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ABSTRACT. In the last two decades, there has been much progress on model checking
of both probabilistic systems and higher-order programs. In spite of the emergence of
higher-order probabilistic programming languages, not much has been done to combine
those two approaches. In this paper, we initiate a study on the probabilistic higher-order
model checking problem, by giving some first theoretical and experimental results. As a
first step towards our goal, we introduce PHORS, a probabilistic extension of higher-order
recursion schemes (HORS), as a model of probabilistic higher-order programs. The model
of PHORS may alternatively be viewed as a higher-order extension of recursive Markov
chains. We then investigate the probabilistic termination problem — or, equivalently,
the probabilistic reachability problem. We prove that almost sure termination of order-2
PHORS is undecidable. We also provide a fixpoint characterization of the termination
probability of PHORS, and develop a sound (although possibly incomplete) procedure for
approximately computing the termination probability. We have implemented the procedure
for order-2 PHORS, and confirmed that the procedure works well through preliminary
experiments.

1. INTRODUCTION

Computer science has interacted with probability theory in many fruitful ways, since the very
early days [dLMSS56]. Probability theory enables state abstraction, reducing in this way the
state space’s cardinality. It has also led to a new model of computation, used for instance
in randomized computation [MR95] or in cryptography [GM84]. The trend of a rise of
probability theory’s importance in computer science has been followed by the programming
language community, up to the point that probabilistic programming is nowadays a very
active research area. Probabilistic choice can be modeled in various ways in programming, and
fair binary probabilistic choice is for instance perfectly sufficient to obtain universality if the
underlying programming language is universal itself [San69, DZ12]. This has been the path
followed in probabilistic A-calculi [Sah78, JP89, DH02, DZ12, ETP14, DSA14, HKSY17].
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In the present paper, we are interested in the analysis of probabilistic, higher-order
recursive programs. Model checking of probabilistic finite state systems has been a very
active research field (see [BK08, CHVBI1S]| for a survey). Over the last two decades, there
has also been much interest and progress in model checking of probabilistic recursive
programs [EY09, EY15, BEKK13, BBFK14], which cannot be modeled as finite state
systems, and thus escape the classic model checking framework and algorithms. None of the
proposals in the literature on probabilistic model checking, however, is capable of handling
higher-order functions, which are a natural feature in functional languages. This is in
sharp contrast with what happens for non-probabilistic higher-order programs, for which
model checking techniques can be fruitfully employed for proving both reachability and
safety properties, as shown in the extensive literature on the subject (e.g. [Ong06, HMOS08,
Kob13, KO09, KSU11, GM15b, GM15a, TO14, SW11]). There have been some studies on
the termination of probabilistic higher-order programs [DLG17], but to our knowledge, they
have not provided a procedure for precisely computing the termination probability, nor
discussed whether it is possible at all: see Section 7 for more details. Summing up, little has
been known about the decidability and complexity of model checking of probabilistic higher-
order programs, and even less about the existence of practical procedures for approximately
solving model checking problems.

One may think that probabilistic and higher-order computation is rather an exotic
research topic, but it is important for precisely modeling and verifying any higher-order
functional programs that interact with a probabilistic environment. As a simple example,
consider the following (non-higher-order) OCaml-like program, which uses a primitive f1ip
for generating true or false with probability %

let rec f() = if flip() then () else f() in £f()

The program almost surely terminates (i.e., terminates with probability 1), but if we ignore
the probabilistic aspects and model £1ip() as a non-deterministic (rather than probabilistic)
primitive, then we would conclude that the program can may diverge. The following program
makes use of an interesting combination of probabilistic choice and higher-order functions:

let boolgen() = flip()
let rec listgen f () =

if flip() then [] else f()::listgen f ()
in listgen (listgen boolgen) ()

The function 1istgen above takes a generator f of elements as an argument, and creates a
list of elements, each of them obtained by calling f. Thus, the whole program generates
a list of lists of Booleans. The length of such a list of lists is randomized, and distributed
according to the geometric distribution. We may then wish to ask, for example, (i) whether
it almost surely terminates, and (ii) what is the probability that a list of even length is
generated. Generating random data structures like the one produced by listgen is not an
artificial task, being central to, e.g., random test generation [PF17, MRH18].

As a model of probabilistic higher-order programs, we first introduce PHORS, a proba-
bilistic extension of higher-order recursion schemes (HORS) [KNU02, Ong06]. Our model of
PHORS is expressive enough to accurately model probabilistic higher-order functions, but
the underlying non-probabilistic language (i.e., HORS, obtained by removing probabilistic
choice) is not Turing-complete; thus, we can hope for the existence of algorithmic solutions
to some of the verification problems. As an example, we can decide indeed whether the
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termination probability of PHORS is 0, by reduction to a model checking problem for
non-probabilistic HORS.

Through the well-known correspondence between HORS and (collapsible) higher-order
pushdown automata [KNU02, HMOS08], PHORS can be considered a higher-order ex-
tension of probabilistic pushdown systems [BEKK13, BBFK14] and of recursive Markov
chains [YEO05], the computation models used in previous work on model checking of probabilis-
tic recursive programs. We can also view PHORS as an extension of the \Y-calculus [Sta04]
with probabilities, just like HORS can be viewed as an alternative presentation of the
AY-calculus. The correspondence between HORS and the AY-calculus has been useful for
transferring techniques for typed A-calculi (most notably, game semantics [Ong06], intersec-
tion types [Kob09b, KO09] and Krivine machines [SW11]) to HORS; thus, we expect similar
benefits in using PHORS (rather than probabilistic higher-order pushdown automata) as
models of probabilistic higher-order programs.

As a first step towards understanding the nature of the model checking problem for
probabilistic higher-order programs, the present paper studies the problem of computing
the termination (or equivalently, reachability) probabilities of PHORS. Note that, as in a
non-probabilistic setting, one can easily reduce a safety property verification problem to a
may-termination problem (i.e. the problem of checking whether a program may terminate),
by encoding safety violation as termination. We can also verify certain liveness properties,
by encoding a good event as a termination and checking that the termination probability is 1.
As we will see in Section 2, the two questions (i) and (ii) mentioned earlier on the listgen
program can also be reduced to the problem of computing the termination probability of a
PHORS. Note also that computing the termination (or equivalently, reachability) probability
has been a key to solving more general model checking problems (such as LTL/CTL model
checking) for recursive programs [YE05, BBFK14].

As the first result on the problem of computing termination probabilities, we prove that
the almost sure termination problem, i.e., whether a given PHORS terminates with probabil-
ity 1, is undecidable at order-2 or higher. This contrasts with the case of recursive Markov
chains, for which the almost sure termination problem can be decided in PSPACE [EY09].
The proof of undecidability is based on a reduction from the undecidability of Hilbert’s
tenth problem (i.e. unsolvability of Diophantine equations) [Mat93]. The undecidability
result also implies that it is not possible to compute the ezact termination probability. More
precisely, for any rational number r € (0, 1], the set {G | Pr(G) > r} (where Pr(G) denotes
the termination probability of G) is not recursively enumerable (in other words, the set is
I19-hard in the arithmetical hierarchy). Note, however, that this negative result does not
preclude the possibility to compute the termination probability with arbitrary precision;
there may exist an algorithm that, given a PHORS G and € > 0 as inputs, finds r such that
the termination probability of G belongs to (r,r+¢). The existence of such an approximation
algorithm remains open.

As a positive result towards approximately computing the termination probability, we
show that the termination probability of order-n PHORS can be characterized by fixpoint
equations on order-(n — 1) functions on real numbers. The fixpoint characterization of the
termination probability of recursive Markov chains [EY09] can be viewed as a special case of
our result where n = 1. The fixpoint characterization immediately provides a semi-algorithm
for the lower-bound problem: “Given a PHORS G and a rational number r € [0, 1], does
Pr(G) > r hold?” Recall, however, that {G | Pr(G) > r} is not recursively enumerable, so
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there is no semi-algorithm for the variation: “Given a PHORS G and a rational number
r € [0, 1], does Pr(G) > r hold?”

The remaining question is whether an upper-bound on the termination probability can
be computed with arbitrary precision. We have not settled this question yet, but propose a
procedure for soundly estimating an upper-bound of the termination probability of order-2
PHORS by using the fixpoint characterization above, d la FEM (finite element method). We
have implemented the procedure, and conducted preliminary experiments to confirm that
the procedure works fairly well in practice: combined with the lower-bound computation
based on the fixpoint characterization, the procedure was able to instantly compute the
termination probabilities of (small but) non-trivial examples with precision 1072. We also
briefly discuss how to generalize the procedure to deal with PHORS of arbitrary orders.

The contributions of this article can thus be summarized as follows:

(i) A formalization of probabilistic higher-order recursion schemes (PHORS) and their

termination probabilities. This is in Section 2.

(ii) A proof of undecidability of the almost sure termination problem for PHORS (of order
2 or higher), which can be found in Section 3.

(iii) A fixpoint characterization of the termination probability of PHORS, which immedi-
ately yields the semi-decidability of the lower-bound problem. This is in Section 4.

(iv) A sound procedure for computing an upper-bound to the termination probability of
order-2 PHORS (which is described in Section 5) accompanied by an implementation
and preliminary experiments with promising results, reported in Section 6.

We also discuss related work in Section 7, and conclude the article in Section 8. A preliminary
summary of this article appeared in Proceedings of LICS 2019 [KDLG19].

2. PROBABILISTIC HIGHER-ORDER RECURSION SCHEMES (PHORS) AND TERMINATION
PROBABILITIES

This section introduces probabilistic higher-order recursion schemes (PHORS?), an extension
of higher-order recursion schemes [KNU02, Ong06] in which programs can at any evaluation
step perform a discrete probabilistic choice, then proceeding according to its outcome.
Higher-order recursion schemes are usually treated as generators of infinite trees, but as we
are only interested in the termination probability, we consider only nullary tree constructors
e and (2, which represent termination and divergence respectively.

We first define types and applicative terms. The set of types, ranged over by k, is given
by:

K=o | K — K.

Intuitively, o describes the unit value, and k1 — ks describes functions from k1 to ka. As
usual, the order of a type x is defined by:

order(o) =0
order(k1 — k2) = max(order(k1) + 1, order(ka)).

We often write of — o for 0 — --- — 0 — o, and abbreviate k| — -+ — Kk — Kk t0 K — K.
N—_———

¢
The set of applicative terms, ranged over by t, is given by:

ti=e ‘ Q

X | tth,

lWe write PHORS for both singular and plural forms.
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where e and 2 are (the only) constants of type o and x ranges over a set of variables.
Intuitively, e and Q denote termination and divergence respectively (the latter can be defined
as a derived form, but assuming it as a primitive is convenient for Section 4). We consider
the following standard simple type system for applicative terms, where IC, called a type
environment, is a map from a finite set of variables to the set of types.

K(x) =k KEt:ke >k KFty: ko
Kke:o KEQ:o Kkz:k KEtits: k

Definition 2.1 (PHORS). A probabilistic higher-order recursion scheme (PHORS) is a

triple G = (N, R, S), where:

(1) N is a map from a finite set of variables (called non-terminals and typically denoted
F, G, ...) to the set of types.

(2) R is a map from dom(N') to terms of the form Axy.--- Axy.tr, ®p tr, where p € [0,1]
is a rational number, and ty, tg are applicative terms. If N(F) =K1 — -+ — ki — o,
R(F) must be of the form Axy.--- Axy.tr @p tr, where N,xy:k1,...,x5 kgt : o
and N, x1 :Kk1,..., Tk EtR 0.

(3) S € dom(N), called the start symbol, is a distinguished non-terminal that satisfies
N(S) =o.

The order of a PHORS (N, R, S) is maxpe gom(n) order(N(F)), i.c., the highest order of

the types of its non-terminals. We write Py, for the set of order-k PHORS.

When R(F') = Azy. - - Azg.tr, $p tr, we often write F'xy --- xp =t &) tg, and specify R
as a set of such equations. The rule F'zq - -- xp = t1, @, tr intuitively means that F'ty --- ¢,
is reduced to [t1/x1,...,tx/xk]tr and [t1/z1,. .., tx/zk|tg with probabilities p and 1 — p,
respectively. We often write just Fxq --- o =t for Fxq -+ x, =t;, 1 tg.

Definition 2.2 (Operational Semantics and Termination Probability of PHORS). Given

a PHORS G = (N, R,S), the rewriting relation di>g (where d € {L, R} and p € [0,1]) is
defined by:

R(F) = AT1. - AzgtL @p tr R(F) = ALy, Axg.tr Dp tr
L, R1—
Fty oty —5g /o1, .. te/w)tr Fity -ty == [t1/21, ... tr/x]tr
. s . ., dy, dn,pn
We write %g for the relational composition of 1—pl>g, e Lnbn, g, when m=dy---dy, and

p =11, pi- Note that n may be 0, so that we have t; 6271>g to iff t1 = to. By definition, for

each m € {L, R}*, there exists at most one p such that S %g e. For an applicative term t,

we define P(G,t,m) by:

p ift=2ge

0 ift %g e does not hold for any p

The partial and full termination probabilities, written P(G,t,n) and P(G,t), are defined by:
P(G,t,n) = Z P(G,t, ) and  P(G,t) = Z P(G,t, ).

me{L,R}=n me{L,R}*
Finally, we set P(G,n) = P(G,S,n) and P(G) = P(G,S).

P(G,t,m) =

. ) . .o d ; d, :
We often omit the subscript G below and just write —% and =2 for —%¢ and =5¢
respectively. The termination probability of G refers to its full termination probability P(G).
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FIGURE 1. A Recursive Markov Chain Modeling G;.

Example 2.3. Let G; be the order-1 PHORS (N7, R1,S), where:

N ={S—o0,F—o0— o}

Ri={S = Fe® Q, Fa =z ®, F(Fx)}.
The start symbol S can be reduced, for example, as follows.

SiF(e) M>F(Fe) P pe P .

LRLLp?(1-p)
_

Thus, we have S e. As we will see in Section 4, the termination probability
2. Therefore,

P(G1) is the least solution for r of the fixpoint equation: r = p 4+ (1 — p)re.
P(G) = 1’%}0 if 0 <p< {and P(G1) =1if 1 <p. The corresponding example of a recursive
Markov chain is shown in Figure 1, using the notational conventions from [EY09]. G; can
be seen as realizing a binary, random walk on the natural numbers, starting from 1. []

As the previous example suggests, there is a mutual translation between recursive
Markov chains and order-1 PHORS; see the Appendix A.1 for details.

Example 2.4. Let Go be the order-2 PHORS (N, R2,S) where:
No={S+— 0,H+—0—0,F— (0—0)—o,
D+ (0 —0)—0—o0}
Ro={S= (FH)®1e, Hx=x ®1 Q,
Fg=(ge) @1 (F(Dg)), Dgz=(g(gx)) &1 2}

The start symbol S can be reduced, for example, as follows.

R,: L1
sth pH % F(DH) 225 DHe 2 H(He)
Lt Ll
% He % e,
Contrary to Gy, it is quite hard to find an RMC which models the behavior of Gs. In fact,
this happens for very good reasons, as we will see in Section 3. []
The following result is obvious from the definition of P(G).

Theorem 2.5. For any rational number r € [0,1], the set {G | P(G) > r} is recursively
enumerable.

Proof. This follows immediately from the facts that P(G) > r if and only if P(G,n) =
> refr,ry<n P(G,S,m) > r for some n, and that P(G,n) is computable. []

In other words, whether P(G) > r is semi-decidable, i.e., there exists a procedure that
eventually answers “yes” whenever P(G) > r. As we will see in Section 3, however, for every
€ (0,1], {G | P(G) > r} is not recursively enumerable.
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Remark 2.6. Given a PHORS G, replacing each probabilistic operator @, s.t. 0 <p <1
with a binary tree constructor br and replacing t;, &1 tg (tr o tr, resp.) with ty, (tr, resp.),
we obtain an ordinary HORS GNP . Then P(G) = 0 if and only if the tree generated by GNP
has no finite path to e. Thus, by [KO11] (see the paragraph below the proof of Theorem 4.5
about the complezity of the reachability problem), whether P(G) = 0 is decidable, and (n—1)-
EXPTIME complete. Note, on the other hand, that there is no clear correspondence between

the almost sure termination problem P(G) 21 and a model checking problem for GNP . If
the tree of GNP has neither Q nor an infinite path (which is decidable), then P(G)=1, but
the converse does not hold.

Remark 2.7. The restriction that a probabilistic choice may occur only at the top-level
of each rule is not a genuine restriction. Indeed, whenever we wish to write a rule of the
form F 'z = C[ty, @, tg]|, we can normalize it to F © = C[G Z], where G is defined by
Gz =t ®p tr. Keeping this in mind, we sometimes allow probabilistic choices to occur
inside terms. In fact, a PHORS can be considered as a term (of type o) of a probabilistic
extension of the (call-by-name) \Y -calculus [Sta04]. We define the set of probabilistic \Y
terms by:
su=e | Q | T | A\L.s ‘ 51592 ‘ Y (A\f.Az.s) | 51 @yp S2.

Here, @, is a probabilistic choice operator of type o — o — o, and other terms are
simply-typed in the usual way. Then, PHORS and probabilistic \Y terms can be converted
to each other. We use PHORS in the present paper for the convenience of the fixpoint
characterizations discussed in Section 4.

Remark 2.8. We adopt the call-by-name semantics, and allow probabilistic choices only on
terms of type o. The call-by-value semantics, as well as probabilistic choices at higher-order
types can be modeled by applying a standard CPS transformation. Moreover, a PHORS does
not have data other than functions, but as in ordinary HORS [Kobl3], elements of a finite
set (such as Booleans) can be modeled by using Church encoding.

We provide a few more examples of PHORS below.

