts the process of constructing the matrix M. Gray regions in the matrix N
indicate pairs of distinct values in a row j of the consecutive columns ¢; and i; + 1. We
assume that the sequence i; is strictly increasing (the other case leads to a bottom-up parity
alternating strategy matrix).

Now we show that M € P,,. The dimensions of the matrix M are correct: it has n rows
and 2n columns. We now show that M is a strategy matrix, which means that each row
belongs to Vp. For j € {1,...,n}, let us see how row j of M

Mlj,1],..., M[j,2n]
depends on row j of N
N[j,1],...,N[j,m].
By reading the definition of M, we see that the dependency is
e When k # j, then M[j,2k — 1] = M[j,2k] = N[j, i + 1].
e When k = j, then M[j, 2k — 1] = N{[j,ix] and M[j,2k] = N[j, i + 1].
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It follows that row j of M is obtained from row j of N by eliminating some letters and
duplicating some other letters. Since Vy, is closed under eliminating and duplicating letters,
and since N was a strategy matrix, it follows that also M is a strategy matrix.

By Lemma 5.30, for every j € {1,...,n}, the values of columns 25 — 1 and 2j in M are
different. By the construction, columns 25 — 1 and 25 in M have the same entries, except
for row j. So M is parity alternating.

When the sequence i1, ...,4, is strictly decreasing, the matrix M is defined like for
a strictly increasing sequence, except that the columns of M are filled in not from left to
right, but from right to left. Formally speaking:

e For je{l,...,n}, column 2(n —j+1) — 1 of M is almostcopyz-jil(N).
e For j € {1,...,n}, column 2(n — j + 1) of M is column i; + 1 of N.

The proof that M belongs to P, is the same as above. L]

5.4.2. From strategy matrices to violation of (5.1). So now we can do the second intermediary
step. Let us assume that P, is non-empty for any n. By the symmetry we can assume that
for every n there exists a top-down parity alternating matrix of size n (the other case is
handled symmetrically): under this assumption we prove that Equation (5.1) is violated. To
do that, we need to start from a parity alternating matrix of a large size, and by consecutive
simplifications, construct a small matrix from which the violation can be easily extracted.

Take a strategy matrix M. Our aim is define a matrix obtained form M by merging
two consecutive rows ¢ and ¢ + 1 of M. Let

(1}171, . ,1)1771), ceey (Uk,h- . -,Uk,n) S VE

be the rows in M. The merge operation removes rows

(Vidy -5 vin)  and  (V(g1) 1 Vit1)n)

and replaces them by the row

(vi1 - UV(i41),15 -+ Vin - v(i—l—l),n)a
which is the product of the two removed rows in the monoid V;*. Clearly, the result of the
merging operation is also a strategy matrix with the same values of all the columns.
Now we define four safe rules, i.e. rules that preserve parity alternating strategy matrices.

Lemma 5.32. For every M € P, that is top-down and i € {1,...,n}, applying the following
rules yields a parity alternating strategy matriz in Pp_q:

e remove columns 2i — 1 and 2¢ and then merge row i with i+1;
e remove columns 2i — 1 and 2i and then merge row i—1 with i;
e remove the first two columns and remove the first row;

e remove the last two columns and remove the last row.

The same holds for a bottom-up parity alternating matrices but then we count the columns
in the reversed order.
Proof. Immediate by the definition of the rules. []

Notice that ux # uy implies that = # y, but uvx # wvy does not imply that uzr # uy,
therefore we cannot safely remove columns 2¢ — 1 and 2¢ and remove row % except for ¢ = 1
or i =n.
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Consider a parity alternating strategy matrix M € P, and two indices i € {1,...,n}
and j € {1,...,2n}. We say that the entry M]i, j]| is above diagonal (resp. below diagonal)
if:

e if M is top-down then 2; must be smaller than j (resp. 2¢ must be grater than j + 1),

e if M is bottom-up parity alternating then 2(n — i) must be greater than j — 1 (resp.
2(n — 1) must be smaller than j — 2).

The following picture depicts the regions above and below the diagonal of a top-down parity

alternating matrix in Pg.

above

Definition 5.33. A parity alternating strategy matrix M is upper (resp. lower) idempotent
if there exists an idempotent e € V7, such that every entry above (resp. below) the diagonal
of M equals e. M is called just idempotent if it is both upper and lower idempotent (possibly
with two distinct idempotents e, e’ € V7).

Fact 5.34. The safe rules preserve the fact that a given parity alternating matrix is upper
(resp. lower) idempotent.

Lemma 5.35. For each m € N there is some n € N such that for any matriz in P, there is
a sequence of safe rules that yields a matriz N € Py, that is upper (resp. lower) idempotent.

Proof. By the symmetry we will only deal with the upper idempotent case. The proof
uses Ramsey Theorem for hypergraphs with edges of size 3. This theorem says that for
every m € N there exists a number f(m) such that for any complete hypergraph with edges
coloured over Vi, there exists a complete sub-hypergraph of size m in which all edges share
the same colour. We choose n = f(m + 1).

Fix a matrix M € P,. Again by the symmetry we assume that M is a top-down parity
alternating matrix. Consider the hypergraph where the nodes are {1,...,n} and an edge
{i < j <k} is coloured by the value obtained by multiplying, in the monoid V7, the entries
that appear in rows ¢ + 1,...,j of column 2k. By the choice of n, we can apply Ramsey
Theorem to this colouring and get a subset of size m + 1:

I:{i0<i1<---<im}§{1,...,n}

such that all the hyperedges on I have the same colour, say e € V7. This colour must be an
idempotent, i.e. it must satisfy e = ee. This situation is illustrated below, with a matrix in
P19. The multiplication in Vi, of the entries in the regions marked by red rectangles always
gives the idempotent e. The regions come in pairs, for columns 2iy and 2i; — 1 but as the
matrix is parity alternating, the entries in these columns agree (except row iy).
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Now we apply a sequence of safe rules. First, we remove the first ig rows and first 2ig
columns. Then we remove the last n — i, rows and last 2(n — i,,) columns. We assume
that the indices of rows and columns are shifted accordingly to the operations we perform;

i.e. now 1y def ig — 1o for £ =10,...,m. After these operations, the matrix gets the following
shape.
2ig 20 2i9 2i3
io ¥ + M Yo
i1 > < i
12 = )
i3 R
Now, for ¢ = 1,2,...,m we remove columns 2iy_1 + 1,...,2i, — 2 and merge rows
ip—1 +1,...,ip into one row (with value e in columns 2ip41, ...,2%,,). This way, we get the

following matrix, which is upper idempotent.

[

Corollary 5.36. For each m € N there is some n € N such that for any matriz in P, there
s a sequence of safe rules that yields a matriz N € P, that is idempotent.

Proof. Since the safe rules preserve the fact that a matrix is upper (resp. lower) idempotent,
we can apply Lemma 5.35 twice, once to get an upper idempotent matrix and then to make
it also lower idempotent. []

Fact 5.37. If M is an idempotent parity alternating matrix, the operation that removes
columns 2i and 2¢ — 1 and removes row ¢ preserves the fact that the matrix is idempotent
parity alternating.

Proof. If i = 1 or i = n then the above operation is safe. For 1 < ¢ < n we use the fact that
the matrix is idempotent, so the values of columns 27 — 1 and 2i¢ depend only on the unique
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entry in that column which is neither above nor below the diagonal. The following picture
depicts an idempotent parity alternating matrix in Pg where the upper idempotent is u and
the lower idempotent is w. Removing row 4 and columns 7 and 8 of that matrix preserves
the fact that the matrix is idempotent parity alternating.

TIYL U U U U U U U
To Yo U U UIU U U
w w T3 Y3 UM U U

wow ,
W W W wIWA x5 Ys
wwwwiw;iwww%yﬁ [

gidie @@

u
u
u
u
u

Lemma 5.38. If P, is non-empty for arbitrarily big n then there are u,w,z,y € Vi such
that u and w are idempotents and Py contains the matriz

Z Yy u u u u uu
ww Ty uuuu
wwwwTryuu
wwwwww Ty

Proof. By the hypothesis, we can apply Corollary 5.36 for m = 4 % |[Vz|2. Let N be the
resulting matrix. Each row of that matrix is of the form w---w -z;-y; - w---u. Thus, there
exists a pair (z,y) that appears as (x;,y;) in at least 4 rows. Using Fact 5.37 we can remove
all the remaining rows (and the corresponding pairs of columns) from N and the result has
the above form. []

We can conclude the proof of Proposition 5.22 by showing that under our assumptions
Equation (5.1) is violated.

Let M be the matrix described in Lemma 5.38. Let {u,...,ug} be the values of all the
columns in M. The matrix is in P4 so us # u4. Because u and w are idempotent,

U3 = UTWW = UTW = UUTW = U5

For the same reason, us = ug. This is depicted in the picture below

x u uUu U U u u

Yy u ou U

g & &

g & g«
-8 & 8

g

g

U
wxT Y u U
w Ty

N

U3 Ug U3 U4q

Since ug and uy are different, at least one of them is different than uw. Without loss of
generality suppose that us # uw. Because each row of the matrix belongs to Vr, and Vp, is
closed under removing letters, it follows that

(w,z,u) € V.
This means that we have a violation of Equation (5.1), which requires that
uw =t u-wt =uf -z wt = us.

This concludes the proof of Proposition 5.22.
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5.5. Case (C2) — limit alternation is unbounded. In this section we assume that X,
has unbounded root alternation and every subset ¥’ C ¥; with unbounded root alternation
has also unbounded limit alternation. Under that assumption we need to prove that
Equation (5.2) is violated.

We start by constructing a finite directed graph G, (called the strategy graph of L) that
represents very specific strategies of Alternator in the game on types. We then show that the
above assumptions imply that the strategy graph needs to be recursive® — roughly speaking
it contains complicated connected components. Then we finish the proof of Proposition 5.23
by showing that recursivity of the strategy graph gives rise to a violation of Equation (5.2).