Example 2.9. Recall the list generator example in Section 1, whose termination is equivalent
to that of the following program, obtained by replacing the output of each function with the
unit value Q.

let boolgen() = flip() in
let rec listgen f ()=
if flip() then () else (f(); listgen f ())
in listgen (listgen boolgen) ()
With a kind of CPS transformation, termination of the above program is reduced to that of
the following PHORS Gs:
S = Listgen (Listgen Boolgen) e
Boolgen k =k
Listgen f k =k @1 f(Listgen f k)
It is not difficult to confirm that P(Gs) = 1 (using the fixpoint characterization given in
Section 4).
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Example 2.10. The following is a variation of the list generator example (Example 2.9),
which generates ternary trees instead of lists:

let boolgen() = flip() in
let rec treegen f =

if flip() then Leaf

else Node(f(), treegen f, treegen f, treegen f) in
treegen (boolgen)

The following PHORS G4 captures the termination probability of the aforementioned program:

S = Treegen Boolgen e
Boolgen k =k
Treegen f k =k @1 (f(Treegen f (Treegen f (Treegen f k))))

Interestingly, G4 is not almost surely terminating, since P(Gy) = @
To increase the chance of termination, let us change the original program as follows:

let boolgen() = flip() in
let rec treegen p f =
if flipp(p) then Leaf
p+l1 £

else Node(f(), treegen - ptl ¢

ptl
= £)

treegen treegen - in

treegen % boolgen

where f1ipp is the natural generalization of £f1ip. Here, treegen is parameterized with
probability p, which is increased upon each recursive call. We assume that £1ipp(p) returns
true with probability p and false with 1 — p. The corresponding PHORS Gy is:

S = Treegen H Boolgen e
Boolgen k =k
Hxy=z ®1 y
2

Gpry=z @1 (pry)

Treegenp f k =p k (f(Treegen (G p) f (Treegen (G p) f (Treegen (G p) f k))))

The function Treegen is parameterized by a probabilistic choice function p, which is initially

set to the function H (that chooses the first argument with probability %) The function G

takes a probabilistic choice function p, and returns a probabilistic function Az.Ay.x ©1 (p x y),
2

which chooses the first argument with probability % where p is the probability that p
chooses the first argument. As expected, G5 is almost surely terminating. []

Example 2.11. Recall the list generator example again. Suppose that we wish to compute
the probability that listgen(boolgen) generates a list of even length. It can be reduced to
the problem of computing the termination probability of the following program:

let boolgen() = flip() in
let rec loop() = loop() in
let rec listgenE f () =
if flip() then () else (f();listgen0 f ())
and listgenO £ () =
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if flip() then loop() else (f();listgenE f ()) in
listgenE boolgen ()

Here, we have duplicated 1listgen to listgenE and listgenO, which are expected to
simulate the generation of even and odd lists respectively. Thus, the then-branches of
listgenE and listgen0 have been replaced by termination and divergence respectively.
As in the previous example, the above program can further be translated to the following
PHORS Gg:

S = ListgenE Boolgen e
Boolgen k =k
ListgenE f k =k @1 (f(ListgenO f k))
ListgenO f k= Q ®1 (f(ListgenE f k)).
The termination probability of the PHORS is

1 11 1 [1)\? 1 1 2
i+53v5 (1)t s Eo

Thus, the probability that the original program generates an even list is also %

Let us also consider the problem of computing the probability that 1istgen(boolgen)
generates a list containing an even number of true’s. It can be reduced to the termination
probability of the following PHORS.

S = ListgenFE Boolgen e
Boolgen k1 ko = k1 ®1 ko
2

ListgenE f k =k @1 (f(ListgenO f k)(ListgenE f k))
ListgenO f k= Q ®1 (f(ListgenE f k)(ListgenO f k)).

The function Boolgen now takes two continuations ki and ko as arguments, and calls k; or
ko according to whether true or false is generated in the original program. The function
ListgenE (ListgenO, resp.) is called when the number of true’s generated so far is even

(odd, resp.). The termination probability of the PHORS above is %. ]

In the following example, a standard program transformation for randomized algorithms
is captured as a PHORS. More specifically, a higher-order function is defined, which turns
any Las-Vegas algorithm that sometimes declares not to be able to provide the correct
answer into one that always produces the correct answer. (For more details about the use of
the scheme above, please refer to [Hro05)).

Example 2.12. Consider a probabilistic function f, which takes a value of type A, and
returns a value of type B with probability p and Unknown with probability 1 — p, where
p > 0. The following higher-order function determinize takes such a function f as an
argument, and generates a function from A to B.

type ’b pans = Ans of ’b | Unknown
let rec determinize(f:’a->’b pans)(x:’a)=
match f x with
Ans(r) ->r
| Unknown -> determinize f x
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To confirm that determinize f almost surely terminates and returns a value of type
B, it suffices to check that the PHORS term Determinize g almost surely terminates for
g = A\y.A\z.y @, z, where Determinize is defined by:

Determinize g = g e (Determinize g).
Here, the first argument of g corresponds to the body of the clause Ans(r)->-- -, while the
second argument corresponds to that of the clause Unknown->---. Almost sure termination

of Determinize(Ay.\z.y @, z) for any p > 0 can further be encoded as that of the following
PHORS Gr:

S = (Determinize One) @1 (ForallP Zero One)

1
Oneyz=y 2
Zeroy z =z

Avgpqyz=(py=2) @1 (qy 2)

ForallP p ¢ = (Determinize (Avg p q))

@
((ForallPp (Avg p q)) @

Nl= Nl

(ForallP (Avg p q) q))

It runs Determinize (Ay.\z.y @, z) for every p (0 < p < 1) of the form 2% with non-

zero probability. Thus, P(G7) = 1 if Determinize(Ay.\z.y @, z) almost surely termi-
nates for every p > 0. Conversely, by the continuity of the termination probability of
Determinize (\y.\z.y @, z) except at p =0 (which we omit to discuss formally), P(G7) =1
implies that Determinize(A\y.Az.y @, z) almost surely terminates for every p > 0. []

Remark 2.13. Although PHORS do not have probabilities as first-class values, as demon-
strated in the examples above, certain operations on probabilities can be realized by encoding
a probability p into a probabilistic function A\x.\y.x ®, y. The function Avg in Example 2.12
realizes the average operation p1-§p2 . The multiplication p1p2 can be represented by Mult py po,

where Mult py p2 xy =p1 (p2 x y) y.

3. UNDECIDABILITY OF ALMOST SURE TERMINATION OF ORDER-2 PHORS

We prove in this section that the almost sure termination problem, i.e., whether the
termination probability P(G) of a given PHORS G is 1, is undecidable even for order-2
PHORS. The proof is by reduction from the undecidability of Hilbert’s 10th problem [Mat93]
(i.e. unsolvability of Diophantine equations). Note that almost sure termination of an order-1
PHORS is decidable, as order-1 PHORS are essentially equi-expressive with probabilistic
pushdown systems and recursive Markov chains [EY09, EY15, BEKK13, BBFK14]. In fact,
by the fixpoint characterization given in Section 4.3, the termination probability of an order-1
PHORS can be expressed as the least solution of fixpoint equations over reals, which can be
solved as discussed in [EY09]. Thus, our undecidability result for order-2 PHORS is optimal.

We start by giving an easy reformulation of the unsolvability of Diophantine equations
in terms of polynomials with non-negative coefficients, which follows immediately from the
original result.

Lemma 3.1. Given two polynomials P(x1,...,xx) and Q(x1,...,x) with non-negative
integer coefficients, whether P(x1,...,x) < Q(x1,...,zk) for some x1,...,x, € Nat is
undecidable. More precisely, the set of pairs of polynomials: {(P(zx1,...,x), Q(x1,...,2k)) |



Vol. 16:4 ON THE TERMINATION OF PROBABILISTIC HIGHER-ORDER PROGRAMS 2:11

3z1,..., 2 € Nat.P(z1,...,71) < Q(z1,...,25)} is X0-complete in the arithmetical hierar-
chy.

Proof. Let D(zxy,...,x) be a multivariate polynomial with integer coefficients. Then, for all
natural numbers 21, ...,zx € Nat, D(z1,...,2;) = 0 if and only if (D(z1,...,71))? — 1 <
0. Any such polynomial (D(z1,...,2;))?> — 1 may be rewritten as P(x1,...,75) —
Q(x1,...,xk), where P(zxy,...,x) and Q(z1,...,2;) have only non-negative integer co-
efficients. Then, D(z1,...,z;) = 0 if and only if P(x1,...,2x) < Q(x1,...,2k). Since
whether D(x1,...,z;) = 0 for some z1,...,z; € Nat is undecidable [Mat93], it is also
undecidable whether P(z1,...,zx) < Q(z1,...,2x) for some z1,...,x2p € Nat. Fur-
thermore, since the set of sastisfiable Diophantine equations is E(l)—complete, the set
{(P(z1,...,21),Q(z1, ..., 2%)) | 3x1,..., 2 € Nat.P(zy,...,7%) < Q(z1,...,75)} is XI-
hard. The set is also obviously recursively enumerable, hence belongs to Y. []

Roughly, the idea of our undecidability proof is to show that for every P and @) as above,
one can effectively construct an order-2 PHORS that does not almost surely terminate
if and only if P(x1,...,zx) < Q(z1,...,x) for some z1,...,x;. Henceforth, we say t is
non-AST if t is not almost surely terminating. For ease of understanding, we first construct
an order-3 PHORS g;f ‘@ that satisfies the property above in Section 3.1 and then refine the

construction to obtain an order-2 PHORS Qéj '@ with the same property in Section 3.2.

3.1. Construction of the Order-3 PHORS gif’Q. Let P(x1,...,x) and Q(x1,...,Tk)

be, as above, polynomials with non-negative coefficients. We give the construction of

g?f @ in a top-down manner. We let g:f '@ enumerate all the tuples of natural numbers

(n1,...,n%), and for each tuple, spawn a process Lt (P(ni,...,ng)) (Q(ni,...,nk)) with
non-zero probability, where Lt mi msy is a process that is non-AST if and only if m; < ms.
Thus, we define the start symbol S of Q?]’D @ by:

S = Loop Zero --- Zero.
Loopxy -+ xp = (Lt (Pxy -+ x) (Quy -+ xg))
@1 (Loop (Succxy) -+ xy) @1 O (Loop 1 -+ (Succxy)).
Here, for readability, we have extended the righthand sides of rules to n-ary probabilistic
choices:
t1 Spy 12 Bpy - Bp_y tn

These can be expressed as t1 @y, (Fax1 - - 2)), where auxiliary non-terminals are defined
by:

Foxy - xp =ty ®p, (Fa1 -+ xp) Foixzi - xp=th—1 @p,_, tn.

We can express natural numbers and operations on them by using Church encoding;:
Zerosz =2z Succnsz=s(nsz)
Addnmsz=mns(msz) Multnm sz=mn(ms) z.

Here, the types of non-terminals above are given by:
N (Zero) =CT
N (Suce) = CT — CT
N(Add) = N (Mult) = CT — CT — CT,
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where CT = (0 — 0) — 0 — o is the usual type of Church numerals. Note that the order of
CT is 2, while that of N'(Succ), N(Add), and N (Mult) is 3. By using the just introduced
operators, we can easily define P and () as order-3 non-terminals. By abuse of notation, we
often use symbols P and @) to denote both polynomials and the representations of them as
non-terminals; similarly for natural numbers.

It remains to define an order-3 non-terminal Lt, so that Ltmqms is non-AST if
and only if m; < mso. Since ng’Q runs Lt (Pny -+ ng) (Qny -+ ng) for each tuple of
Church numerals (n1,...,n;) with non-zero probability, gf @ is non-AST if and only if
P(ni,...,ng) < Q(ni,...,ng) for some natural numbers nq,...,ng. The key ingredient
used for the construction of Lt is the function CheckHalf of type (o — o — o) — o, defined
as follows:

CheckHalf g =F' g e Fgo=gx(Fg(Fgx)).
Here, F' above is a parameterized version of F' from Example 2.3: F' @, (where &, is
treated as a function of type o — o — o, which chooses the first argument with probability
p and the second one with 1 — p) corresponds to F'. As discussed in Example 2.3, Fe is
non-AST if and only if p < % Thus, CheckHalf g = F' g e (which is equivalent to F'e
when g = @, ) is non-AST if and only if the probability that g chooses the first argument
is smaller than % Let CheckLt (which will be defined shortly) be a function which takes
Church numerals m; and ms, and returns a function of type o — o — o that chooses the
first argument with probability smaller than % if and only if my < mgo. Then, Lt can be
defined as:
Lt my mo = CheckHalf (CheckLt my mg).

Finally, CheckLt can be defined by:

CheckLt m1 mg x y = (NatToPr my x y) ®1 (NatToPr ma y x).

1
2

NatToPrmxy=m (H x) y. Hry=xz ®1 v.
2

Let us write [m] for the natural number represented by a Church numeral m. For a Church
numeral m, NatToPr m x y (which is equivalent to (H z)™)y) chooses z with probability
1-— % and y with probability 2[—}”] Thus, the probability that CheckLt mi mo x y chooses

2[m!
x is
1 (, 1 11 11 1 1
2\ T om ) T g T2 T2\ Qe T i )

which is smaller than 3 if and only if [mi] < [ms], as required. This completes the

construction of g§ Q. See Figure 2 for the whole rules of 95 ‘% From the discussion above,
it should be trivial that gva is non-AST if and only if P(z1,...,zr) < Q(x1,...,zx) holds
for some x1,...,x; € Nat.

3.2. Decreasing the Order. We now refine the construction of Q; ‘@ to obtain an order-2
PHORS gf @ that satisfies the same property. The idea is, instead of passing around a
Church numeral m, to pass a probabilistic function equivalent to NatToPr m, which takes
two arguments and chooses the first and second arguments with probabilities 1 — 2[—}7” and 2[—1”],
respectively. Note that a Church numeral m has an order-2 type CT = (0 — 0) — 0 — o,
whereas NatToPr m has an order-1 type o — o — o. This ultimately allows us to decrease

the order of the PHORS.
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S = Loop Zero --- Zero.
Loopas - o = (Lt (Pary -+ 2) (Qarn - )
@1 (TestAll (Succzy) -+ x) B
Lt my mg = CheckHalf (CheckLt my ma).
CheckHalf y = F' y e.
Flgz=ga (Fg(F gx)).
CheckLt m1 mg xz y = (NatToPr mj x y) &
NatToPrmxy=m (H x) y.
Hxy==x 69% Y.

- @1 (TestAllxy - -+ (Succzy)).

1 1
2 2

(NatToPr ma y ).

1
2

Zerosz = z.
Sucensz=s(nsz).
Addnmsz=ns(msz).
Multnmsz=n(ms) z.
Pxy - - xp=1p.
Qw1 -2 =1g.

FiGure 2. The rules of gf’Q, where tp and tg are terms encoding the
polynomials P and @ by way of Zero, Succ, Add, and Mult.

Based on the idea above, we replace Lt with LtPr, which now takes probabilistic
functions of type o — o — o as arguments:

LtPr g1 g2 = CheckHalf (CheckLtPr g1 g2).
CheckLtPr g1 g2 x y = (g1  y) 69% (92 y ).

Here, CheckLtPr is an analogous version of CheckLt, and CheckHalf is as before:
CheckHalf g is non-AST if and only if the probability that g chooses the first argument is
smaller than 1. Then, LtPr (NatToPr (Pny -+ ny)) (NatToPr (Qny -+ ny)) is non-AST
if and only if P(ni,...,ng) < Q(ni,...,ng).

It remains to modify the top-level loop Loop, so that we can enumerate (terms equiv-
alent to) LtPr (NatToPr (Pniy --- ng)) (NatToPr (Qmni --- ny)) for all ny,...,n; € Nat,
without explicitly constructing Church numerals. Instead of using Church encodings, we can
encode natural numbers and operations on them (except multiplication) into probabilistic
functions as follows.

ZeroPrxy=y SuccPrgrxy=x @1 (gxy)
2
OnePrzy=x &1 vy AddPr g1 goxy=g1 x (g2 x y).
2

Basically, a natural number m is encoded as a probabilistic function of type o — o — o, which

chooses the first and second arguments with probabilities 1 — Qim and 2% respectively. Notice

that AddPr (NatToPr my) (NatToPr mg) is equivalent to NatToPr (Add mi mgy), because
1

the probability that AddPr (NatToPr my) (NatToPr ms) x y chooses y is 2[1

my] "~ olma]
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1
olm1]+[ma] *
short.

The multiplication cannot, however, be directly encoded. To compensate for the lack of
the multiplication operator, instead of passing around just ni,...,n; in the top-level loop,
we pass around the PF encodings of the values of nzf --nr for each iy < dy, ... i < dy,
where di,...,dy respectively are the largest degrees of P(z1,...,zr) + Q(x1,...,2) in

x1,...,TE. We thus define the start symbol S of QQP’Q by:
S = LoopPr OnePr ZeroPr --- ZeroPr .
(d1+1)-(dp+1)—1 times
LoopPr z = (LtPr (P'7) (Q' 7))
@1 (LoopPr (Incy(o,..0)T) -~ (Inc1(a,,...4,) T)) @

We call this encoding the probabilistic function encoding, or PF encoding for

N[

@1 (LoopPr (Incko.,..0)T) -+ (InCk(dy....dx) T))-

Here, Z denotes the sequence of (dy+1) - - - (dj.+1) variables x (g ¢y - -, %(4,,...,d,), CONSisting
of 2, ., for each iy € {0,...,d1},...,ix € {0,...,di}. Each variable z(; ;) holds (the
PF encoding of) the value of n’f e nzf“

Moreover, the functions P’ and @’ are the PF encodings of the polynomials P
and @. Since P and ) can be represented as linear combinations of monomials
x’fx;f for 17 < dy,...,ip < di, P’ and @' can be defined using ZeroPr and
AddPr. For example, if P(x1,79) = 22 4+ 2z172, then P’ is defined by: P/ T y z =
AddPr z 3y (AddPr x(11) (1,1)) Y 2-

The function Inc;

J(i1,...,ix) T Tepresents the PF encoding of nlf c(nj 4+ 1) ni’“, as-

suming that 7 represents (the PF encoding of) the values n! - -ng, e ,n‘fl e nzk. Note
that Incj,, . ;) can also be defined by using ZeroPr and AddPr, since (x5 +
1)% - :EZ’“ can be expressed as a linear combination of monomials z9 - - - 33,2, e ,:cclll e az‘é’“.
For example, if k = 2, then Incy19 can be defined by Inc; oTyz =
AddPr x(y 5y (AddPr x 11y (AddPr x(1 1) 2(1,0))) y 2, because x1 (w2 + 1)? = z123 + 27120 +
1. []

This completes the construction of Qf @ See Figure 3 for the list of all rules of gf Q.
By the discussion above, we have:

Theorem 3.2. The almost sure termination of order-2 PHORS is undecidable. More
precisely, the set {G | P(G) = 1,G is an order-2 PHORSY is 119-hard.