5.5.1. Strategy graph. Given a language L, the strategy graph of L (denoted Gp) is defined
as follows. The set of nodes of G, is (V7 U{1.}) x Hy. There is an edge from a node (v, h)
to a node (v, h') if there exist:

(u, us), (wi,w2) € Vg, z € VpU{l1}

such that
h =vuiw® and o = vuzwgz.
Notice that the above definition does not invoke h' (the value of A’ matters for a successive
edge from (v/, 1)).
The following lemma provides a less explicit definition of edges in G, via the notion of
path-switching.

Definition 5.39. Consider a tree type h € Hy, and a pair of context types v,v € V. We
say that the pair (v,h) is path-switching into v' if there exists a tree t € Try such that
v-ar(t) = h and there exists an infinite path  of ¢ such that if D is a finite prefix of ¢ then D
can be completed into a context C’ with the port located on 7 such that v - ar(C’) -z =/
for some z € Vi, U{1.}.

Lemma 5.40. There exists an edge from (v,h) to (v',h') in G, if and only if (v,h) is
path-switching into v'.

Proof. First assume that there exists an edge from (v,h) to (v/,h) in G with (u1,us),

(w1, ws), z witnessing that. Let C,,, Cy, C, be contexts of types uy, wy, z respectively. Take

¢ & Cy - Cr. In that case v - ar(t) = h and let 7 be the infinite path that contains all the

ports of the contexts C, - CX for k =0,1,...
Consider a finite prefix D of t. Let D’ be an extension of D that is also finite, contains

exactly one port, and D’ is a prefix of C, - Cff'k) for some k.
By the definition, D’ can be written as
D=Dy-Dy-...-Dyy,
where Dy, ..., Dy, are finite prefixes of contexts (i.e. each of them has exactly one port); and
moreover Dy is a prefix of C, and all Dy, ..., Dy, are prefixes of Cy,. By the assumption
that (ur,ug), (w1, w2) € V, we know that we can extend all Do, D1, ..., Dy into contexts
Co,Ch, ..., Cyy such that ar(Co) = ug and ar(C;) = we for ¢ = 1,...,4- k. Take C' =
Co-Cy-...-Cyy. Clearly the port of C’ is located on 7. Notice that
OzL(C/) = ug - wti-lc = Uug - wg.

5This notion, used previously in [BP12] and [FM14], has nothing to do with recursion theory, it speaks
about the possibility to traverse certain edges in the graph and to go back to the beginning.
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Therefore, v - ar(C") - z = v’ by the assumption that there is an edge from (v, h) to (v, /).
Now we assume that (v, h) is path-switching into v" and we prove that there is an edge
between (v, h) and (v',h’) in G. This will be achieved by the Ramsey theorem. Consider
a triple of nodes z < y < d on 7. Let d = |§]| be the depth of 6 and let D4 be the (d+1)-prefix
of t (i.e. Dy is t restricted to the subset {r,8}=? of its domain). Let C! be given from the
assumption in Definition 5.39 for D = Dy.
Let uy, ug, wi, wo be the ap-types of the following context zones:

e u; (resp. ug) the type of the context zone rooted in e with the port in x of ¢ (resp. of C%);
e w; (resp. wy) the type of the context zone rooted in  with the port in y of ¢ (resp. of C)).
Let z be the type given by the assumption for C’é.

Define f(z,y,d) as the quintuple (u1, ug, wi, ws, z) € (VL L {1L})5. Apply the Ramsey
theorem for triples to f to get an infinite set P of nodes on 7. We know that for all the
triples from P the function f is constantly equal a fixed quintuple (up,ug,wi, ws, z). It
is easy to see that ar(t) = u; - w®. Thus, h = vujw®. Similarly, the Ramsey theorem
guarantees that ws - wo = we and therefore v/ = ’UUngZ. Thus, to know that there is an edge
from (v, h) to (v'h,) in G, it is enough to prove that (ug, u2) and (wy, ws) are both elements
of Vy.

We will show that Alternator has a winning strategy in the game V(u1,u2) (the case of
V (w1, we) is analogous). Fix z < y € P and let C; be the context zone rooted in € with the
port in x of t. Assume that Alternator plays C; as the first context in the game V(uq, u2).
Consider a finite prefix D that is played by Constrainer. Since D is finite and P is infinite,

there exists § € P such that d % |0] is greater than the depth of all the nodes in D;. Let
Alternator reply with C’,. By the assumption on d, we know that C”, indeed extends D. By
the choice of P we know that ar(C’) = up. Thus, we have proved that Alternator wins

V(ul, UQ). L]
Lemma 5.41. The strategy graph Gy, is transitive.

Proof. Consider an edge between (v, h) and (v', h’) witnessed by (u1, us2), (w1, ws), and z; and
an edge between (v',h') and (v”, h”) witnessed by (u},u}), (w],w)), 2. Then h = vugw®

and v" = vugwg (zu’z(w’z)ﬁz’). It means that there is an edge between (v, h) and (v”,h")

with (u1,u2), (w1, w2) € Vr,, and 2" dof 2y (wh) 2. []

Recall that a strongly connected component of a directed graph G is a set of nodes X
such that for each z # 2’ € X there exists a path in G leading from x to 2’. If G is transitive
then this condition boils down to saying that there is a single edge from z to z’.