Proof. By the construction of gf’Q above, P(gf’Q) = 1 if and only if P(xy,...,2%) >
Q(x1,...,xk) holds for all xy,..., 2, € Nat. By Lemma 3.1, the set of pairs (P, Q) that
satisfy the latter is I1{-complete, hence the set {G | P(G) = 1, G is an order-2 PHORS} is
-hard. [

As a corollary, we also have:

Theorem 3.3. For any rational number r € (0, 1], the followings are undecidable:

(1) whether a given order-2 PHORS G satisfies Pr(G)>r.
(2) whether a given order-2 PHORS G satisfies Pr(G)=r.

More precisely, the sets {G € Py | Pr(G)>r} and {G € Py | Pr(G)=r} are I1Y-hard.
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S = LoopPr OnePr ZeroPr --- ZeroPr .
(di+1)-(dp+1)—1
LoopPr z = (LtPr (P’ 2) (Q' 7))
b1 (LoopPr (Incy (o,..0)Z) -+ (Inci(ay,...d;) T))

@% @% (LoopPr (Incy (o,...0)T) = (Incy (a,,....d) T))-
LtPr g1 go = CheckHalf (CheckLtPr g1 g2).
CheckLtPr g1 g2 x y = (g1 ¢ y) @% (92 y ).
CheckHalf y=F' y e.
Flgz=ga(Fg(Fgx)).
ZeroPr x y =y.
OnePrxy==x @% Y.
SuccPrgxy=u @% (gzy).
AddPr g1 goxy = g1 x (g2 x y).
P'z=tp
Q'T=tg

J(1,e508)
Inc

Incj,(ily---,ik) =t

FicURE 3. The rules of gva, where the terms ¢, t’Q and t][é?““) are
defined based on ZeroPr, OnePr, and SuccPr and AddPr.

Proof. Let G be an order-2 PHORS with the start symbol S. Define G’ as the PHORS
obtained by replacing the start symbol with S’ and adding the rules S’ = S @, Q. Then
Pr(G’) > r if and only if Pr(G’) = r if and only if Pr(G) = 1. Thus, the result follows from
Theorem 3.2. L]

Remark 3.4. Let us write ¥, for the set of order-2 PHORS G such that Pr(G) ~ r where
~e{<,<,=,>,>}. By Theorem 2.5 and Theorem 3.2, we have:

(i) For any rational number v € [0,1], Vs, is recursively enumerable (or, belongs to ¥.9).
(ii) For any rational number r € (0,1], s, is I19-hard (whereas W>q is obviously recur-
sive).
(iii) For any rational number r € (0,1], Y, is II{-hard (whereas V_ is recursive; recall
Remark 2.6).
It is open whether the following propositions hold or not.
(iv) W, is recursively enumerable for every rational number r.
(v) U<, is recursively enumerable for every rational number r.
(vi) There exists an algorithm that takes an order-2 PHORS G and a rational number
e > 0 as inputs, and returns a rational number r such that |Pr(G) — r| <e.
Statements (i) and (vi) are equivalent. In fact, if (iv) is true, we can construct an algorithm
for (vi) as follows. First, test whether Pr(G) = 0 (which is decidable). If so, output r = 0.
Otherwise, pick a natural number m such that % < %e, and divide the interval (0,1 + %6) to
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TABLE 1. Hardness of the termination problems in terms of the arithmetical
hierarchy. For recursive sets (i.e. those in A} = %9 N11Y), more precise
computational complexities of the membership problems are given. “PHORS”
means order-k PHORS where k& > 2.

Models U U, (re(0,1)) U, (re(0,1])
RMC P PSPACE PSPACE
PHORS | Hardness (k — 1)-EXPTIME | (k — 1)-EXPTIME | XY
Containment (k — 1)-EXPTIME | XY |
Turing-complete language | ¥9-complete YV-complete Eg—complete

m (overlapping) intervals
04430 (5 2+ 3e) oo (B2, 4 4L (220,14 o).

‘m m’m m 7 m

By wusing procedures for (i) and (iv), one can enumerate all the order-2 PHORS whose
termination probabilities belong to each interval. Thus, G is eventually enumerated for one
of the intervals (%, % + %e); one can then output % as r. Conversely, suppose that we
have an algorithm for (vi). For each order-2 PHORS G, repeatedly run the algorithm for
€ = %, %, %, ..., and output G if the output v’ for (G,e€) satisfies v’ + € < r. Then, G is
eventually output just if Pr(G) < r (note that if Pr(G) < r, then € eventually becomes smaller
than $(r — Pr(G)); at that point, the output ' satisfies r' +e€ < (Pr(G) +€) + € <r).

Proposition (v) implies (iv) (and hence also (vi)). If there is a procedure for (v), one
can enumerate all the elements of ¥, by running the procedure for enumerating ¥<,_. for
e=1 11 0
Remark 3.5. Table 1 summarizes the hardness of termination problems in terms of the
arithmetical hierarchy for recursive Markov chains (RMC), PHORS, and a probabilistic
language whose underlying (non-probabilistic) language is Turing-complete. The results for
RMC and the Turing-complete language come from [EY09] and [MMKKI18]. As seen in
the table, the results on PHORS are not tight, except for the problem P(G) > 0. Since the
expressive power of PHORS is between those of RMC and the Turing complete language, the
hardness of each problem is between those of the two models. Theorem 3.3 shows %Y-hardness
of P(G) < r, but we do not know yet whether the problem is E(l]—complete or Eg-complete, or
lies between the two classes.

Remark 3.6. Theorem 3.2 implies that, in contrast to the decidability of LTL model
checking of recursive Markov chains [BEKK13, EY12], the corresponding problem for order-2
PHORS (of computing the probability that an infinite transition sequence satisfies a given
LTL property) is undecidable and there are even no precise approzimation algorithms. Let
us extend terms with events:
tiu=--- | event a;t

where event a;t raises an event a and evaluates t. Consider the problem of, given an order-2
PHORS G, computing the probability Paw(G) that a occurs infinitely often. Then there is no
algorithm to compute Py (G) with arbitrary precision, in the sense of (vi) of Remark 3.4.
To see this, notice that by parametric Qf’Q with e, we can define a nonterminal F:0 — o
such that F' x almost surely reduces to x if and only if there exist no ni,...,n; such that
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P(ni,...,nx) < Q(ni,...,ng). Consider the (extended) PHORS GP@%" whose start symbol
S is defined by S = event a; F(S). Then

P (GPQ — 0 if there exists ny,...,ny such that P(ny,...,n;) < Q(ni,...,nk)
a | 1 otherwise.

Thus, there is no algorithm to approximately compute Paw(G) even within the precision of

_1
e=1, 0

Remark 3.7. The PHORS gf’Q obtained above satisfies the so called “safety” restric-
tion [KNUO1, KS15]. Thus, based on the correspondence between safe grammars and push-
down systems [KNUO1], the undecidability result above would also hold for probabilistic
second-order pushdown systems (without collapse operations [HMOS08]).

4. FIXPOINT CHARACTERIZATION OF TERMINATION PROBABILITY

Although, as observed in the previous section, there is no general algorithm for exactly com-
puting the termination probability of PHORS, there is still hope that we can approzimately
compute the termination probability. As a possible route towards this goal, this section
shows that the termination probability of any PHORS G can be characterized as the least
solution of fixpoint equations on higher-order functions over [0, 1]. As mentioned in Section 1,
the fixpoint characterization immediately yields a procedure for computing lower-bounds of
termination probabilities, and also serves as a justification for the method for computing
upper-bounds discussed in Section 5. We first introduce higher-order fixpoint equations
in Section 4.1. We then characterize the termination probability of an order-n PHORS in
terms of fixpoint equations on order-n functions over [0, 1] (Section 4.2), and then improve
the result by characterizing the same probability in terms of order-(n — 1) fixpoint equations
for the case n > 1 (Section 4.3). The latter characterization can be seen as a generalization
of the characterization of termination probabilities of recursive Markov chains as polynomial
equations [EY09], which served as a key step in the analysis of recursive Markov chains (or
probabilistic pushdown systems) [EY09, EY15, BEKK13, BBFK14].

4.1. Higher-order Fixpoint Equations. We define the syntax and semantics of fixpoint
equations that are commonly used in Sections 4.2 and 4.3. We first define the syntax of
fixpoint equations.

& (equations) ::={f1 (T1,1) -+ (T1r,e) = €1, -+, fn (Tm1) -+ (Tme,) = €m}s
e (expressions) ::=r ‘ T | f | el + e ‘ ey - ey | eres | (e1,...,e).

Here, r ranges over the set of real numbers in [0, 1], and (Z) represents a tuple of variables
(z1,...,2k). In the set £ of equations, we require that each function symbol occurs at most
once on the lefthand side. The expression e; - ea represents the multiplication of the values
of e1 and e, whereas ejes represents a function application; however, we sometimes omit -
when there is no confusion (e.g., we write 0.5z for 0.5 - x). Expressions must be well-typed
under the type system given in Figure 4. The order of a system of fixpoint equations & is
the largest order of the types of functions in £, where the order of the type R of reals is 0,
and the order of a function type is defined analogously to the order of types for PHORS in
Section 2.
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7 (types) i=R| 7 = T2 | 71 X -+ X Ty
rcR I'Fei:R I'Fey:R I'Fe:R I'Fesy:R
I'Fr:R I'Fe+er:R I'Fej-es:R
F(QC):T FFGlZTQ*}T FFEQ:TQ Fl_ei:TifOfG&ChiE{l,...,k}
Thax:7 T'Fees:r TF(e1,... k)T X o X Tg
F, (Eiﬁl):Ti’l,...,(/Z'vi,gi):Ti,ziil—ei F(fi):Ti71—>-"—>Ti’gi —>R(fOI' each i1 € {1,,m})
F'_{fz(gz,l) (5Z’gl):61|26{1,,m}}

FIGURE 4. Type system for fixpoint equations, where (x1,...,zy): 7 denotes
T1:Ti,...,Tk:Tp Whenever 7 =7 X -+ X 7.

Example 4.1. The following is a system of order-2 fixpoint equations:

{f1 = f2 £3(0.5,0.5), f2 g (x1,22) = g(x1 + 72), fsx =032+ 0.7f3(f37)}.
It is well-typed under f1:R, fo: (R —R) — (R XR) =R, f3:R — R. ]

The semantics of fixpoint equations is defined in an obvious manner. Let R, be the
set consisting of non-negative real numbers and co. We extend addition and multiplication
by: x4+ 0o=0+x=00,0-00=00-0=0, and x- 00 = 00 - = o0 if x # 0. Note that
(R, <,0) forms an w-cpo, where < is the extension of the usual inequality on reals with
x < oo for every x € Ry. For each type 7, we interpret 7 as the cpo [7] = (X, C;, L),
defined by induction on 7:

Xz =Ry
L=<
J_RZO

Xrom ={f€X; = X, | fis monotonic and w-continuous}

Crorm = {(fla f2) € Xriom X Xry oy | Vo € Xﬁ-fl(x) Cr fz(.’]j)}
Lo =Xze X, . L,
X7'1><---><Tk = XT1 X X XTk
Criomy = (@1, 30), (W1, 98)) | 21 oy s for cach i € {1,..., k}}
J—‘r1><---><Tk = (J—Tlv s 7J—Tk)'
By abuse of notation, we often write [7] also for X;. We also often omit the subscript 7
and just write C and L for C; and 1, respectively. The interpretation of base type R can
actually be restricted to [0, 1], but for technical convenience (to make the existence of a
fixpoint trivial) we have defined Xy as Roo.

For a type environment I', we write [I'] for the set of functions that map each x € dom(T")
to an element of [I'(x)]. Given p € [I'] and e such that I' F e : 7, its semantics [e], € [7] is
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defined by:
[rlp=r
Hx]]p = p(x)
Hf]]p =p(f)

ler + e2l, = [ea], + [e2],
fe1 - 62]]0 = [[elﬂp ) HGQ]]/J
[erea], = ([e1]p)(le2lp)
[(ex,---ser)]p = (leallps - - [er]p)-
Given & such that I' F &, we write pg for the least solution of £, i.e., the least p € [I'] such that
[f(@1) - (@) piz1551,..50-50) = [€lp{a1-31,...50-5,} TOr every equation f(T1)--- (T¢) = e €
€ and (y1) € [n],...,(¥e) € [r] with I'(f) = 1 — --- — 7 — R. Note that ps always
exists, and is given by: pg = Up(Fe) = | |;¢,, Fe(Lry), where Fg € [I'] — [I'] is defined as
the map such that
Fe(p)(f) =AF1) € [l - - A(Fo) € [7e]-lel iz, 750

for each f(Z1)---(2y) = e € & with I'(f) =7 — --- — 77 — R. Note that F¢ is continuous
in the w-cpo [I7].

Example 4.2. Let £ be the system of equations in Example 4.1. Then, p¢ is:

{fl — %7f2’—>X\gGR_)R.X\(fL'1,x2) € R xR.g(z1 + x2), f3 H)\xER.ix}. []

4.2. Order-n Fixpoint Characterization. We now give a translation from an order-n
PHORS G to a system of order-n fixpoint equations &, so that P(G,S) = pg(S). The
translation is actually straightforward: we just need to replace e and ) with the termination
probabilities 1 and 0, and probabilistic choices with summation and multiplication of
probabilities. The translation function (-)# is defined by:

(N, R,8)* = (R*,S)
R¥={Fi=p- (tr)* +(1-p) (tr)* | R(F) = \a.t;, ®p tr}
e =1 Qf =0 ot =z (st)# = s7t7.

We write & for R#. We define the translation of types and type environments by:

o =R
(K1 —)/12)#:/%#%&#
(xl:ﬁl,...,wn:fﬁn)#:xlznf,...,mn:/ﬁ#.

The following lemma states that the output of the translation is well-typed.
Lemma 4.3. Let G = (N, R, S) be an order-n PHORS. Then N# - & and N# F S : R.

By the above lemma and the definition of the translation of type environments, it follows
that for an order-n PHORS G, the order of &; is also n. The following theorem states the
correctness of the translation (see Appendix B.1 for a proof).
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Theorem 4.4. Let G be an order-n PHORS. Then P(G) = pgg(S).

Example 4.5. Recall G; = (N1, R1,S) from Example 2.3:
M={S—o,Fr—o—o}
Ri={S = Fe® Q, Fz =z &, F(Fx)}.

/\/’1# ={S—R,F— R — R}, and &, consists of: S=1-F(1)and Fx=p-z+ (1 —p)-
F(F x). The least solution pg, is

S:{lfp f0<p<s F:xx.{lfp'x f0<p<3 O

1 if;<p<1 X if 5 <p<1.
Example 4.6. Recall G3 from Example 2.9:
S = Listgen (Listgen Boolgen) e  Boolgen k =k Listgen f k =k @1 (f(Listgen f k)).
The corresponding fixpoint equations are:
S = Listgen (Listgen Boolgen) 1
Boolgen k =k

1 1
Listgen f k = §k + i(f(Listgenf k)).
By specializing Listgen for the cases f = Listgen Boolgen and f = Boolgen, we obtain:
S = ListgenList 1
Boolgen k =k

1 1
ListgenList k = 5/{ + 5(ListgenBool(ListgenList k))

1 1
ListgenBool k = 5/{ + 5(Boolgen(Lz'stgenBoolk)).

The least solution is:
S =1 Boolgen k = ListgenList k = ListgenBool k = k. []

4.3. Order-(n — 1) Fixpoint Characterization. We now characterize the termination
probability of order-n PHORS (where n > 0) in terms of order-(n — 1) equations, so that the
fixpoint equations are easier to solve. When n = 1, the characterization yields polynomial
equations on probabilities; thus the result below may be considered as a generalization of
the now classic result on the reachability problem for recursive Markov chains [EY09].
The basic observation (that is also behind the fixpoint characterization for recursive
Markov chains [EY09]) is that the termination behavior of an order-1 function of type of — o
can be represented by a tuple of probabilities (po,p1,...,pe), where (i) pp is the probability
that the function terminates without using any of its arguments, and (ii) p; is the probability
that the function uses the i-th argument. To see why, consider a term ft; --- ty of type
o, where f is an order-1 function of type of — o. In order for ft; - -- t; to terminate, the
only possibilities are: (i) f terminates without calling any of the arguments, or (ii) f calls ¢;
for some ¢ € {1,...,¢}, and t; terminates (notice, in this case, that none of the other t;’s
are called: since t; is of type o, once t; is called from f, the control cannot go back to f).
Thus, the probability that ft; --- t, terminates can be calculated by pg + p1g1 + - - - Peqy,
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where each ¢; denotes the probability that ¢; terminates. The termination probability is,
therefore, independent of the precise internal behavior of f; only (po,p1,...,ps) matters.
Thus, information about an order-1 function can be represented as a tuple of real numbers,
which is order 0. By generalizing this observation, we can represent information about an
order-n function as an order-(n — 1) function on (tuples of) real numbers. Since the general
translation is quite subtle and requires a further insight, however, let us first confirm the
above idea by revisiting Example 2.3.

Example 4.7. Recall G; from Example 2.3, consisting of: S = F e and Fx =z @, F(F x).
Here, we have two functions: S of type o and F' of type o — o. Based on the observation
above, their behaviors can be represented by Sy and (Fy, Fy) respectively, where Sy (Fo,
resp.) denotes the probability that S (F', resp.) terminates, and Fj represents the probability
that F' uses the argument. Those values are obtained as the least solutions for the following
system of equations.

So=Fo+F1-1
Fo=p-0+(1—p)(Fo+ F1 - Fp)
Fi=p- 1+ —-p)(F1-F-1).

To understand the last equation, note that the possibilities that x is used are: (i) F' chooses
the left branch (with probability p) and then uses = with probability 1, or (ii) F' chooses
the right branch (with probability 1 — p), the outer call of F' uses the argument F'z (with
probability F}), and the inner call of F' uses the argument z. By simplifying the equations,
we obtain:

So=Fy+ I

Fy = (1—p)(Fo + F1Fp)

Fi=p+(1-p)Ft.
The least solution is the following:

: 1

1 ifi<p<l =

The translation for general orders is more involved. For technical convenience in
formalizing the translation, we assume below that the rules of PHORS do not contain e;
instead, the start symbol S (which is now a non-terminal of type o — o) takes e from the
environment. Thus, the termination probability we consider is P(G, S e), where e does not
occur in R. This is without any loss of generality, since e can be passed around as an
argument without increasing the order of the underlying PHORS, if it is higher than 0.

To see how we can generalize the idea above to deal with higher-order functions, let us
now consider the following example of an order-2 PHORS:

Sx=F(Hzx)x
Ffy=f(fy)
Hry=2z @1 (y @1 Q).

Suppose we wish to characterize the termination probability of S e, i.e., the probability that
S uses the first argument. (In this particular case, one can easily compute the termination
probability by unfolding all the functions, but we wish to find a compositional translation
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which works well in presence of recursion.) We need to compute the probability that
F (H z) z reaches (i.e., reduces to) z, which is the probability p; that F (H z(M) z(2)
reaches (M), plus the probability ps that F (H m(l)) 2 reaches #(®; we have added
annotations to distinguish between the two occurrences of x. What information on F is
required for computing it? To compute po, we need to obtain the probability that F' uses
the formal argument y. Since it depends on f, we represent it as a function F; defined by:

Fiyfi=h-h

Here, fi represents the probability that the original argument f uses its first argument. We
can thus represent ps as Fj(Hs), where Hy is %, the probability that f = H x uses the first
argument, i.e., the probability that H uses the second argument. Now let us consider how to
represent pp, the probability that F' (H 3:(1)) 2 reaches (). We construct another function
Fy from the definition of £ for this purpose. A challenge is that the variable x is not visible
in (the definition of) F; only the caller of F' knows the reachability target z. Thus, we
pass to Fp, in addition to f; above, another argument fy, which represents the probability
that the argument f reaches the current target (which is x in this case). Therefore, p; is
represented as Fy (Hi, Ha), where

Folfo.f)=fot fi-fo  Hi=g.
In fo + f1 - fo, the occurrence of fy on the lefthand side represents the probability that
the outer call of f in f(f x) reaches the target (without using (f z)), and f - fo represents
the probability that the outer call of f uses the argument f x, and then the inner call of f
reaches the target. Now, the whole probability that S uses its argument is represented as
S1, where
Sl = F()(Hl, HQ) + Fl(HQ),

with the functions Fy, F1, H1 and Hy being as defined above. Note that the order of the
resulting equations is one. In summary, as information about an order-1 argument f of arity
k, we pass around a tuple of real numbers (fo, f1,..., fx) where f; (i > 0) represents the
probability that the i-th argument is reached, and fy represents the probability that the
“current target” (which is chosen by a caller) is reached.

A further twist is required in the case of order-3 or higher. Consider an order-3 function
G defined by:

Ghz=h(Hz)z

where G : ((0 - 0) = 0 — 0) = 0 — o, and H is as defined above. Following the definition
of F} above, one may be tempted to define G (for computing the reachability probability
to z) as Gp hy = -+, where h; is a function to be used for computing the probability that
h uses its order-0 argument. However, hj is not sufficient for computing the reachability
probability to z; passing the reachability probability to the current target (like fy above)
does not help either, since a caller of G does not know the current target z. We thus need
to add an additional argument ho for computing the probability to a target that is yet to be
set by a caller of h. Thus, the definition of G is:?

G1 (hi1,h2) = hao(H1, H2) + h1(1).

2For the sake of simplicity, the following translation slightly deviates from the general translation defined
later.
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Here, ho(Hy, Hy) and hi(1) respectively represent the probabilities that G (H z(1)) 2(?)
reaches z(1), and 2(®). The first argument of hy (i.e., Hy) represents the probability that
H z reaches z, and the second argument of hy (i.e., Ha) represents the probability that H z
reaches its argument (the second argument of H).

We can now formalize the general translation based on the intuitions above. We
often write k1 — -+ — ki = of — o for k1 — --- — kK — o' — o when either
order(kg) > 0 or k = 0. We define ar(x) as the number of the last order-0 arguments, i.e.,
ar(ky — -+ — kg = of = 0) = /.

Given a rule F 21 ... 2, = tr, @, tg of PHORS, we uniquely decompose z1,...,2zn,
into two (possibly empty) subsequences z1, ..., z; and zg41, ..., 2m so that the order of z
is greater than 0 if £ > 0 (note, however, that the orders of zj,...,2,_1 may be 0), and
2041, - - -, 2m are order-0 variables (in other words, z¢i1, ..., zn is the maximal postfix of
Z1,...,2m consisting of only order-0 variables). Since (the last consecutive occurrences of)
order-0 arguments will be treated in a special manner, as a notational convenience, when we
write F' y = t;, @, tg for a rule of PHORS, we implicitly assume that z is the maximal
postfix of the sequence y T consisting of only order-0 variables. Similarly, when we write
F3t for a fully-applied term (of order 0), we implicitly assume that t is the maximal postfix
of the sequence of arguments, consisting of only order-0 terms.

Consider a function definition of the form:

Fuy - ymmx - o, =1t ®p tr
where (following the notational convention above) the sequence x1, ...,z is the maximal

postfix of y1,...,Y%m,x1,...,x; consisting of only order-0 variables. We transform each
subterm ¢ of the righthand side t;, @©, tr by using the translation relation of the form:

Kizi,...ozpbatih~ (eo €1y €opkt1)
where N and K are type environments for the underlying non-terminals and y1,...,¥m
respectively, and « is the type of ¢ with ar(k) = £. We often omit the subscript N. The

output of the translation, (eg,e1,...,ep k1), can be interpreted as capturing the following
information.

e ¢(: the reachability probability (or a function that returns the probability, given appropriate
arguments; similarly for the other e;’s below) to the current target (set by a caller of F').

e ¢; (i €{1,...,¢}): the reachability probability to t’s i-th order-0 argument.

o ¢pyi (1€ {1,...,k}): the reachability probability to z;.

e ¢/ r+1: the reachability probability to a “fresh” target (that can be set by a caller of t);
this is the component that should be passed as hs in the discussion above. In a sense, this
component represents the reachability probability to a variable x4 that is “fresh” for ¢
(in that it does not occur in t).

In the translation, each variable y (including non-terminals) of type K = 0" — o is replaced
by (Y0, Y1, - - - s Yms Ym+1), which represents information analogous to (eg,e1, ..., €, €p1ki1):
yo represents (a function for computing) the reachability probability to the current target,
yi (i € {1,...,m}) represents the reachability probability to the i-th order-0 argument
(among the last m argument), and y;,,4+1 (which corresponds to hg in the explanation above)
represents the reachability probability to a fresh target (to be set later). In contrast, the
variables 1, ...,z will be removed by the translation.
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TR-OMEGA
Kz, ..., x6 Far Qo ~ (05F2) ( )
. . Tr-GVAR
K@, . .., @, Far @i 0~ (0%, 1,071 ( )
Kiy)=F=0"—o0
N(y) 7 o (TR-VAR)
Kz, ... ,an by i B =00 =0~ (Yo, Y1, Yo, (Ye41)" )
NF)=FK=>0o"—o0
~ £ k+1 (TR-NT)
Kizi,...,obn F iR =0 = 0~ (Fo,Fi,..., Fp, (Fo)*t)
Kizi,...,zrbxys:k = R=0" =0~ (S0,...,501kt1)
Kizi,...,zebat k1~ (to, .-y terigyt) ar(k1) = ¢
K;iThn st: k= ol = 0~ (So(to,. .. ,tg/,tg/+k+1),51(t1, Ce ,tz/,tg/+k+1),. . .,S[(th ce 7tgl7tgl+k+1),
Sep1(tergrstiy ooyt torgprn) oo Sekt1(berpngis b, oo by b pgn))
(Tr-ApP)
KCixa,...,x6 Fars: 0T = 0~ (s0,..., Sktet2) Kizi,...;,xebxt:0o~ (to, ..y tht1)
K;x1,...,2k Faost: ol = 0~ (S04 81 -to, 82y, Se41, 8042 + 81 - b1y, Serkt2 + S1 - tht1)
(Tr-APPG)
Y1 KLy Yo i Re; Ty« T A ta i 0~ (ta,0,- .-, ta,k+1) for each d € {L, R}
:’g\:i = (yi,O, . '7yi,ar(ni)+1) ?Ji, = (yi,17 <. '7yi,ar("”~i)+1)
N"(ngln s xp =t ®p tr)
{Fog - g =ptri+ (A =pltri i€ {1,...,k}}U{Fog1 -~ g = ptr,o + (1 = p)tro}
(TR-RULE)
SZU{EZ |./\/’F(F7}'I1 T =t Dp tR)WSi,(ngj T =t Dp tR)ER} (TR—GRAM)
(N, R, S) ~ (€,5)

FIGURE 5. Translation rules for the order-(n — 1) fixpoint characterization

The translation rules are given in Figure 5. In the rules, to clarify the correspondence
between source terms and target expressions, we use metavariables s, ¢, ... (with subscripts)
also for target expressions (instead of €). We write e for the k repetitions of e.

We now explain the translation rules. In rule TR-OMEGCA for the constant €2, all the
components are 0 because () represents divergence. There is no rule for e; this is due to
the assumption that e never occurs in the rules. Rule TR-GVAR is for order-0 variables,
for which only one component is 1 and all the others are 0. The (i + 1)-th component is
1, because it represents the probability that z; is reached. In rule TR-VAR for variables,
the first £ + 1 components are provided by the environment. Since y (that is provided by
the environment) does not “know” the local variables 1, ...,z (in other words, y cannot
be instantiated to a term that contains z;), the default parameter y,,1 (for computing the
reachability probability to a “fresh” target) is used for all of those components. The rule
TR-NT for non-terminals is almost the same as TR-VAR, except that Fj is used instead of
Fy. 1. This is because F' does not contain any free variables; the reachability target for F' is
not set yet, hence Fy can be used for computing the reachability probability to a fresh target.
Rule TR-APP is for applications. Basically, the output of the translation of ¢ is passed to s;;
note however that ¢ is passed only to sg; since s1, ..., S¢4x should provide the reachability
probability to order-0 arguments of s or local variables, the reachability probability to the
current target (that is represented by tp) is irrelevant for them. For s;iq,...,Spik, the
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reachability targets are x1, ..., xx; thus, information about how t reaches those variables is
passed as the first argument of sp41,...,S¢yi. For the last component, spir4+1 and tpygy1
are used so that the reachability target can be set later. In rule TR-APPG, the reachability
probability to the current target (expressed by the first component) is computed by s+ s1 - to,
because the current target is reached without using ¢ (as represented by sg), or ¢ is used (as
represented by s1) and t reaches the current target (as represented by t); similarly for the
reachability probability to local variables. TR-RULE is the rule for translating a function
definition. From the definition for F', we generate definitions for functions Fy, ..., Fy. For
ie{l,...,k}, tq; is chosen as the body of Fj, since it represents the reachability probability
to ;. Rule TR-GRAM is the translation for the whole PHORS; we just collect the output of
the translation for each rule.

For a PHORS G = (N, R,S) (where N(S) = o — o), we write £5°* for £ such that
(N, R,S) ~ (£,51). Such an & is actually unique (up to a-equivalence), given N and R.
Note also that by definition of the translation relation, the output of the translation always
exists.

Example 4.8. Recall the order-2 PHORS G5 in Example 2.4:

S =FH
Hx==x @% Q
Fg=(ge) @1 (F(Dyg))
Dgz=g(gz).
It can be modified to the following rules so that e does not occur.
Sz=FHz
Hx==z EB% Q
Fgz=(92) @1 (F(Dyg)=2)
Dgz=g(gz).

Here, e can be passed around through the variable z. Consider the body F' H z of S. F' and
H are translated as follows.

@;Z"N‘F:(O—)O)—)O—)OW (FQ,Fl,F(),Fo)
@;Z FNH:O—)OW (HQ,HI,H(),HQ)

By applying TR-APP, we obtain:
0;zbx FH:o— o~ (Fo(Ho, H1, Hy), F1(H1, Hy), Fo(Ho, H1, Hy), Fo(Ho, H1, Hp)).
Using TR-GVAR, z can be translated as follows.
0;zFpn z:0~(0,1,0).
Thus, by applying TR-APPG, we obtain:
O:z2bny FHz:0~
(Fo(Ho, H1, Ho) + F1(H, Ho) - 0,
Fy(Hy, Hy, Hy) + F1(H1, Hy) - 1, Fy(Ho, Hy, Hy) + F1(Hy, Hp) - 0).
By simplifying the output, we obtain:
0;2n FHz:o~ (Fy(Hy, Hi, Hy), Fo(Ho, H1, Hy) + F1(H1, Hy), Fo(Ho, Hy, Hp)).
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Thus, we have the following equations for Sy and .5;.
So = Fo(Ho, H1, Ho)  S1 = Fo(Ho, H1, Ho) + F1(Hy, Ho).

The following equations are obtained for the other non-terminals.

1

1
Fo (90, 91,92) = 39+ Fo(Do(g0, 91, 92), D1(g1, 92), Do(92, 91, 92))

1 1
Fi(g1,92) = =(1 + 92) + §(FO(DO(92791792)>Dl(glag2)7D0(92791792))

2
+ Fl(Dl(glag2)7 D0(92a91792))
Do(g0, 91, 92) = go + 9190
Di(g1,92) = g2 + 91(g1 + g2)-

We can observe that the values of the variables gy and go are always 0. Thus, by removing
redundant arguments, we obtain:

1
S(] — Fo(i)
1 1
= Fy(=) + Fi(=
S1=F(5) + F1(3)
Fo(g1) = Fo(D1(g1))
1 1
Fi(g1) = 591+ 5 (Fo(Di(g1)) + F1(D1(91)))
Do(g1) =
Di(g1) = 91
By further simplification (noting that the least solution for Fj is Ag;.0), we obtain:
S1=Fi(3) Fi(g1) = 591 + 3F1(g7)-
The least solution of S is ZpoW =0.3205- []

Example 4.9. Consider the following order-3 PHORS:
Sr=FCzx) Fg=gH Czxzf=fxr Hx=x ®1 Q,
2
where
S:0—0,F:((0+0)—0)—0,C:0—(0—0)—0,H:0—o0.
This is a tricky example, where in the body of S, = is embedded into the closure C'z and

passed to another function F'; so, in order to compute how S uses x, we have to take into
account how F' uses the closure passed as the argument. The PHORS is translated to:

So = Fo(Co(0,0), Co(0,0))
Sy = Fo(Co(1,0),Co(0,0))
Fo (90, 91) = go(Ho, H1, Hp)

Co (o, 21) (fo, f1, f2) = fo+ f1- 2o

1
HOZO H1:§7
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where
So:R,S1:R,
Fy:(RXRXxR—R) X (RXRXR—R)—R,
Co:(RxR)— (RXRXR) =R,
Hy:R,Hp:R.
The order of the equations is 2 (where the largest order is that of the type of Fj). We have:

$1 = Fo(Co(1,0), Co(0,0)) = Co(1, 0)(Ho, H, Ho) = Ho+ Hy 1= .
In fact, the probability that S e reaches e is % L]
Example 4.10. Recall PHORS G5 from Example 2.10:
S x = Treegen H Boolgen x
Boolgen k =k

Hzxzy==x 69% Y
Gpry=xz o1 (pry)
Treegenp f k =pk (f(Treegen (G p) f (Treegen (G p) f (Treegen (G p) f k)))).

(Here, we have slightly modified the original PHORS so that S is parameterized with
e.) As the output of the translation as defined above is too complex, we show below a
hand-optimized version of the fixpoint equations.

S1 = Treegen, (Hi, Ha)

1
H]_ - HQ - 5
1
G1 (p1,p2) = 3 + 5P

1
G2 (p1,p2) = P2

Treegen, (p1,p2) = p1 + pa - (Treegen; (G1(p1,p2), G2(p1,p2)))".

Here, Treegen, is the function that returns the probability that Treegen p Boolgen x reaches
x, where the parameters p; and po represent the probabilities that p chooses the first and
second branches respectively. Let p be the least solution of the fixpoint equations above.
We can find p(S;) = 1 based on the following reasoning (which is also confirmed by the
experiment reported in Section 6). Let us define an m-th approximation Treegengm) of
p(Treegen,) by

Treegengo) (p1,p2) =0

Treegengmﬂ) (p1,p2) = p1+p2- (Treegengm) (G1(p1,p2), Ga(p1,p2)))>.

Then p( Treegen;) (p1,p2) > Treegen\™ (p1,p2) for every m > 0. We show Treegen{™ (1 —

Lo )>1-— 2%% for every n > 2, m > 1 by induction on n. When m = 1, we have:

om0 on
) 11\ 1 11 1
Treegen, (1—2Tzv2n>—<1—2n ton V=l-go=1-or
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About the inductive step, we have

(m+1) 1 1 B 1 1
Treegeny <1— )-1—2n—|—2

3
(m) 1 1
on’ 9n Treegenl (1 - on+1’ 2n+1>)

11 1 \?
21_27—'_27' 1 2n+m
> (

>

1
o)

1
o on+(m+1)—1

as required. Thus,

3 3
m (L 1y _1 1 m-y (1 1\\ L Lo 1
Treegeny (2, 2> =3 + 5 Treegeny 1 92 92 Z 5 + 5 1 9(2+(m—1)-1)
2

for every m > Thus, p(S1) = p(Treegen;)(1,3) (which should be no less than
Treegengm) (3, %) for every m) must be 1. ]

Correctness of the Translation. To state the well-formedness of the output of the translation,
we define the translation of types as follows.

(/<;1—>---—>/£k:>oe—>o)T

= (st — - —>ka—>R) (k" = =l 5 R x (it — - = kT 5 R)
(k1 = = K=o —>0)Jr

:(/{ﬁ—> = el 5 R X (kT — - = kT = R).

We also write (fgl = R = oé N O)T+m for
(kit = st 5 R x (ki = - = kil 2 R x (k1f — - = kT = R)HL

It represents the type of the tuple (eq, ..., ep1m+1) Obtained by translating a term of type

K1 — -+ — K = of — o with order-0 variables z1, ..., z,,. The distinction between x; and
kil reflects the fact that in the output (€0, €1, .- €0, €041, ..., €0m+1) Of the translation,
el,...,ep take one less argument (recall TR-ApPP). The translation of the type environment

N for non-terminals is defined by:
(Fl A DI 2} A Ek)T = (FLQ, . 7F1,ar(n1)) : ﬁlT_l, ey (Fk,g, ce 7Fk,ar(nk)) : K,L_l.
The following lemma states that the output of the translation is well-typed.