Definition 5.42 (Recursive strategy graphs). We say that a strategy graph Gy, is recursive
if there exists a strongly connected component of G, that contains two nodes (v, h), (v/,h’)
with h # h'.

Lemma 5.43. If the strategy graph G, is recursive then Equation (5.2) is violated.

Proof. Assume contrarily that G, is recursive but Equation (5.2) holds. Consider a pair of
nodes (v, h) and (v', k') with h # b’ that witness recursivity of Gr. By Lemma 5.41 there
must exist edges in G, from (v, h) to (v', h’) and back. Let (u1,us), (w1, w2), z; and (u}, ub),
(wh,wh), 2 witness the existence of these edges respectively.



Vol. 15:3 REGULAR TREE LANGUAGES IN LOW LEVELS OF THE WADGE HIERARCHY 27:51

Apply Equation (5.2) to obtain that:
#

(e 9]

(uz(wn)" zup(uh)*=) ) = (ug(ws)? zu(wh)™=)
f [e’e]

)% = (uh(wh)® 2'uz(ws)z)

Let W = ug(ws)*z and W’ = ufy(wh)*2’. Then by the assumptions on the edges between
(v,h) and (v, 1) we get that vW = v and o'W’ = v. Moreover, the above equations get
the form

#

Ul (w1
# 0
(uhy (wh)* 2'ug(w2)?2)" uf (w)

(WW") oy (w1)™® = (W)™
(W'W) g (ws)™® = (WW)™

And therefore, by using the values of h, A’ and multiplying these equations by v and v’
respectively we get:

h=v- u(w)* =v- (WW’)
R = u(w)* =" (W/VV)ti uy (wh)™ = - (WW)™

Now since h = v- (I/VW’)Oo =oW. (W’W)OO =9 (VV’VV)OO = h' we obtain the contradiction
as we assumed that h # h'. ]

5.5.2. Constructing a path in G,. We will now use the assumption that Case (C2) holds
to construct an infinite path in G, such that every two consecutive nodes on that path
(v,h), (v, 1) satisfy h # h'. Since G, is finite, such an infinite path witnesses that some
strongly connected component of G, contains such two nodes and therefore Gy, is recursive.
By Lemma 5.43 it means a violation of Equation (5.2) and the proof of Proposition 5.23 is
finished.

The construction of the path will be inductive, preserving an invariant that the last
node constructed on the path is alternating: a node (v, h) in Gy is alternating if v - Hp,
contains words that begin with h and have arbitrarily high alternation.

Lemma 5.44. (G}, contains at least one alternating node.

Proof. This is because Hy has unbounded alternation. Therefore, by Pigeon-hole Principle
there exists some h € Hp, such that H, contains words that begin with h that have arbitrarily
high alternation. By the definition, this means that the node (1, k) is alternating in Gr. []

The inductive step of the construction will be based on the following lemma.

Lemma 5.45. If (v, h) is an alternating node of G1, and Case (C2) holds then there exists
an edge in Gr, from (v,h) to (v',h') such that h # b’ and (v, 1) is also alternating.

The rest of the section is devoted to a proof of Lemma 5.45. Let 3, 5y be the set of all

strategy trees o (with root sequences of the form (hi,...,hy)) such that:

e o is locally optimal for v (see Definition 5.16),

® - hl == h,

e the sequence (vhy,...,vhy) is alternating (i.e. every two consecutive values in the sequence

are distinct, see Definition 4.27).
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Fact 5.46. The set X, ;) is a subset of ¥ that has unbounded both root and limit
alternation.

Proof. Fact 5.17 implies that all strategy trees in ¥, 5) belong also to ¥1. By the fact that
(v, h) is alternating and by Lemma 5.18 we know that X, ) has unbounded root alternation.
Therefore, Case (C2) guarantees that Y (v,n) has also unbounded limit alternation. []

Now observe that for each g, g’ € Hy, either (g,¢')" € Hy, for all k € w, or there exists
a unique kg € w such that (g,g/)kgvg' € Hy, but (g,g’)HkM’ ¢ Hy. Since the set Hy is
finite, there exists a number K that is greater than all the defined numbers £, ;. Thus, the
following fact holds.

Fact 5.47. If for some pair g,¢g’ € Hy, we have (g,¢)" € H then (g,¢')" € Hy, for all
kew.

Let ¢ & |HL|? - K and let 0 = (t,01,...,0,) be a strategy tree in ¥, ) that has limit

alternation greater than ¢.

We will now construct a path 7 in ¢ on which the high limit alternation of ¢ is located.
Let Z be the set of nodes z of ¢ such that the root alternation of .z is greater than ¢. By
Corollary 5.21 we know that Z is prefix closed and by the fact that the limit alternation of
o is greater than ¢ we know that Z is infinite. Therefore, by Konig lemma we know that Z
contains an infinite path .

Lemma 5.48. There ezists an infinite set P C 7 and two sequences (hy,...,hy) € H} and
(v1,...,vp) € V] such that for all nodes x € P:

o (01(2),...,0n(2)) = (h1,...,hn),

e (val(o,X,1),...,val(o,X,n)) = (v1,...,v,), where X is the context zone with the root in
€ and port in x.