Lemma 4.11 (Well-typedness of the output of transformation). Let G = (N, R, S) be a
PHORS. If G ~ (£, 51), then N1+ & and NT(S1) =R.
As a corollary, it follows that for any order-n PHORS G (where n > 0), the order of ££°F is
n— 1.

The following result is the main theorem of this section, which states the correctness of
the translation.

Theorem 4.12. Let G = (N, R, S) be an order-n PHORS, Then, P(G,Se) = pgéef(Sl).
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A proof of the theorem is found in Appendix B.2. Here we only sketch the proof. We
first prove the theorem for recursion-free PHORS (so that any term is strongly normalizing;
see Appendix B.1 for the precise definition), and extend it to general PHORS G by using
finite approximations of G, obtained by unfolding each non-terminal a finite number of times.
To show the theorem for recursion-free PHORS, we prove that the translation relation is
preserved by reductions in a certain sense; this is, however, much more involved than the
corresponding proof for Section 4.2: we introduce an alternative operational semantics for
PHORS that uses explicit substitutions. See Appendix B.2 for details.

5. COMPUTING UPPER-BOUNDS OF TERMINATION PROBABILITY

Theorems 4.4 and 4.12 immediately provide procedures for computing lower-bounds of the
termination probability as precisely as we need ® The termination probability, in other words,
is a recursively enumerable real number (see, e.g. [Cal02]), but it is still open whether it
is a recursive one. Indeed, computing good upper-bounds is non-trivial. For example, an
upper-bound for the greatest solution of Eéef can be easily computed, but it does not provide
a good upper-bound for the least solution of Eéef, unless the solution is unique. Take, as an
example, the trivial PHORS consisting of a single equation S = S: the greatest solution is 1,
while the least is 0.

In this section, we will describe how upper approximations to the termination probability
can be computed in practice. We focus our attention mainly on order-2 PHORS, which yield
equations over first-order functions on real numbers. Order-n case is only briefly discussed
in Section 5.3.

5.1. Properties of the Fixpoint Equations Obtained from PHORS. Before dis-
cussing how to compute an upper-bound of the termination probability, we first summarize
several important properties of the (order-1) fixpoint equations obtained from an order-2
PHORS (by the translation in Section 4.3), which are exploited in computing upper-bounds.

(1) The fixpoint equations can be written in the form:

fl(xl,...,:vgl):el, fk($1,...,l‘gk):€k, (5.1)
where each e; consists of (i) non-negative constants, (ii) additions, (iii) multiplications,
and (iv) function applications. Each variable z; ranges over [0, 1].

(2) The formal arguments xz1,. ..,z of each function f; can be partitioned into several
groups of variables (21,...,%4, ), (Td;1 11> Td;2)5 -5 ($dgi,1+1a ..., y,), so that the
relevant input values are those such that the sum of the values of the variables in each
group ranges over [0,1]. This is because each group of variables (xdi7j71+1, cee mdi’h)
either corresponds to an order-0 argument (and has thus length 1) or to an order-1
argument of an order-2 function F; of the original PHORS, where one of the variables
represents the probability that F; terminates without using any arguments, and each of
the other variables represents the probability that F; uses each argument of F;. Since
these events are mutually exclusive, the sum of those values ranges over [0, 1].

3Theorem 2.5 also provides a procedure for computing lower-bounds, but the fixpoint characterizations by
Theorems 4.4 and 4.12 provide a more efficient procedure.
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(3) The functions fi,...,fr can also be partitioned into several groups of functions
(fi,--s fjl), (fj1+17 ceey ij), ey (fje_1+17 ceey fj[), so that the sum fjm—1+1(%) + -+
fjm (Z) of the return values of the functions in each group ranges over [0, 1] (assuming
that the arguments T are in the valid domain, i.e., the sum of T ranges over [0, 1]).
This is because an order-2 function F; is translated to a tuple of order-1 functions
(Fip,-..,F;j), and the components of the tuple return the probabilities to reach mu-
tually different targets.? We write fgrp(f) for the partition that f belongs to, i.e.,
£grp(fi) = {fimostts- s fim} H 1 +1 <0 < i

(4) Suppose that (z1,...,zy,) ranges over the valid domain of f;. Then, the value of each
subexpression of e; ranges over [0, 1]; this is because each subexpression represents
some probability. This invariant is not necessarily preserved by simplifications like
%x + %y = %(x +y); the value of x + y may not belong to [0, 1]. We apply simplifications
only so that the invariant is maintained.

The properties above can be easily verified by inspecting the translations from Section 4.3.
Finally, another important property is pointwise convexity. The least solution f of the

fixpoint equations, as well as any finite approximations obtained from L by Kleene iterations,

are pointwise convet, i.e., convex on each variable, i.e., f(z1,...,(1 —=p)x +py,...,2n) <

(1-p)f(x1,...,z,...,xn) +pf(z1,...,Y,...,2,) whenever 0 < p <1 and 0 < z,y. Note,

however, that f is not necessarily convex in the usual sense: f((1—p)Z+py) < (1—p)f(Z)+

pf(7) may not hold for some 0 < #, 7 and 0 < p < 1. For example, let f(z1,22) be 21 - 3.

Then, 1 = f(3,3) = f (5(0,1) + 5(1,0)) > 5£(0,1) + 5f(1,0) = 0. Recall that Feger is the

ref.

functional associated with the fixpoint equations £Z**; we simply write F for ]:géef below.

Lemma 5.1. 7™ (L) and lfp(F) are both pointwise convex. They are also monotonic.

Proof. The pointwise convexity and monotonicity of F™(L) follow from the fact that,
following our first observation, it is (a tuple of) multi-variate polynomials with non-negative
integer coefficients. The pointwise convexity of Ifp(F) follows from the fact that, for every
m, when & and ¢ differ by at most one coordinate,

(1 = p)lfp(F)(Z) + plfp(F)(¥) = (1 —p)F™(L)(&)+ pF™(L)(¥)
> F(L)((1 = p)Z+py)

and we can then take the supremum to conclude. The monotonicity of 1fp(F) also follows
from a similar argument. []

5.2. Computing an Upper-Bound by Discretization. Given fixpoint equations as in
(5.1), we can compute an upper-bound of the least solution of the equations, by overapproxi-
mating the values of f1,..., fr at a finite number of discrete points, a la “Finite Element
Method”. To clarify the idea, we first describe a method for the simplest case of a single
equation f(x) = e on a unary function in Section 5.2.1. We then extend it to deal with a
binary function in Section 5.2.2, and discuss the general case (where we need to deal with
multiple equations on multi-variate functions) in Section 5.2.3.

4According to the translation in Section 4.3, the first element F; o takes one more argument than the
other elements; for the sake of simplicity, we assume in this section that all the functions in each partition
take the same number of arguments, by adding dummy arguments as necessary.
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5.2.1. Computing an Upper-Bound for a Unary Function. Suppose that we are given a
PHORS G and that Séef consists of a single equation f(z) = e, where f is a function
f from [0,1] to [0,1], and where e consists of non-negative real constants, the variable
x, additions, multiplications, and applications of f. We abstract f to a sequence of real
numbers (rg, ..., ) € [0,1]"*!, where r; represents the value of f(%). Thus, the abstraction

function o mapping any function f : [0,1] — [0, 1] to its abstract form [0, 1]"! is defined by

ot =(£(2)1(5) et (2)-

We write v for any concretization function, mapping any element of [0,1]"*! back to a
function in [0, 1] — [0, 1]. The idea here is that if v satisfies certain assumptions, to be given
later in Lemma 5.2, then we can obtain an upper-bound of the least solution of f = F(f)
by solving the following system of inequalities on the real numbers 7= (rg,...,r,):

7> a(F(y())- (5.2)
Let F be the functional A5.a(F(7(5))). Notice that solutions to (5.2) are precisely the

pre-fixpoints of F, and we will thus call them abstract pre-fixpoints of F.
There are at least two degrees of freedom here:

(1) How could we define the concretization function? Here we have at least two
choices (see Figure 6):
(a) v(7) could be the step function f such that f(0) =ro and f(z) = r; if z € (=L, 4.
(b) 4(7) could be the piecewise linear function f such that f(x) = r; + 7= (rip1 — 7i)(=
(i +1—nx)ri + (nx — i)riyq) if @ € [£, 2],
The discussion above on abstract pre-fixpoints suggests that it is natural to require that
(cv,7y) satisfies a Galois connection-like property. The first choice indeed turns («, ) into
a Galois connection between the set of monotonic functions and that of non-decreasing
sequences of real numbers. The second choice of (a,7) is not exactly a Galois connection
(because a(f) < 7 does not imply f < (7) if f is not convex), but is quite close: if an
abstraction 7 majorizes «(f) for some pointwise convex function f, we immediately have
v(7) > f. This way, y satisfies the assumption of Lemma 5.2 below.
(2) How could we solve inequalities? Again, we have at least two choices.
(c) Use the decidability of theories of real arithmetic (e.g., minimize ), r; so that all
the inequalities are satisfied).
(d) Abstract also the values of 7 so that they can take only finitely many discrete values,
say, 0, =, ..., mT_l, 1. The inequality (5.2) is then replaced by:

§2> an(a(F(1(9)))),

where every s; is the “discretized version” of r;, and the abstraction function «y,
given a tuple of reals as an input, replaces each element r € [0, 1] with %—m] Since
they are now inequalities over a finite domain, we can obtain the least solution by a

finite number of Kleene iterations, starting from § = 0.
The following lemma ensures that the inequality (5.2) is indeed a sufficient condition for
~(7) to be an upper-bound on Ifp(F). Note that both step functions and stepwise linear
functions satisfy the assumption of the lemma below.
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FIGURE 6. Overapproximation by a step-function (left) and a stepwise linear
function (right)

Lemma 5.2. Suppose that the concretization function v is monotonic, and that ¥ > «(f)
implies v(7) > f for every pointwise convexr f. Then, any abstract pre-fizpoint of F is an
upper bound of 1fp(F).

Proof. First, we show that v(F™(L)) > F™(L) holds for every m, by induction on m. The
base case m = 0 is trivial, since F°(L) = L. If m > 0, then we have

Fr(L) = a(FOEF" (L)) 2 o FF"H(L) = alF™ (1),
Since, by hypothesis, 7> a(F™(L)) implies that v(7) > F™(L) (since F"(L) is pointwise

convex), we can conclude that v(F™(L)) > F™(L). Now, suppose 7 is an abstract pre-
fixpoint of F. Then (7) > v(F™(r)) > v(F™(L)) > F™(L), and as F is w-continuous, we

have () > sup,,c,, F" (L) = Ipf(F) as required. ]

Below we consider the combination of (b) and (d). Figure 7 shows a pseudo code for
computing an upper-bound of f(c) for the least solution f of f(z) = e and ¢ € [0, 1]. In the
figure, ap(z) = % The algorithm terminates under the assumptions that (i) e consists
of non-negative constants, x, +, -, and applications of f, and (ii) every subexpression of e
evaluates to a value in [0,1] (if z € [0,1] and f € [0,1] — [0, 1]), which are satisfied by the
fixpoint equations obtained from a PHORS (recall Section 5.1).

Example 5.3. Consider f(z) = tx + 3 f(f(2)) and let n = 2 and m = 4. The value r() of
r after the j-th iteration is given by:

0 =10,0,0; M =10,025025; r? =[0,02505; 3 =][0,0250.5]
Thus, the upper-bound obtained for f(1) is 0.5. The exact value of f(1) = % A more precise
upper-bound is obtained by increasing the values of n and m. For example, if n = 16 and

m = 256, the upper-bound (obtained by running the tool reported in a later section) is
0.3398 - - -. L]
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main(e, ¢){
ro:=10,...,0]; " :=[1,...,1] (* dummy *);
while not(r=r') do {
r’ := r; (* copy the contents of array r to r’ *)
for each i € {0,...,n} do r'[i] := ay(evalle, {f— r, z— L}N};
return apply(r, ¢); }
apply(r, ¢) { (* apply the function represented by array r to ¢ *)

i = |nc|; (*’< c <221 *)
return (i +1— nc) [i] + (nc—d)rli +1]; }
eval(e, p){
match e with
x — return p(x) | ¢ — return c

| f(e/) — return apply(p(f), eval(e, p))
| e1 +ey — return eval(ep,p)+eval(es,p)
| e1-es — return eval(ep,p)-eval(es,p) }

FIGURE 7. Pseudo code for computing an upper-bound of f(c¢) where f(x) =
e (unary function case)

5.2.2. Computing an upper-bound for a binary function. We now consider a fixpoint equation
of the form f(x1,xz2) = e, where x1 and x9 are such that 0 < z1,z9, and 1 + x2 < 1. Such
an equation is obtained from an order-2 PHORS by using the fixpoint characterization in
the previous section. A new difficulty compared with the unary case is that f(x1,x2) may
take a value outside [0, 1], or may even be undefined for (z1,z2) € [0, 1] x [0, 1] such that
x1 + xo > 1. Figure 8 shows how we discretize the domain of f. The grey-colored and
red-colored areas show the valid domain of f, for which we wish to approximate f(z1,z2)
using the values at discrete points. An upper-bound of the value of f at a point (x1,x2)
in the grey area can be obtained by (pointwise) linear interpolations from (upper-bounds
of) the values at the surrounding four points, i.e. (’ﬁ, Zi) (%, ”;1), (“:{1, 2), (“:1, 12:1)
where z; € [, 2] and zy € [2, 2E] as follows.

f@1,22) o o
= (i2 + 1 = nx2) f(x1, 2) + (nw2 — i) f (21, tatl)
=(i2+1—nx2)(iy + 1 — nxl)f( ,
+(iz + 1 — nwo)(ny —ir) f(LH, 2)
+(nxe —i2)(i1 + 1 — nzq) f (4 )
+(nag — o) (nay — dq) f(AFL, 2t

Note that f(x,y) > f(z,y) at the four points imply that f(z1,z2) > f(x1,22), because
f(z,y) is convex on each of x and y (recall Section 5.1).

A difficulty is that to estimate the value of f at a point in the red area, we need the value
at a red point {, but the value of f at the red point may be greater than 1 or even oo, being
outside f’s domain. To this end, we discretize the codomain of f to {0, pre m’;n_l ,hyo0}
(instead of {0, T;, ey mml, 1}) for some h > 1. Any value greater than h is approximated to
oo. The value at a point in the red area is then approximated in the same way as for the

case of a point in the grey area, except that if f(%, %) = 0o, then f(xl, x9) = L.
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FIGURE 8. Discretization in the case of a binary function f(z,y), whose
domain is {(z,y) | 0 < z,0 < y,z+y < 1} (i.e., the grey and red areas).
Outside the domain, the value of f(z,y) may not belong to [0, 1], or may be
even undefined. The value at a point in the grey area can be estimated by
using those at discrete points e. To estimate the value at a point in the red
area, we also need the value of f(x,y) at a point marked by ¢.

A further complication arises when the equation contains function compositions, as
in f(z1,22) = E[f(f(x1,22),x2)] where E denotes some context. In this case, the point
(f(xl, x2),x2) may even be outside the area surrounded by ¢ and e-points either if (z1, z2) is
a O-point or if (z1, z2) is a e-point but f(:cl, x9)+ 2 is too large due to an overapproximation.
In such a case, (f(x1,x2), z2) belongs to the purple area (lower left triangles) in the figure.
To this end, we also compute (upper-bounds of) the values at points marked by A and
use them to estimate the value at a point in the purple area. If the point (f(xl, x2),T2)
is even outside the area surrounded by e, {, or /A, then we use co as an upper-bound of
f(f(x1,29), x2) if (21,22) is a O-, or A-point, and 1 if (21, z2) is a e-point.

Except the above differences, the overall algorithm is similar to the unary case in

Figure 7, and essentially the same soundness argument as Lemma 5.2 applies.

Example 5.4. Consider f(z1,72) = 1 + 22(f (71, 22))?, and let n = m = 2. The value of
T02 T12 7272

r=| ro1 ri1 721 |, where r;; is an upper-bound of the value of f(%, %), changes as
T0,0 T1,0 72,0

follows.
0 00 0 05 1 0 1 o0 0 oo o0
0oo0o0)]—10051]—([0 1 oo©]—[0 1 o
000 0 05 1 0 05 1 0 05 1

Thus, for example, f(0,0.5) and f(0.3,0.3) are overapproximated respectively by 0 and
0.36£(0.5,0.5) 4+ 0.24£(0.5,0) 4+ 0.24£(0,0.5) + 0.16 £ (0, 0) = 0.48. The exact values for f(0,0)
and £(0.3,0.3) are 0 and %; so the upper-bound for f(0.3,0.3) is sound but imprecise. By
choosing n = 16 and m = 256, we obtain 0.3359 - - - as an upper-bound of f(0.3,0.3).

This is an example where the values of f at red points in Figure 8 are co. The exact
value of f(x1,x2) for general x; and x5 is given by:

I if Xro = 0
f(.’131,1'2) = 1—/1—4z122 if 1 >0

2xo
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Thus, £(0.5,0.5) = 1, but f(x1,x2) is undefined whenever z1xs > 0.25; in particular f(0.5,1)
and f(1,0.5) (the values of red points in Figure 8 for the case n = 2) are undefined. ]

5.2.3. Computing an Upper-Bound: General Case. The binary case discussed above can
be easily extended to handle the general case, where the goal is to estimate the value of
fi(er, ..., cp ) for the least solution of the fixpoint equations:

filze,.. z) = e fe(z1, .. 20,) = eg.

Here, the formal arguments x1, ..., xy, of each function f; are partitioned into several groups
(T15 s Ty )5 (T 4153 Tdy)s e e o (l'dgi_l_i_l, ..., &y,), so that the sum of the values of the
variables in each group ranges over [0,1]. Following the binary case, we discretize the
domain so that each variable ranges over {0, %, ceey ”T_l, 1}, where the variables in each
group (%4, ,_,+1,---,%4,,) are constrained by x4, , 41+ -+ zq,, < “F2. Note that we
choose ”TH instead of 1 as the upper-bound of the sum, to include the points  and A in
Figure 8. We write D; for the discretized domain of function f;, and D/ for the subset of
D, where the variables in each group are constrained by Td; ;_y+1+ -+ 24, < 1; note
that fi(z1,...,2) € [0,1] for (z1,...,x¢) € D}, but fi(x1,...,z4,) may be greater than
1 or undefined for (z1,...,zy,) € D; \ Di. We also write D; for the set {(z1,...,2y,) |
([nz1]/n, ..., nxe]/n) € D;} (ie., the set of points for which the value of f; can be
approximated by using values at points in D).

The pseudo code for computing an upper-bound of fi(cy, ..., cp, ) is given in Figure 9. On
the 9th line (“if ¢ € D; then ...”), we also make use of the constraint that X prcgrp(£,).f (V)
ranges over [0, 1] if v belongs to the valid domain D; (recall the 3rd property in Section 5.1).
We assume that the procedure 1b(f’, ) returns a sound lower-bound of f/(?), e.g., by using
Kleene iteration. See Remark 5.5 to understand the need for this additional twist.

The function «j takes a real value (or oo) z, and returns the least element in
{0, %, cees m?n_l,h,oo} that is no less than x. The function apply in the figure takes

the current approximations of values of f; at the points D; and the arguments ¥ € D;, and
returns an approximation of f;(¥). It is given by f(¢), where:

A b _ bz —by. “ y Zz+b1
fil@r,. .. zq,) = th.“’%e{m}pllﬂ —pp)lh 'pef (1—pe) =0 i <11ng1 L e >

Here, i; = Lna;jJ, pj = ne — i, and fi(ilzbl R im:b’f) is the current approximation of the
value of f; at (”j;bl sy “"me) € D;. The function f above is obtained by applying linear

interpolations coordinate-wise.

Remark 5.5. To see the motivation for the 9th line in Figure 9, consider the following
fixpoint equations:

S=fi()
fi()=05-(f10) - f1() + f20 - f20)
f20 =05+ f1() - f20).
They are obtained from the following order-1 PHORS Gireeeven:
Sz=FzQ
Faizo=129 @) F (Fx122) (Fa 1),
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main(el,...,ek,f:'){ .
p = [fi= [0,...,fk = [0]];

(* p(f;) is an array indexed by each element of D; *)

poi= i [, fie [+ dummy *)
while not(p=p’) do {
p' := p; (¥ copy the contents *)

for each i€ {0,...,k} do
for each v € D; do

let r = eval(e;, p{Z— o}, UéDg) in
if ¥ € Dj then p'(f;)[0] := ap(min(r, 1 —Ypcegmppngsy 10 D))
else p/(fi)[0] 1= ap(x@);
return apply(p(fi), &; }

eval(e, p, b){
(* b represents whether we are computing the value of f; in the valid
domain; in that case, the value of e should range over [0,1]. *)
let r =
match e with
z = px) |l ¢ —=c
| fz(e_7) — let ¥ = eval(e_;,p,b) in
if ¥ ¢ D; then oo else apply(p(fi), ©)
| e1 +e2 — eval(ey, p, b)+eval(es, p, b)
| e1-ex — eval(ey, p, b)-eval(ez, p, b)
in if b then return min(r,1) else return r }

FIGURE 9. Pseudo code for computing an upper-bound for the general case

where p = 0.5, and f1() (f2(), resp.) represents the probability that 1 (x2, resp.) is used by
F. This PHORS is actually a variation of Gg from Example 2.11 (with manual optimization),
whose termination probability represents the probability that a program that randomly
generates binary trees (instead of lists, unlike in the case of Example 2.11) contains an even
number of leaves. Since the events that F' uses the first and second arguments are mutually
exclusive, we have the constraint fi() + fo() < 1. The exact solution for the equations above
is i) =1- % and fy() = % Since their lower-bounds can be computed with arbitrary
precision, thanks to the part 1 — X pcsgrps\ 3 10(f', @) of the 9th line of Figure 9, we
can also compute upper-bounds with arbitrary precision (as upper-bounds of f;() and fa()
are respectively provided by 1 — 1b(f2,()) and 1 — 1b(f1,()))-

If the then-clause were the same as the else-clause on the 10th line, then we would not
get a precise upper-bound for the following reason. When the main loop in Figure 9 stops,
upper-bounds f;() and f,() must either have reached the maximal value 1, or satisfy:

F10 205 (f10- £10 + £20 - f20)
f20) =05+ 10 - f20)-

These conditions imply that:
F10+ F20 205 (F10 - 10 + f20 - F20) + 0.5+ 10 - £20),
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ie.,

B B 0> (f10+ F20—-1)%
which is equivalent to fi() + fo() = 1. Thus, unless the co-domain of oy, contains the
exact values 1 — % and %, the main loop would only return the imprecise upper-bound

f10=F0=1 ]

5.3. Order-n Case. We now briefly discuss how to extend the method discussed above to
obtain a sound (but incomplete) method for overapproximating the termination probability
of PHORS of order greater than 2. Recall that by the fixpoint characterization given in
Section 4.3, it suffices to overapproximate the least solution of equations of the form f = F( f )
where f is a tuple of order-(n — 1) functions on reals.

The abstract interpretation framework [Cou97] provides a sound but incomplete method-
ology: the reason why we decided to slightly divert from it in Section 5.2 is that this
allows us to use piecewise linear functions, which are more precise. We first recall a
basic principle of abstract interpretation. Let (C,C¢, L) and (A,C4, L4) be w-cpos.
Suppose that a : (C,C¢) — (A,C4) and v : (A,C4) — (C,C¢) are continuous (hence
also monotonic) such that a(vy(a)) = a for every a € A, and ¢ C¢ y(a(c)) for every
¢ € C. Suppose also that F is a continuous function from (C,C¢, L) to (C,C¢, L¢o). Let
F: (A,Ca,La) = (A, C4a,La) be \x € Aca(F(v(x))), which is an “abstract version” of F.
Note that F is also continuous. T hen, we have:

Proposition 5.6. Ifp(F) Co W(pr(]?))-

This result is standard (see, e.g., [Cou97], Proposition 18) but we provide a proof for the
convenience of the reader.

Proof of Pmposz’tion 5.6. By the monotonicity of F and j-: we have: Lo Co F(Lo) Co
f2(Lc) EC -and Lg Ty f(LA) Ca IQ(LA) C4 ---; hence both I_lc{fl(Lc) ’ 1€ w}
and L]A{}"Z(J_A) | i € w} exist, and by the w- contlnulty of F and F, they are the least

fixpoints of F and F respectively. Therefore, it suffices to show that Fi(Ls) Co v(Fi(Le)).
The proof proceeds by induction on i. The base case ¢ = 0 is trivial. If ¢ > 0, we have:

YFH(Le)) = y(a(FA(F (L)) (by the definition of F)
Jc F(v(F~(Le))) (by v(a(z)) o )
Jde F(F7YLe)) (by induction hypothesis)
=F(Le). O

By the proposition above, to overapproximate the least fixpoint of F, it suffices to find
an appropriate abstract domain (A, C 4, L 4) and «, that satisfy the conditions above,
so that the least fixpoint of Fis easily computable. In the case of overapproximation
of the termination probability of order-n PHORS, we need to set up an abstract domain
(A,C 4, L4) for a tuple of order-(n—1) functions on reals. A simple solution (that is probably
too naive in practice) is to use the abstract domain consisting of higher-order step functions,
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inductively defined by:

0 1 1

AR = Ty
m m m m
i ] . ]

Caon={(—. L)0<i<j<mlU{(— 0<i<

AR {(mvm) ‘ ST ) S m} {(maoo) ‘ ? m}
7 e 1—1 7

R,y ) = if=<ae <l

O‘(x){éno ifo>1

Yz) =2

AT = {f e AT — A™ | f is monotonic}
Can-m = {(f1,f2) € AT x ANT™ Vo € AN fiz Can for}
a7 () ={(y, a™(f (V" () [y € A7}
YT =A@, (f (a7 (2)))) [z € CT )
Here, the concrete domain C” denotes [7] in Section 4.1. Then, o™ and 7 satisfy the
required conditions (a(v(a)) = a and ¢ C¢ y(a(c))). Since A7 is finite, we can effectively
compute 1fp(F).

We note, however, that the above approach has the following shortcomings. First,
although A7 is finite, its size is too large: k-fold exponential for order-k type 7. As in
the case of non-probabilistic HORS model checking [Kob09a, BK13, RNO14], therefore, we
need a practical algorithm that avoids eager enumeration of abstract elements. Second,
due to the use of step functions, the obtained upper-bound will be too imprecise. To see
why step functions suffer from the incompleteness, consider the equations: s = f (%) and
f(z) = 32+ f(3z). The exact least solution is s = £ and f(z) = z. With step functions
(where % is the size of each interval), however, the abstract value f (%) must be no less than
314+ f(3-1), but ji (3 - 1) is overapproximated as f (%A) (because 5~ belongs to the interval
(0, %]) Therefore, f( %) should be no less than ﬁ + f (%), which is impossible. Thus, the
computation diverges and 1 is obtained as an obvious upper bound.

The step functions only use monotonicity of the least solution of fixpoint equations. As
in the use of stepwise multilinear functions in the case of order-1 equations (for order-2
PHORS), exploiting an additional property like convexity would be important for obtaining
a more precise method; this is left for future work.

6. EXPERIMENTS

We have implemented a prototype tool to compute lower/upper bounds of the least solution
of order-1 fixpoint equations (that are supposed to have been obtained from order-2 or
order-1 PHORS by using the translations in Section 4 modulo some simplifications; we have
not yet implemented the translators from PHORS to fixpoint equations, which is easy but
tedious). The computation of a lower bound is based on naive Kleene iterations, and that
of an upper-bound is based on the method discussed in Section 5.2. The tool uses floating
point arithmetic, and ignores rounding errors.

We have tested the tool on several small but tricky examples. The experimental results
are summarized in Table 2. The column “equations” lists the names of systems of equations.
The column “#iter” shows the number of Kleene iterations used for computing a lower-bound.
The columns “#dom” and “#codom” show the numbers of partitions of the interval [0, 1]
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TABLE 2. Experimental results (times are in seconds).

] equations \ F#iter \ #dom \ #codom \ L.b. \ u.b. \ step \ exact \ time ‘
Ex2.3-1 12 16 5121 0.333 | 0.336 1.0 % 0.010
Ex2.3-0 12 16 512 | 0.333 | 0.334 | 0.334 % 0.008
Ex2.3-v1 12 16 512 0.312 | 0.315 | 0.365 -1 0.005
Ex2.3-v2 12 16 512 | 0.262 | 0.266 | 0.321 -10.022
Ex2.3-v3 12 16 512 | 0.263 | 0.266 | 0.309 -1 0.01
Ex2.4 12 16 512 | 0.320 | 0.323 | 0.329 -10.011
Double 12 16 512 | 0.649 | 0.653 1.0 -1 0.010
Listgen 15 16 512 | 0.999 1.0 1.0 1.0 | 0.009
Treegen 15 64 4096 | 0.618 | 0.619 1.0 ‘/52_1 0.471
Treegenp 12 16 512 1.0 1.0 1.0 1.0 | 0.011
ListEven 12 32 1024 | 0.666 | 0.667 | 0.667 % 0.009
ListEven2 12 16 5121 0.749 | 0.75| 0.75 % 0.013
Determinize 12 16 512 | 0.993 1.0 1.0 1.0| 9.64
TreeEven(0.5) 15 64 4096 | 0.286 | 0.299 | 0.300 1-— % 0.050
TreeEven(0.49) 15 64 4096 | 0.276 | 0.280 | 0.280 | 0.2774--- | 0.052
TreeEven(0.51) 15 64 4096 | 0.287 | 0.290 | 0.290 | 0.2887- - - | 0.055
Ex5.4(0,0) 12 16 512 0.0 0.0 0.0 0] 0.008
Ex5.4(0.3,0.3) 12 16 512 0.333 | 0.336 | 0.35 % 0.007
Ex5.4(0.5,0.5) 10000 16 512 | 0.999 1.0 1.0 110.010
Discont(0,1) 12 16 512 0.0 0.0 0.0 0| 0.006
Discont(0.01,0.99) | 1000 16 512 | 0.999 1.0 1.0 110.006
Incomp 10000 16 512 | 0.299 1.0 1.0 0.3 | 0.003
Incomp 10000 10 100 | 0.299 0.3 0.3 0.3 | 0.003
Incomp?2 12 16 512 | 0.249 1.0 1.0 0.25 | 0.003
Incomp?2 12 256 65536 | 0.249 1.0 1.0 0.25| 2.87

for the domain and codomain of a function respectively. The default values for them were
set to 12, 16, and 512, respectively in the experiment; they were, however, adjusted for some
of the equations. The columns “L.b.” and “u.b.” are lower/upper bounds computed by the
tool. The lower (upper, resp.) bounds shown in the table have been obtained by rounding
down (up, resp.) the outputs of the tool to 3-decimal places. The column “step” shows the
upper-bounds obtained by using step functions instead of piecewise linear functions; this
column has been prepared to confirm the advantage of piecewise linear functions over step
functions. The column “exact” shows the exact value of the least solution when we know
it. The column “time” shows the total time for computing both lower and upper bounds
(excluding the time for “step”).

The equations “Ex2.3-17 and “Ex2.3-0” are order-1 and order-0 equations obtained
from the PHORS in Example 2.3 (see also Examples 4.5 and 4.7) by using the translations
in Sections 4.2 and 4.3 respectively; specifically, “Ex2.3-1” consists of s = f(1) and f(z) =
0.252 4+ 0.75f(f(x)). The equations “Ex2.3-v1”, “Ex2.3-v2”, and “Ex2.3-v3” are variations
of them, where the equation on f is replaced by f(z) = 0.25z + 0.75f(f(z?)), f(z) =
0.25z + 0.75f(f(f(2?))), and f(z) = 0.25z + 0.75(f(x))?, respectively. “Ex2.4” is the
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equations obtained from the order-2 PHORS in Example 2.4 (see also Example 4.8). The
equations “Double” are those obtained from the following order-2 PHORS:
S =FH
Hry==x @% Y
Fg=ge(F(Dy))
Dgzy=g(gzy)y,
with manual simplifications. The equations “Listgen”, “Treegen”, and “Ireegenp” are from
Example 2.9, corresponding to Gz, G4 and Gs, respectively. The equations “ListEven” and
“ListEven2” are from Example 2.11, and “Determinize” is from Example 2.12. “TreeEven(p)”
(for p € {0.5,0.49,0.51}) is from Remark 5.5. If we disable the trick (the one on line 9 in
Figure 7) we discussed in the remark, the tool returns an imprecise upper-bound of 1.0 for
p = 0.5 (for p = 0.49 and p = 0.51, however, the tool can compute a precise upper-bound
even without the trick). The equations “Ex5.4(z,y)” (for (z,y) € {(0,0), (0.3,0.3), (0.5,0.5)})
are from Example 5.4. The equations “Discont(p,1 — p)” consist of: s = f(p,1 — p) and
f(zo,z1) = 2o + x1f(x0, 1), which is obtained from PHORS:
S=FG Fg=ge(Fyg) Gxoz1 =0 ©)p 1.

Interestingly, f is discontinuous at (0,1) (in the usual sense of analysis in mathematics; it is
still w-continuous as functions on w-cpo’s): the exact value of f is given by:

fane) ={ w0
The equations “Incomp” and “Incomp2” consist of:
s= f(s) fz=2%+04z +0.09,
and
s = f(s) fa=05z%+2f(0.52)

respectively. They do not correspond to any PHORS — in fact, the value of f(1) for Incomp
is 1.49, which does not make sense as a probability. We have included them since they show
a source of the possible incompleteness of our method. Indeed, the tool fails to find precise
upper bounds. To see why the tool does not work for Incompl (with the the default values
of #dom and #codom), note that since s = f(s) = s? + 0.4s + 0.09, 3 > 52 + 0.45 + 0.09
must be satisfied for any valid upper-bound 3. However, § > 52 4+ 0.45 + 0.09 is equivalent
to 0 > (5 — 0.3)2, which is satisfied only by 5§ = 0.3. So, the only valid upper-bound for s
is actually the exact one 0.3. But then an upper-bound f of f must satisfy f(O.?)) = 0.3,
which can be found only if the set of discrete values (used for abstracting the domain and
codomain) contains 0.3. That is why the tool returns 1 (which is the largest value, assuming
that s represents a probability) for the default values of #dom and #codom. When we
adjust them to 10 and 100 (so that 0.3 belongs to the sets of abstract values of domains and
codomains), the precise upper-bound (i.e., 0.3) is obtained; this is, however, impossible in
general, without knowing the exact solution a priori.
The reason for “Incomp2” is more subtle. Notice that the least solution for

s=f(s)  fx=0.52"+2f(0.5z)

is f(x) = 22, Let % be the size of each interval used for abstracting the domain. Suppose that,
at some point, an upper-bound of f (%) becomes 5. Due to the linear interpolation (and



Vol. 16:4 ON THE TERMINATION OF PROBABILISTIC HIGHER-ORDER PROGRAMS 2:41

since the value at x = 0 converges to 0), the value of f at 0.5 (which belongs to the domain
(0, %)) is overapproximated by 0.5 - -5. Thus, at the next iteration, the upper-bound at % is
further updated to a value greater than 0.5% +2-05- .5 = 0225. Thus, the computation of

an upper-bound for the value at x = % never converges. In this case, changing the parameters

#dom and #codom does not help. We do not know, however, whether such situations
occur in the fixpoint equations that arise from actual order-2 PHORS; it is left for future
work to see whether our method (or a minor modification of it) is actually complete (in the
sense that upper-bounds can always be computed with arbitrary precision by increasing the
parameters #dom and #codom).

To summarize, for all the valid inputs (i.e., except “Incomp” and “Incomp2”, which are
invalid in the sense that they do not correspond to PHORS), our tool (with piecewise linear
functions) could properly compute lower /upper bounds. In contrast, from the column “step”,
we can observe that the replacement of piecewise (multi)linear functions with step functions
not only worsens the precision (as in “Ex2.3-v1”, “Ex2.3-v2”, and “Ex2.3-v3”) significantly,
but also makes the procedure obviously incomplete®, as in “Ex2.3-1”7 and “Double” (recall
the discussion on the incompleteness of step functions in Section 5.3).