Moreover, (hi,...,hy) € Hy, and (v1,...,v,) € VL.

Proof. The choice of P and the sequences (h1,...,h,) € Hj, (vi,...,v,) € V[ is just by

Pigeon-hole Principle. By the definition of a strategy tree we know that (hy,..., h,) € Hr.
By Fact 5.13 we know that also (vy,...,v,) € Vr. O]

Since the alternation of (hy,...,h,) is greater than £ = |H|? - K, we know that there
exists a pair g # ¢’ € Hy, and a set of indices I C {1,...,n — 1} such that [I| > K and for
all i € I we have h; = g and h;11 = ¢’. Fix as ip the minimal element of I. By closure of
1, under subwords, we know that (g,¢)" € # . By Fact 5.47 it implies that

(9.9)" € My for all k € w. (5.6)

Let u = v;, and v’ = v;,+1 where i is the minimal element of I. We will finish the proof
by showing the following three lemmas.

Lemma 5.49. The values vu'g and vu'g’ are distinct.

Proof. Recall that ¢ = h;, and ¢’ = h;y+1. Assume that the value vu'g is equal to vu'g’.
Consider a strategy tree o’ that equals o except for the subtree o) .,.x where x is the

o+
=-minimal element of X. Over that subtree, let o; |, be equal to o;,. Let (h},...,h;,) be
the root sequence of o’. We know that v - (hY,...,h;,) = (h1,..., hy) and dist(oyy, 0} (1) is

strictly smaller than dist(cy,, 0,+1), what contradicts local minimality of ¢ for v.
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Lemma 5.50. The nodes (vu',vu'g) and (vu',vu'q") are both alternating in Gp,.

Proof. By (5.6) and Fact 4.25 we know that (v'g,vu'q’)¥ € Hy, for all k € w. Moreover,
Lemma 5.49 says that vu'g # vu'yg’. ]

Now it remains to prove the following lemma.
Lemma 5.51. There exist edges in G, from (v, h) to both (vu',vu'g) and (vu',vu'q’).

Proof. Using Lemma 5.40 it is enough to show that (v, h) is path-switching into vu’. Let ¢’ be
the strategy tree obtained from o by removing the first i rounds: o’ = (¢, 0ig4+1, Tig+2, - - -, On)
(g is the minimal element of I).

Consider the tree t from the strategy tree o and the path 7. By the definition of o we
know that v-ap(t) = h. Let D be a finite prefix of t. The strategy tree o’ witnesses that D can
be extended into a context C’ with a port located on 7 such that that ar(C") = vi,+1 = v’
Therefore v - ar(C”) - 1y, = vu/. This concludes the proof that (v,h) is path-switching
into vu’. ]

Thus, Lemma 5.49 implies that at least one of the nodes (vu/,vu'g) and (vu/,vu'g’) has
the second coordinate distinct than h, Lemma 5.50 implies that this node is alternating, and
Lemma 5.51 implies that G, contains an edge from (v, h) to that node. Thus, the proof of
Lemma 5.45 is concluded.

6. EFFECTIVE CHARACTERISATION OF A

This final section is devoted to the effective characterisation of the Borel class AY (that
corresponds to the union of the first w; Wadge degrees). Decidability of the class AY can be
actually obtained as a direct corollary of [CMS17]: in this work the authors proved that it
is decidable if a regular tree language is in the Borel class IT3; since regular languages are
closed under complement and Ay = II3 N XY, we automatically obtain that it is decidable
if a regular tree language is in AY. However, here we show that the algebraic approach
developed in the previous sections covers the case of the Borel class A9 as well. What we
will prove is the following:

Theorem 6.1. A regular tree language L belongs to the class AY if and only if its syntactic
algebra satisfies Equation (5.2) from Theorem 5.1.

This theorem is the main result of [FM14]; unfortunately the proof provided there is
wrong:

e Proposition 4 in [FM14] cites Lemma G.2 from [BP12] in a wrong way. The logical claim
in Proposition F.2 is of the form: if there is a set 3 of unbounded root alternation then
there is a set ¥’ of unbounded limit alternation®. Lemma G.2 says that if Proposition F.2
is violated then the strategy graph is recursive. Logically, it takes the form: if there is
a set ¥ of unbounded root alternation but no set ¥’ has unbounded limit alternation then
the graph is recursive. The way Proposition 4 summarises that statement is: if there
exists a set ¥ of unbounded limit alternation then the strategy graph is recursive. This
statement does not follow from [BP12].

6Unbounded limit alternation implies unbounded root alternation.



27:54 M. BoJsaNczyK, F. CAVALLARI, T. PLACE, AND M. SKRZYPCZAK Vol. 15:3

e The proof of Theorem 1 in [FM14] in the implication (2) = (1), shows how to construct,
given an infinite strategy tree s*°, a family of strategy trees of unbounded limit alternation.
The first step of the proof is to construct a family G of strategy trees of finite duration
but unbounded root alternation. Then, an invalid application of a compactness argument
(to find the set X) shows that G has in fact unbounded limit alternation. Such a set X
doesn’t need to exist, it can be the case that the limit alternation of s is 2 but for each
pair k < k’ < j there are infinitely many nodes n in s such that oy (n) # o (n) — it is
enough that the nodes for distinct values k, k' lie on distinct infinite branches.

Additionally, if it was the case that every set of strategy trees of unbounded root alter-
nation has unbounded limit alternation; Proposition F.1 would hold always, nevertheless
of the assumption of Identity (2).

The proof we provide here follows the logical structure of [FM14], with the following
differences:

e Instead of the wrong reference used in Proposition 4 of [FM14] we show recursivity of G,
using a new Lemma 5.40 that characterises existence of edges in G,

e Instead of the statement about existence of the set X from the proof of Theorem 1
in [FM14] we provide here a direct construction (Lemma 6.6) showing that a winning
strategy of Alternator in H° (L) must take a specific structure that fits the characterisation
from Lemma 5.40

As observed in [FM14], the techniques used to characterise BC(XY) provide a big part of

a proof of Theorem 6.1. First, Proposition 3.20 says that L is AJ if and only if Constrainer

wins H*(L). Corollary 5.5 says that if Equation (5.2) is violated then Alternator wins

H*°(L). Thus, the “only if” part of Theorem 6.1 follows.

On the other hand, Lemma 5.43 says that if the strategy graph G|, is recursive then

Equation (5.2) is violated. It means that the only remaining statement to prove Theorem 6.1

is expressed by the following proposition.

Proposition 6.2. If Alternator wins H* (L) then the strategy graph G, is recursive.

The rest of this section is devoted to a proof of the above proposition. During the proof
we will inductively construct an infinite path (vn, h")n c., in the strategy graph such that
the sequence h,, alternates between L and L°. The invariant of our construction is expressed
by the following definition, using the notions of quotients from Subsection 4.4.

Definition 6.3. Consider a node (v, h) of the strategy graph Gp. We say that (v,h)
is prolongable if there exists a winning strategy o of Alternator in H™ (U*I(L)) or in
H>(vH(L)°) such that if ¢ is the tree played by o in the first round then v - ar,(t) = h.

We begin with an introduction of an object called essential node and a study of its
properties.

6.1. Essential nodes. Let (v, h) be a prolongable node, as witnessed by a strategy o and
a tree t. By the symmetry we can assume that o is winning in H* (v_l(L)C).

Definition 6.4. Consider a node u € {L,R}d for d > 0. Let p be the d-prefix of t (i.e. p def
tHz, R}<d). We say that u is essential if there exists a context C' of a type w € V7, such that
the port of C is in u, C extends p, and we have (vw)_l(L) ¢ AY.
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The last condition implies that Alternator has a winning strategy in” H> ((vw)_l(L)).
Let t' be a tree played by one of such winning strategies of Alternator and let g = ap(t).
Using the above notions we say that u is (w, g)-essential.

Fact 6.5. If C is a context then the function ¢ — C[t] is continuous. Therefore, if w™!(K) ¢
A then also K ¢ AY. In particular, using (4.2) we obtain that for v,w € Vy U {1} if
(vw) (L) ¢ AY then also v (L) ¢ AY. It means that if € < u < v’ and v’ is essential then
also u is essential.

The crucial part in the proof of Proposition 6.2 is expressed by the following lemma.

Lemma 6.6. If (v,h) be a prolongable node, witnessed by a strategy o and a tree t, then
for every d > 0 there exists an essential node u in t such that |u| = d.

The rest of this subsection is devoted to a proof of this lemma. Consider a number
d > 0 and let p be the d-prefix of £. We will find an essential node u € {,r}?. Let D be the
multicontext obtained from p by making all the nodes in {L,R}d ports; let uy,...,un be the

list of these ports (N = 2%); and U def DIx] be the basic open set defined by p. Finally, put
ME D (v (L)) € Y.

Remark 6.7. The fact whether (¢1,...,txy) € M depends only on the tuple of types
(aL(tl), . ,aL(tN)).

Since (v, h) is prolongable and U is a valid response of Constrainer to Alternator playing
tin H>(v™1(L)¢), we know that Alternator has a winning strategy in HgP (v='(L)). This
game is equivalent to the game H> (M ) played in the topological space Tr% — the N-fold
product of the space Tr 4, with the induced product topology. Therefore, by Proposition 3.20
we know that M ¢ AY.

Definition 6.8. A section of M C TrY is any set of the form
{tETI‘A | (tl,...,tifl,t,ti+1,...,t]\/) EM}
forie{l,...,N}.

Due to Remark 6.7, taking h; = ar(t;) for j = 1,...,N, j # i, we can equivalently
define the above section as
def
(hla'"7hi—17D7hi+17"-7hN) =
{t€Tra|hy x - xhimy x {t} X hiy1 X -+ x hy C M}. (6.1)

Notice that the notation from (6.1) naturally extends to formulae with more than
one 0. Such sets are called multisections. The number of holes in a multisection is called its
dimension, i.e. a multisection of dimension n is a subset Tr’j. There is one multisection of
the maximal dimension N: (O,...,0) = M.