7. RELATED WORK

As already mentioned in Section 1, this work is intimately related to both probabilistic
model checking, and higher-order model checking. Let us give some hints on how our work
is related to the two aforementioned research areas, without any hope to be exhaustive.

Model checking of probabilistic recursive systems. Model checking of probabilistic
systems with recursion (but not higher-order functions), such as recursive Markov chains
and probabilistic pushdown systems, has been actively studied [EY09, EY15, BBFK14]. Our
PHORS are strictly more expressive than those models, as witnessed by the undecidability
result from Section 3, and the encoding of recursive Markov chains into order-1 PHORSs
given in Appendix A.1. Our fixpoint characterization of the termination probability of
PHORS is a generalization of the fixpoint characterization of the termination probability for
recursive Markov models [EY09] to arbitrary orders. Various methods have been studied for
solving the order-0 fixpoint equations (or, polynomial equations) obtained from recursive
Markov chains [EY09, KLE07, EGK10]. Interestingly, also in those methods, computing an
upper-bound of the least solution is more involved than computing a lower-bound. It is left
for future work to investigate whether some of the ideas in those methods can be used also
for solving order-1 fixpoint equations.

Termination of probabilistic infinite-data programs. Methods for computing the
termination probabilities of infinite-data programs (with real-valued variables, but without
higher-order recursion) have also been actively studied, mainly in the realm of imperative
programs (see, as an example, [BG05, EGK12, FH15, CNZ17, MMKK18, ADLY 18, CS13));
to the best of our knowledge, none of those methods deal with higher-order programs,
at least directly. All these pieces of work present sound but incomplete methodologies
for checking almost sure termination of programs. Incompleteness is of course inevitable
due to the Turing completeness of the underlying language considered. In fact, Kaminsiki
and Katoen [KK15] have shown that almost sure termination of probabilistic imperative

5As already mentioned, our method with piecewise linear functions may also be incomplete, but that does
not show up in the current benchmark set.
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programs is I19-complete. Since their proof relies on Turing completeness of the underlying
language, it does not apply to the setting of our model PHORS, which is a probabilistic
extension of a Turing-incomplete language, namely that of HORS.

Model checking of higher-order programs. Model checking of (non-probabilistic)
higher-order programs has been an active topic of research in the last fifteen years, with
many positive results [KNU02, Ong06, HMOS08, Kob13, KO09, KSU11, GM15b, GM15a,
TO14, SW11, Parl8]. Strikingly, not only termination, but also a much larger class of
properties (those expressible in the modal p-calculus) are known to be decidable for ordinary
(i.e. non-probabilistic) HORS. This is in stark contrast with our undecidability result from
Section 3: already at order-2 and for a very simple property like termination, verification
cannot be effectively solved.

Probabilistic functional programs. Probabilistic functional programs have recently
attracted the attention of the programming language community, although probabilistic
A-calculi have been known for forty years now [Sah78, JP89]. Most of the work in this field is
concerned with operational semantics [DZ12], denotational semantics (see, e.g., [JT98, DH02,
ETP14, SYW'16, BFK'18]), or program equivalence (see, e.g., [DSA14, CDL14, SV16]),
which sometimes becomes decidable (e.g. [MOO05]), but only when higher-order recursion is
forbidden. The interest in probabilistic higher-order functional languages stems from their
use as a way of writing probabilistic graphical models, as in languages like Church [GMR™08]
or Anglican [WMM14]. There are some studies to analyze the termination behavior of
probabilistic higher-order programs (with infinite data) by using types. Dal Lago and
Grellois [DLG17] generalized sized types [HPS96, BFG104] to obtain a sound but highly
incomplete technique. Breuvart and Dal Lago [BL18] developed systems of intersection
types from which the termination probability of higher-order programs can be inferred from
(infinitely many) type derivations. This however does not lead to any practical verification
methodology.

Relevant proof techniques. Our technique (of using the undecidability of Hilbert’s 10th
problem) for proving the undecidability of almost sure termination of order-2 PHORS
has been inspired by Kobayashi’s proof of undecidability of the inclusion between order-2
(non-probabilistic) word languages and the Dyck language [Kob19]. Other undecidability
results on probabilistic systems include the undecidability of the emptiness of probabilistic
automata [GO10]. Their proof is based on the reduction from Post correspondence problem.
The technique does not seem applicable to our context.

8. CONCLUSION

We have introduced PHORS, a probabilistic extension of higher-order recursion schemes,
and studied the problem of computing their termination probability. We have shown that
almost sure termination is undecidable. As positive results, we have also shown that the
termination probability of order-n PHORS can be characterized by order-(n — 1) fixpoint
equations, which immediately yields a method for computing a precise lower-bound of the
termination probability. Based on the fixpoint characterization, we have proposed a sound
procedure for computing an upper-bound of the termination probability, which worked well
on preliminary experiments.

It is left for future work to settle the question of whether it is possible to compute
the termination probability with arbitrary precision, which seems to be a difficult problem.
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Another direction of future work is to develop a (sound but incomplete) model checking
procedure for PHORS, using the procedure for computing the termination probability as a
backend.
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APPENDIX

APPENDIX A. RELATIONSHIP BETWEEN PHORS AND RECURSIVE MARKOV CHAINS

In this section, we provide mutual translations between order-1 PHORS and recursive
Markov chains.

A.1. Encoding Recursive Markov Chains into Order-1 PHORS. In this section, we
will give a sketch of a proof that any recursive Markov chain (RMC in the following) can be
faithfully encoded as an order-1 PHORS. In doing that, we will closely follow the notational
conventions and definitions from [EY09], Section 2.

Let us first of all fix an RMC A = (Ay,...,Ax), where each component graph is
A; = (N;, By, Y;, En;, Ex;, 6;). We fix a reachability problem, given in the form of a triple
(ir,s1,qr) where iy € {1,...,k}, sy is a vertex of A;,, and q; € Ex;,, where a vertex of each
A; is defined as an element of

N; U U Cally U U Returny,.
beB; beB;
Here, Cally, = {(b,en) | en € Eny, )} and Return, = {(b, ex) | ex € Ezy,)} The reach-
ability problem (i, sy, qr) specifies (e, s7) as the initial state, where sy is a vertex of the
component graph i, and (e, gr) as the reachability target (cf. Section 2.2 of [EY09]). The
PHORS G4 = (Na,Ra,S4) is defined as follows:

e Nonterminals are defined as symbols of the form Fj, where i € {1,...,k}, and s is a
vertex A;. The type Na(F; ) is olZzil — . There is also a nonterminal S4 of type o,
which is taken to be (ir, s1,qr). The start symbol is S4.

e Rules in R 4 are of four kinds:

e There is a rule

(i],S[,Q[):SA:FiI’SI( Q,...,Q ,e,Q,...,Q)
N——

j — 1 times

where Ex; = {s1,...,5|g,|} and q; = s;.
e For every i and for every exit node s; € Ez; = {s1,...,5|g|}, there is a rule
Fisi (@1, @) py)) = @

e For each i and for each non-exit node or return port s of A;, there is a rule

Fis(z1,...,2) = @ps,qu,q(azl, cey )
J

where p; 4 is the probability to go from s to ¢, as given by the transition function d;.
e For every ¢ and for every call port s = (b, en) of A; which is in Cally, there is a rule

Fi,s(f) = F}Q(b),en(Fi,(b,eml)(f)v s 7Fi,(b,emv)(f))
and Ery,p) = {ex1,..., ey}
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The next step is to put any global state in M4 in correspondence to a term of G4. This is
actually quite easy, once one realizes that:

e G, is designed so that every term to which S4 reduces can be seen as a complete ordered
tree.

e The rules in R4 have been designed so as to closely mimick the four inductive clauses by
which the transition relation A of the Markov chain M4 is defined. In particular, any
such pair (3, u) is such that the length of 5 corresponds to the height of the corresponding
term to which S4 reduces. The only caveat is that the first such inductive clause needs
to be restricted, because in PHORS, contrarily to Markov chains, one needs to fix one
initial state.

o ((B,u),p,(B,4')) € Aif and only if the term corresponding to (3, u) rewrites to the term
corresponding to (', ') with probability p in one step.

As a consequence, one easily derive that P(G4) is precisely the probability, in My, to reach
(€,qr) starting from (e, sy).

A.2. Encoding Order-1 PHORS into Recursive Markov Chains. In this section, we
show that any order-1 PHORS can be encoded into a recursive Markov chain that has the
same termination probability.
First, we can normalize any order-1 PHORS to the one consisting of the rewriting rules
of the form:
S=Fe- e
Fixy - xp =t ©p, t1,R

Fpxy-xp = tm,L Pp, tm,Ra
where each t;4 (1 € {1,...,m},d € {L,R}) is a variable z; (j € {1,...,k}), or is of the
form:
Fy(Fj oy -+ ap) - (Fj, w1 - ap).
Note that € on the righthand side can be replaced by F x1 --- xp where F' is defined by
Faxi, - ap=FFxz, - ap) - (Far, - ).

Given the normalized order-1 HORS above, let M be a recursive Markov chain consisting
of a single component Ay = (N1, By, Y1, Eny, Ez1,61) where:
e B is the set of terms of the form F; (Fj, x1 --- xy) -+ (Fj, ®1 - -+ o) on the righthand
side.
Y1(b) =1 for every b € Bj.
En1 = {Fl, e ,Fm}
Exy ={x1,..., 21}
N1 = Enqi U Ez;.
01 1s the least set of the transitions that satisfies:

.- d,
— (Fi,p,zj) € 61 for each transition rule Fjxy,--- xi RN xj

. L, R,1— . .
(recall that we write F x1,--- xp, =Py ¢, and Fag,-- xp ﬂ tr if there is a rule
Faxy,---xp =15 Dyp tR).
- (Fi7p1 (taFj)) c 61

ifFixl,-"a:k%tandtisoftheforij(Fjlml cexg) e (Fjo a1 e ).
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— ((t, 23),p,we) € 61
ift=F;(Fjx - o) - (Fjx1 -+ x), and Fj, 21 - xp —d—’p—>mg.
- ((ta :Ei)apa (t,’ Fj/)) € 51
if t = Fj(Fjz1---axx) - (Fjyx1 -+ xp) and Fj a1 - g 2, t', where t' =
Fy (Fjpay - ag) - (Fy @y - ap),
Intuitively, a PHORS term of the form Fj (Fj, x1 --- xy) -+ (Fj, x1 - - o) is modeled
as a call of Fj, where F}, is executed when the call exits from the exit port z;. That is why,
in the third and fourth kinds of transition rules above, the next node is determined by the

rule for F},. From this intuition, it should be trivial that the termination probabilities of
the RMC and the original PHORS coincide.

APPENDIX B. PROOFS FOR SECTION 4

B.1. Proofs for Section 4.2.

B.1.1. Proof of Lemma 4.3. We first prove the following lemma:

Lemma B.1. If K+t : &, then K# - t# : k%,

Proof. This follows by straightforward induction on the derivation of K Ft: k. []

Proof of Lemma 4.3. N# F S : R follows immediately from N(S) = o, Lemma B.1, and
o =R. Let R be {F;x1 -+ ,xp, =t; | i € {1,...,m}}. Then, by the definition of PHORS,
we have N, x1 1 Ki1,...,%¢ t Kig, - ti 2 o, with N(F) = k;1 — -+ — Ky, — 0. We need to
show that

N7 Iifl,...7$iil€fgi F t?& ‘R
for each ¢, but this follows immediately from the typing of ¢; above and Lemma B.1. []

B.1.2. Proof of Theorem 4.4. We call a PHORS G recursion-free if there is no cyclic

dependency on its non-terminals. More precisely, given a PHORS G, we define the relation

~g on its non-terminals by: F; >g F} iff F; occurs on the righthand side of the rule for Fj;.

A PHORS @ is defined to be recursion-free if the transitive closure of ¢ is irreflexive.
Below we write t?f for [t#],.

Lemma B.2. Let G = (N, R,S) be a recursion-free PHORS, and p be the least solution of
E. IfN'Ft:o, then P(G,t) = t7.

Proof. Since G is recursion-free, it follows from the strong normalization of the simply-typed
A-calculus that ¢ does not have any infinite reduction sequence. Because the reduction
relation is finitely branching, by Konig’s lemma, there are only finitely many reduction
sequences from t; thus a longest reduction sequence from ¢ exists, and we write §(¢) for its
length. The proof proceeds by induction on §(¢). If £(¢) = 0, then ¢ is either e (in which
case, both sides of the equation are 1) or Q (in which case, both sides of the equation are
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0); thus, the result follows immediately. Otherwise, ¢ must be of the form F' s --- s where
Fxy-- -2 =11 @©p ta. Then

P(G,t) = pP(G,[s1/x1,...,sK/TK|t1)
+(1 — p)P(g, [81/1‘1, ... ,Sk/xk]tg).
Since £(t) > #([s1/x1, ..., sk/xk]ti), by the induction hypothesis, the righthand side equals:
p([sl/x?lég . sk/xk]tl) (1#— p)([s1/x1, ..., sk/xk]tg)#
= 1-—
= (Fsl--'sk)ﬁIé :tz#,
as required. ]

For a PHORS G =(N,R,S) with dom(N) = {F1,...,Fy}, we define its k-th approxi-
mation G¥) = (V) RE) 5K by
N® = (FD s N(F) |jef{l,...,m},0<i<k}
RO(FD) = [FIV /.. B [ Bl R(F)
for each i € {1,... k}

<.

RO(FY) =22.0 @ Q.

The following properties follow immediately from the construction of G*). (Recall that Fg
denotes the function associated with the fixpoint equations £, as defined in Section 4.1.)

Lemma B.3. (1) G%) is recursion-free.

2) P(G) = Le, PGY).

(3) féfg (L (F) = ffg(m (J_[W<k)ﬂ)(F(k)) = lfp(]:gg(k))(F(k)) for each non-terminal F of
G.

Proof. (1) This follows immediately from the fact that F, Z(i) =g I, (,j ) only if j =¢ — 1.

(2) Let P be the set {(m,p) | S =4 e} and P*) be {(m,p) | S*) l—’&g(k) e}. Then P(G) =
Z(ﬂ,p)GPp and P(GH)) = Z(w,p)eP(k) p. Note that for any reduction s ﬂ)g(k) t with
t # Q, there exists a corresponding reduction s' di>g t' where s' and t' are the terms of G

obtained from s and ¢ respectively, by removing indices, i.e. by replacing each F(*) with
F. Thus, P*) C P for any k. Conversely, if S lli}g e, then S(m) L]i)g(hr\) e, because

non-terminals are unfolded at most || times in § ~%¢ e. Therefore, P = U, P®, from
which the result follows.

(3) We show that ]-'gg(J_[W]])(F) = f‘]g"’g(@ (J-ﬂ/\/(m])(F(k)) holds for any ¢ > k, by induction
on k, from which the first equality follows. The base case k = 0 is trivial. For k£ > 0, By
the definition of the rule for F*) and the induction hypothesis, we have:

FE o L) (F®)

Jol (k=1)
— [[([ k=1) /F n’f; ! /Fm] ( ))#]]fk;(e)( [[N(Z)]])

= [R(F ) H{F»—)ﬁ? <Z)( [W((z)]])(FUC Nie{1,...m}}

= [R(F)#] FE (L) (by the induction hypothesis)
g
= FE (L (F),
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as required. (Here, we have extended (-)# and [t], for A-terms in the obvious manner.)
For the second equality, we can show that ]:fg(e) (J_[[N(@]])(F(k)) = lfp(Fgg(£>)(F(k))
holds for any ¢ > k, by straightforward induction on k. ]
Theorem 4.4 follows as a corollary of the above lemmas.
Proof of Theorem 4.4. By Lemmas B.2 and B.3, we have
P(G) = L P(G™) = Ly, Mp(Fe ) ) (S™)
= Ly, FE, (L)(S) = lfp(Fe,)(S)

as required. ]

B.2. Proofs for Section 4.3.

B.2.1. Proof of Lemma 4.11. We define the translation for a type environment on variables
(other than non-terminals; note that the translation is different from the one for N') by:
W11, U KT = (Y100 Ylar(e)i1) SR s (05 - s Ykar(rp)+1) | K.
Lemma B.4. fNUK,Z:0Ft:k and K;Z b t: k~ e, then NTUKT e : w1
Proof. This follows by straightforward induction on the derivation of NUK,T:0F¢: k. []

We also prepare the following lemma on the syntactic property of the translation result,
which is important for Lemma 4.11 and the substitution lemma (Lemma B.10 below) proved
later.

Lemma B.5. Suppose:

KC;Zhnt ik~ (0, tar(n) tar(s) 415 - - - > Lar(n)+[3]+1)-
Then, for each y; € dom(K), yio does not occur in t1,. .., tar()+z)41-

Proof. This follows by straightforward induction on the structure of ¢. L]

Proof of Lemma 4.11. NT(S1) = R follows immediately from A (S) = o — o and the
definition of NT. To prove NTF &, let Fy; -+ ypa1 -+ a2 =t ®p tr € R, with N(F) =
K1 — -+ — Ky = o = o. Suppose also
YLKl Yo KRG XL, Tk A g 0~ (Bg0s - tdkt1)
for d € {L, R}. We need to prove
NT,(?Jl)IﬂlT,...,(@)ZﬁgT Ftqo: R
and
./\/’T, (1)) : mT/, o () /{g]u Ftq;:R
for i € {1,...,k}, where y; and y;’ are as given in the premises of the rule TR-RULE. The
former follows immediately from Lemma B.4. For the latter, by Lemma B.4, we have

N @) skl (G0) ke tay : Re
By Lemma B.5, y; o does not occur in ¢4;. Thus we can remove the type bindings on them

and obtain / ,
NT,(le/)IIﬂT ,...,(yNg,):/{gT Ftdﬂ' :R
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as required. []

B.2.2. Proof of Theorem 4.12. Given two expressions e, es and fixpoint equations 8_C.r/ef, we
write € Sgper €9 if [e1]poree = [€ellppres- We often omit the subscript.