Lemma 6.9. Fach multisection can be obtained from sections by taking finite unions, finite
intersections, and products.

"We have assumed that o is winning in H> (vil(L)C) and therefore we have no complement here; in the

1

dual case ¢ is winning in H>°(v~"'(L)) and here we consider a winning strategy in H> ((vw)_l(L)C)‘
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Proof. The proof will be inductive on the dimension of the given multisection. For the sake
of simplicity of notation we even consider multisections of dimension zero, i.e. expressions of
the form (hq,...,hx) with no holes. Formally such an expression is either the empty set, or
a set containing the empty tuple () (depending on whether h; X -+ x hyy € M or not).

A multisection of dimension 1 is just a section, so the claim follows. Consider a multi-
section of the form (this form is generic up to rearranging the coordinates):

N = (D,D,,,.,\:‘,hi+1,hi+2,...,hN).

We will prove that N can be represented as in Lemma 6.9.
Consider a tuple hq,...,hj_1. If (hl, ceshic1, O0 iy, . hN) is empty then let us put
S(h1,...,hi—1) = 0 and otherwise let S(hy,...,hi—1) be

ﬂ (O,..., 0,k h) X (B, b1, O, i, .. hy).
1€ (Pt seeoshio1,0,hig 1y )
Now consider the set K defined as
U S, ki),
Biyehion

By the inductive assumption the set K can be obtained from sections by finite unions, finite
intersections, and products. It remains to prove that K = N.
First consider a tuple of types (¢1,92,--.,9i) such that

glx---xgigN. (62)
We will show that this product is contained in S(gi, ..., ¢i—1). First, by (6.2) we know that
9i © (gl, ey Qi 1, O R, ey hN) and therefore the later set is not empty. Consider any
value h; C (gl, ces i1, 0,41, ... h N). By the assumption about the considered values h;
we know that g1 X -+ x ¢g;—1 C (D, o0k, .,hN). Therefore, g1 X -+ X g; is contained
in the product (D, .o, 0, hi, ey ]’LN) X (hl, ey hifl, U, hi+1, ey hN)
Now consider the other implication: take a tuple of types (g1,92,---,gi) such that

91><-~-><g2-§S(h1,...,hi,1), (63)
for some choice of types hi,...,h;—1. It means that there must exist a type h; contained
in (hl, coshic, O g, . ,hN), because the later set cannot be empty. Therefore, g; C
(hl, coshic1, O g, .. ,hN) and it means that g; is among the values h; over which we

take the intersection. Thus
g X xg C(0,...,0,6,....,hn) X (h1,... him1,0,hip1, ..., hy).
In particular g1 x -+ x g;—1 C (D, e 0, Giy e hN) what implies that
g1 X - xg; ©N.
This concludes the proof that N = K and thus the claim is proved. L]
Corollary 6.10. There exists a section of M that is not AY.

Proof. Assume that all the sections of M are AY. Since AJ sets are closed under finite unions,
finite intersections, and products, Lemma 6.9 implies that the multisection (d,...,0) = M
is also AJ. A contradiction. ]
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Let {t € Tra | (t1,...,tic1,t,tiv1, ..., tN) € M} be a section of M that is not AY. Put

def
C = Dlt1,...,ti1,0,ti1, ..., tx].

By the assumption about the chosen section, we have C—! (vil(L)) ¢ AY. Thus, by putting

wa £(C) we know that (vw)_l(L) ¢ AY and therefore the context C' witnesses that u; is

essential. This concludes the proof of Lemma 6.6.

6.2. Constructing a path in Gy. Lets fix a strategy o of Alternator in H*°(L) and let
to be the tree played by o in the first round. Let vg = 1, and ho = ar(tp). Directly from
the definition we know that (v, hg) is prolongable. Therefore, to prove Proposition 6.2 it is
enough to prove the following inductive lemma.

Lemma 6.11. If (v, h) is prolongable then there exists a node (v',h') in the strategy graph
Gy such that b/ # h, (v',h') is prolongable, and there is an edge from (v, h) to (v', ).

Lets fix a node (v, h) that is prolongable, as witnessed by a strategy o and a tree t. By
the symmetry we can assume that o is winning in H* (vil(L)C).

Since there are infinitely many essential nodes in ¢, and a prefix of an essential node is
also essential (see Fact 6.5), there exists a path 7 such that for all € < u < 7 the node w is
essential. Notice that each of these nodes u comes with at least one pair (wy, g,) € Vi X Hp,
such that u is (wy, g, )-essential, see Definition 6.4. Let (w, g) be a pair that equals (wy, g,)
for infinitely many u. Let v' = vw and b/ = vwg. By the choice of h and I/ we know that
h C L¢and b’ C L and therefore h' # h. Also, directly from the definition of a (w, g)-essential
node we know that the node (v', h') is prolongable.

Therefore, to conclude Lemma 6.11 it is enough check that (v, h) is path-switching into
v' (see Lemma 5.40). Consider a finite prefix D of ¢. There must exist an essential node
u < 7 such that u € {L,r}? for some d > 0; (wy, gu) = (w,g); and D is a prefix of the
d-prefix of ¢t. Since wu is essential, D can be completed into a context C' with the port located
in u, such that az(C) = w. Thus, v-ar(C) -1y =v-w =v'. This fulfils the requirements
of Definition 5.39 and therefore G, contains an edge from (v, h) to (v, h').

7. CONCLUSIONS

This paper utilises the syntactic algebra of a given regular language L to understand the
topological complexity of L. The main result (Theorem 5.1) says that the language is BC(XY)
if and only if its syntactic algebra satisfies Identities (5.1) and (5.2).

The first equation speaks about the branching structure of alternations between the
language and the complement. The combinatorial background of this equation is represented
by the three claims from Subsection 5.4.1, which show that one can alternate using distinct
infinite branches of a given tree.

The second equation is focused on alternations that continue along a single branch, see
Lemma 5.40 for the explicit form of such an alternation.

As observed by Facchini and Michalewski [FM14], languages outside the class A9 should
admit the second kind of alternation. Although the original paper contained certain mistakes,
the claim is correct (Theorem 6.1): a regular language is AY if and only if its syntactic
algebra satisfies Identity (5.2).
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7.1. Limitations. In general there is no proper algebraic framework for analysing all regular
languages of infinite trees. The available algebras are either too weak [BI09a, BS13], too
strong [Boj10], or not closed under homomorphic images (i.e. contain a hidden existential
quantifier) [Blull]. Therefore, effective characterisations based on algebraic approach are
limited either to certain subclasses of languages as the input; or to simple classes that are
being characterised.

In this paper the input is not restricted (i.e. the characterisation works for all regular
languages as the input); but the characterised classes are low in the Borel hierarchy. It is
not surprising, as the structure of the considered algebras is quite weak, as expressed by the
following remark.

Remark 7.1. For every non-trivial language Ly C Tr4 the syntactic algebra of the language
{t € Try | Yu Jv = u. tlv € Lo}

is the same, with both H and V being two-element sets.

Notice that if Lo = {t € Try, 4 | t(€) = a} then the above language belongs to I1Y, while
for Ly = {t € Triapy | if t(€) = ¢ then ¢ contains a branch with infinitely many a} the
above language is non-Borel (21-complete). This shows that the structure of the considered
algebras is not strong enough to distinguish the complexity of languages right above the
class AY. To climb higher in the Borel hierarchy one should consider some class of algebras
with richer structure; unfortunately there is no natural candidate for such a class at the
moment. The known characterisations of classes higher in the hierarchy® [SW16, CMS17]
are based directly on games instead of using algebras.

7.2. Comparison with original papers. Comparing to the original work [BP12], this
work provides more detailed and polished proofs, more pictures, and certain minor glitches
corrected. Moreover, the newly added Lemma 5.40 provides an explicit characterisation of
the edges in the strategy graph Gr.

As discussed in Section 6, the logical structure of [FM14] is not sound. In this work
we repair the gap by providing a direct proof of existence of certain edges in the strategy
graph G7,. For that, we introduce a new concept of an essential node (see Definition 6.4)
and a combinatorial lemma about sections of matrices, see Lemma 6.9.

7.3. Further work. There are still natural classes of languages within AJ that await
characterisations.

Equations for finite levels. In this work we remark that the finite levels of the difference
hierarchy can be characterised using sentences of MSO. It remains open whether these finite
levels correspond to equations (or their ordered variants) in the syntactic algebra of the
language.

8There are other characterisations where the input is restricted to languages with limited use of non-deter-
minism, see [Mur08b, FMM16].
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Bounds for infinite levels. In [DMO7] it has been proved that if L; and Lo are regular
tree languages with Wadge rank a; and as respectively, then we can build regular languages
L1 ® Ly and Ly ® w with Wadge rank a; + ao and a1 X w respectively. Hence, every Wadge
degree with Wadge rank below w* is inhabited by regular languages. In particular, there are
examples of regular tree languages in A9\ BC(XY). However, as the Wadge hierarchy over
30 has length wy and there are only countably many regular languages, there must exist
a bound on the levels of the Wadge hierarchy occupied by regular languages. The ordinal
w® is a natural candidate for the upper bound, as all the examples of the regular languages
inside A9 exhaust exactly the first w® levels of the Wadge hierarchy.

Characterisations of transfinite levels. Not only we don’t know how many transfinite
levels of the difference hierarchy are occupied, but there is no effective characterisation of
any transfinite level known. Thus, one can ask for instance how to verify if the Wadge degree
n of a regular tree language verifies w <n < w - 2.

Higher in the hierarchy. The operations of the algebras used in this paper seem to be
suited exactly to the classes up to AJ. However, one might imagine enriching their algebraic
structure just a bit in such a way to cover one more level of the Borel hierarchy. This
motivates the following problem.

Problem 7.2. Is there a natural algebraic structure extending the algebras given in this
paper which allow an equational characterisation of the Borel class Ag.

7.4. Acknowledgements. The authors would like to express their gratitude to Henryk
Michalewski for a number of insightful discussions on the subject. Additionally, the authors
than anonymous referees for their helpful comments and suggestions.
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