As sketched in Section 4.3, we first prove the theorem for recursion-free PHORS. A
key property used for showing it is that the translation relation is preserved by reductions,

roughly in the sense that if ¢ Lp, tr and t Bolop, tr, then t ~ e (i.e., t is translated to e)
implies that there exist ey, and er such that ¢y, ~ er, tp ~ egand e = p-er + (1 —p) - er
(where 4+ and - are pointwise extended to operations on tuples). Thus, the property that
e represents the termination probability of ¢ follows from the corresponding properties
of ey and eg; by induction (note that since we are considering recursion-free PHORS,
b(t) > b(tr),b(tr), where b(t) denotes the length of the longest reduction sequence from
t), it follows that if the initial term is translated to ey, then ey represents the termination
probability of the initial term.

Unfortunately, however, the translation relation is not necessarily preserved by the

. . d, . . . .
standard reduction relation —p>g defined in Section 2. We thus introduce another reduction
relation that uses explicit substitutions on order-0 variables. To this end, we extend the
syntax of terms as follows.

t (extended terms) ::= Q| = | t1to | {t1/21,- .., tk/Tk o

Here, {t1/x1,...,tx/xk o represents an explicit substitution; the intended meaning is the
same as the ordinary substitution [t1/z1,...,tx/zk|to (which represents the term obtained
from ¢y by simultaneously substituting ¢; for x;), but the substitution is delayed until one
of the variables in xy, ...,z becomes necessary. We often abbreviate {t1/x1,...,tx/zk}
as {t/Z}. Note that we have omitted e; we consider an open term Sz as the initial term
instead of S'e. The type judgment relation for terms is extended by adding the following
rule:

KFEs;:o (foreach i € {1,...,k}) K,z1:0,...,7,:0Ft:0
KkEA{si/z1,...,sx/xK}t 0

Thus, explicit substitutions are allowed only for order-0 variables.

Reductions with explicit substitutions:

We now define a reduction relation for extended terms. The set of evaluation contexts,
ranged over by FE, is defined by:

E =[] | {t/Z)E.
The new reduction relation ¢ dihas,g t' (where d € {L, R, €}) is defined as follows.

z&{xy,..., o1}
El{ti/z1,. .. te)oi}2] resg El2]

€1
El{ti/z1, ... tk/wp}a] —esg Elti]
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R(F) = A\Y.\Z.up, Dyp UR
N(F)=k=o0o =0 C=1[zl=1t[ |yl =15l
Z do not occur in E[F 5t]

—~ L, ~ i~
E[F31] =es,g EI{t/Z}[5/5lut]

R(F) = )@]AEUL EBp UB
N(F)=&=o0o =0 C=1[zl=1t[ |yl =15l
Z do not occur in E[F 5t]

EF31 225 o E[{#/Z}[5/7]un)

We call reductions using the first two rules (i.e., reductions labeled by i>es,g) adminis-
trative reductions. In the last two rules, we assume that a-conversion is implicitly applied so
that Z do not clash with variables that are already used in E[F 5¢]. In those rules, recall also
our notational convention that when we write F §¢, the second sequence ¢ is the maximal
sequence of order-0 terms (that condition is made explicit in the above rules, but below we
often omit to state it). As before, we often omit the subscript G.

For an extended term ¢, we write t* for the term obtained by replacing explicit substitu-
tions with ordinary substitutions. For example, ({t/z}(F x))* = F't. The following lemma
states that the new reduction relation is essentially equivalent to the original reduction
relation:

Lemma B.6. Let s be an extended term.
(1) Ifs i>es t; then S* = t*
(2) If s 2P 0 t with d € {L, R}, then s* 25 +*.

d . 1 d,
(3) If s* =2 w, then there exists t such that s(==.s)* “Dest and t* = u.

. .. d, d,
Proof. Immediate from the definitions of Py and 2B, . O]

We define 7r:,p>esg in an analogous manner to l"&g, where the label € is treated as an
empty word. For an extended term t that may contain an order-0 free variable x, we write
Pes(G,t,x) for the set {(m,p) | t 7T:’p>es7g x}, and write Pes(7,t, x) for E(ﬂ’,p)GPes(g,t,x) D,
based on the new reduction relation. The following lemma follows immediately from the
above definitions and Lemma B.6.

Lemma B.7. Let t be a term of PHORS G = (N, R, S) such that N,xz:ott: 0 and t does
not contain e. Then P (G, [e/x]t) = Pes(G,t, ).

Proof. By Lemma B.6, t =5 ., z if and only if t* =2 z, if and only if [e/x]t* SIEA (for the
second “if and only if”, recall the assumption that e does not occur in R), from which the
result follows. M

We extend the translation relation for terms with the following rule.
Kizy,...,xp Fa St 0~ (8i0,-..,8ikt1) (for each i € {1,...,¢})
Kiziyoooyz0,@1, .., bt o~ (toy e ooy tpges1)

Kz, ... xpba {s1/21,. ., 8¢/ze}t : 0~
(to + Si_yti - 800, tesr + Biyti- Sits o tegeyn + Siyti - Sigg1)

(Tr-SUB)
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We shall prove that the translation relation is preserved by the new reduction relation
(Lemmas B.11, B.12, and B.13 below).

Lemma B.8 (Weakening). (1) If K;z1,...,zp Fat ik~ e, then K,y ky; 21, ..., 28 Far
t: K~ e.

(2) If Ksx1,...yx, Bt 0 ko~ (to,...,te), then K;x1,..., 2k, k11 Pt 0 K o~
(o, ... te,te).

Proof. This follows by straightforward induction on the structure of ¢. L]
Lemma B.9 (Exchange).

If Cixyyo ooy, Tig1, .y Bar t 0 ko~ (Lo, .. s bar(k)+is tar (k) +it1s - - - 7tar(n)+k+1); then
Kz, i1, Ty oo xp b T o~ (t(]a s 7tar(/i)+i+17 tar(/i)—‘ria s 7tar(/$)+k:+1)'

Proof. This follows by straightforward induction on the structure of ¢. L]

As usual, the substitution lemma, stated below, is a critical lemma for proving subject
reduction. The statement of our substitution lemma is, however, quite delicate, due to a
special treatment of order-0 variables.

Lemma B.10 (Substitution). Suppose t does not contain any explicit substitutions (i.e.,
any subterms of the form {u/x}s). If y:Ky; ZFat 2k~ (Etmy1) and Oy, ...,z Far s
Kyi ~ (Siy Sitit1s- - Sity+k+1) with {zq,..., 2} N{Z} =0 and ¢; = ar(ky;), then:
wa ga T1y.-, Tk '_N [g/?ﬂt R (00%: elth “e. 70kt07 eotm+1))
where the substitutions 6;(j € {0,...,k}) are defined by:
9j = 9173'--'9@‘7]' fO?”j S {1,...,k}

0i0 = [5,0/Yi,0, - - > Siti [ Vit Sisti 1/ Yie41] for i € {1,... ][}
O = [Si0;45/Yi.05 i1 /Yils - -+ s Sist [ Yitis Silitk+1/Yigit1]
forie{l,...,|s]},7€{1,...,k}.
Here, the part 0itg, ..., 0ty accounts for information about reachability to the newly
introduced variables z1, ..., .

Proof. Induction on the derivation of §: #y; Z Fpr t @ 6~ (£, ti1).

e Case TR-OMEGA: In this case, t = Q with ¢ = 0 and tm+1 = 0. Thus, the result follows
immediately from the rule TR-OMEGA.

e Case TR-GVAR: In this case, t = z; and k = o, with ¢ = 0%,1,0#I=% and tm+1 = 0. By
using TR-G VAR, we obtain

®7 g,.T]_, oy Tk '_N [g/mt(: Zi) PR (017 17 0‘5|+k—i+1)‘

Since
(Oot, Orto, - . ., Orto, Ootmir) = (. t0, - - . o, tmgr) = (07, 1, 0FFIFR=H1)
——
k
we have the required result. -
e Case TR-VAR: In this case, t = y;, with t= Yi0,--- ,ymi,yﬁiﬂ, and ;41 = Yig,+1- By
applying Lemmas B.8 and B.9 to 0;z1,..., 25 FAr Si : Kyi ~ (Sis Siti41,-- - Siitht1), WE
obtain:

.3 . = 7
®7 ZyX1yeeey Tk }_./\/’ Si ¢t K‘y,i ~ (Sia Si,fi+k+1’ Si,&'-‘rla o 7si,éi+k+1)-
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Since t = Yi0,- - ,yi’gi,yﬂ#l, and t,,41 = ¥Yi¢,+1, we have
(eot, 91750, ey tho, Goth) = (SZ, Siﬁi-ﬁ-k-i—l’ Si 41y Si,€i+k+1)'
Thus we have the required result.
e Case TR-APP: In this case, we have t = uv and
Yihy 2 bn u Ky = Ko (U0, Uy Upr g1 - e Upr g 3] 41)
g: //i\;; 5"/\[ V iRy ™ (Uo,fﬁ, Verr 415 - - ,Ug//+|g|+1)
t = uo(vo, U, Ve g z141)s W0, Ver g 741)
g 1 (Ve 41,0, Vg g |7141)5 - -+ 5 Ui 3 (Ve 205 Uy Ve 1|7 41)
tmt1 = U341 (Ve 413415 U5 Ve |7 41)
U'=u|=ar(k) m=0+]|z] ¢ =ar(ky) =17

By the induction hypothesis, we have:

0;Z, 21, ..,z B [S/Y]u s Ry — K~

(6o (uo, W, wup 11,5 upyz1), O1uo - - - O, ot 4z141)
0;2, 21, ... ok En [S/T)0 5 Ky~

(90(2}075’ Ver4-1y -+ Uf”+\5|)7 911}07 SRR ekUOa 001}(”+\5|+1)

By applying TR-APP, we obtain:

0; 2,21, ..., 2k bar ([S/9]u)([$/7]v) : &~
((Bouo)(Bovo, 6o, Bover i z41), (Bou) (600, over 4z 41),
(Bowe 1) (Bover i1, 000, Ooveryz141)s - - -5 (Boup y121) (Bover 131, 0o, Ooven 1 j741),
(9111,0)(911]0, 905, 901)@//+|g|+1), ey (Gkuo)(kao, 905, 901}5//+|g‘+1)
(Goweryz141) (Bove 117141, 600, Bovgr 1 17141)-
Since y; 0 does not occur in v and vgr 4741 (Lemma B.5), 6ov and Oougp 4|31 are equivalent
to 0,0 and 0juy 4|34, respectively for any j € {1,...,k}. Therefore, the whole output of
transformation is equivalent to:

(0o (uo(vo, U, ver y(z141)), o (u(V, very 7)),
B0 (wer 1 (Ver 1,05 Vpr g 1z141) )5 -+ + 5 Oo (e 413 (Ve 4131, 05 Ve 4 13141))
01(uo(vo, 0, very(z111)), - - - » Ok (o (vo, U, Ve 7141)),
00 (et 42141 (V171415 Vs Vo4 |7141)))-
Thus, we have the required result.
e Case TR-NT: The result follows immediately from TR-NT.
e Case TR-APPG: In this case, we have t = uv and:

e S0+

Uiky;zbapu:of T =0~ (U, - - Upry|3]42)

y: Ry;ZbEnpvio~ (U07---aU|EI+1)

(t,tm+1) = (UQ + U1 - Vo, U2, ..., Uy 1, Uy T UL VL, s Upr4)2]+2 +up - U|g‘+1)

/
K}:OZ — O.

By the induction hypothesis, we have:

. T Lol +1
0; 2,21, ., xp b [5/Ylu: 0T = 0~ (Bouo, -, Ootup 4 z141, 010, - - -, Opu0, Ootip 431 1hr2)
@; Zy L1y Xk |‘/\/’ [8/@']1) 0 v (901)0, ey 9()”U|g‘,91’00, ey Hk’l)(), 901)|g‘+1).
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By applying TR-APPG, we obtain:
02,21, ..,z ba ([5/8]u)([3/7]v) : oF — 0~

(Bouo + Oous - Ogvo, Oous, . . ., Ooup 11,
Boug 42 + Oouy - Gpuy, . . ., eougur‘ng + Bouy - 00U|g|,
t1uo + Oour - O1vo, - . ., Okug + Oous - Oxvo, Ootgr 17142 + Oour - Oovizi41)-

Since u; does not contain any occurrence of y;o (Lemma B.5), fpu; = 6ju; for any
j €{1,...,k}. Therefore, the output of the translation is equivalent to:

(6o(uo + u1 - vo), Gousz, . . ., boug 41,
(90(u€/+2 +up - 1)1), e ,«90(uel+|g|+1 + uy - U|g‘),
01(ug + uy - vg), - - ., Ok (uog + w1 - vo), Qo(ug/_HgH_g +up - U|g‘+1)).
Thus, we have the required result. ]

We are now ready to prove that the translation relation is preserved by reductions
(Lemmas B.11, B.12, and B.13 below).

Lemma B.11 (Subject Reduction). If 0;% Fyn F3t : 0 ~ (v, -+, Vj+1) and R(F) =
Ay AZup @p ur (where {T} N{Z} = 0), then there exist wr;,wr,; (1 € {0,...,]2] +1})
such that 0; T Fx {t/Z}[5/9)ua ~ (wap, - - -, Wq 341) and v; = pwr; + (1 — p)wr; for each
i€{0,...,]2Z] +1}.

Proof. By the assumptions, we have:

0; 2 Fpr 8it Ki ~ (86,05 -+ 5 Siar(sg)+[3]+1) for each i € {1,...,[s|}
0;% Fartiz o~ (Lo, -5ty z41) for each i € {1,...,|Z]}
vo = Fo(s1,0, - - -5 S1ar(s1)s Star(sy)+E+1) " (831,00 - - -+ S[3],ar(sys)> S[3]ar(sys)+ @ +1)
v; = Fj(s1,1, -+ Star(n1)s Star(en)+@+1) (S50 - - - S[5)ar(sys)» S[3],ar (5 +|F+1)
for each j € {1,...,|Z]}
U|/’5|+j = FO(Sl,ar(ﬁl)—s—jy S1,15 -+ 5 S1,ar(k1)> Sl,ar(fﬂ)-i—ﬁ\-l—l) T
(S[3],ar (1) +52 S[31,10 -+ S3],ar(k|z)) S|5\»ar(f€|§|)+|5|+1)
for each j € {1,...,|z|}
Viziater = FO(Star(sn)+F1+15 S1Ls - - SLar(s1)s SLar(sn)+3+1) "

{8 ax(sjs)) +E| 415 SIELL -+ S[al,ax (i) S[3 (s +HE|+1)
vo Z v+ tio+ -+ U|,E| “tiz0
Vz)4i = v|’;|+z. +u)tii e+ ”|/’5\ -tz for each i € {1,..., |z] + 1}
Y:R;ZEn ug o~ (U, ... ugz41) for d € {L, R}

By applying the substitution lemma (Lemma B.10) to the last condition, we obtain:

0;2,7 Fn [s/Ylug : 0~ (w:i,O’ e vw&,\2|+\5|+1)
where
(w(’LO, ey w:i7|5|+\5|+1) = (00ud70, cee 700Ud7|2‘, 91ud70, oo ,Hmud,o, eoud’|g|+1)
9j = 91,]' . '9|§]7j for j € {0, ey ‘:f‘}
01’,0 = [Si,O/yi,07 R 73i,ar(m)/yi,ar(m)7 Si,ar(mi)+|i|+1/yi,ar(m)Jrl] for i € {17 R ’gl}
Oij = [Siar(ns)+5/Yi0s - - + > Si.ar(s:)/ Vi,ar (ki) Sijar () +7]+1/ Yi,ar (ki) +1)

forie{l,....[3|},j € {1,..., 7]}
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Then, we have v = pw’L’j, + (1 - p)w’Rvj,. (Here, the only non-trivial case is for j =
2] + 2| + 1, where we need to show that v} = pfjz1ur0 + (1 — p)0jz11ur0 is equivalent
to pw’ij, +(1- p)wk’j,; in this case, by induction on the structure of ugy, it follows that
03 +1ud,0 = Ootig,|z+1, which implies the required property) Let wg be (wqp, - -, wa 7+1);
where:

W0 = Wy +wgy - tro+ - wh iz Y0

Wd,i = w&,\zm +wgy bt wéz,rg\ "tz

fori e {1,...,|z|+1}.

Then, the required result is obtained by applying TR-SUB to

0;z,2 v [s/ylug : 0~ (wéz,(]v e vw:i,|2|+|5|+1)' N

Lemma B.12 (Subject Reduction (for administrative steps)). If 0; 7 ba {5/Z}z; : 0 ~
(to, - tiz41) with x; ¢ {Z}, then 0;% Far i @ o ~ (uo, ..., wgz41) for some u; (j €
{0,..., || + 1}) such that t; = u; for each j € {0,...,|Z| + 1}.

Proof. By the assumption 0;Z by {8/Z}zi : 0 ~ (to, ..., tjz)41), We have:
0;Z, T bpn x5 : 0~ (0i+\5|+1’ 1’0|5\—i+1)

0;2 Fpr 8500~ (850, 8j7+1) (for each j € {1,...,[5]})

Il

tizl—i—zj:lO'S]’,igl ti/%Ofori’;ﬁi
Since 0; T Fpr 2; : 0 ~ (09,1, O|E|_i+1), we have the required condition for: u; =1 and u; =0
for j # 1. L]
Lemma B.13 (Subject Reduction (for administrative steps (ii))). If 0; 2 Fpr {5/2}2;i : 0 ~
(to, - tiz+1), then 0T Fpr s 0~ (ug, ... uz41) for some uj (j € {0,...,[Z| 4+ 1}) such

that t; = u; for each j € {0,...,|z|+ 1}.
Proof. By the assumption ;7 Fnr {5/Z}2; : 0 ~ (to, ..., tz)41), We have:

0:Z,% Far 2 - 0~ (0%, 1, 0FFI—HEI+1)

(07'%'_]\/ §:10~ (807"'78\5|+1)
t; =0+4+1-s;=s; foreach j € {0,...,|z| +1}.
Thus, the result holds for u; = s;. L]

We are now ready to prove Theorem 4.12, restricted to recursion-free PHORS (the
definition of recursion-free PHORS is found in Section B.1).

Lemma B.14. Let G = (N, R, S) be a recursion-free PHORS, and p be the least solution
of E&F. Then, P(G,Se) = p(S1).

Proof. By Lemma B.7, it suffices to show that 0; x bar ¢ ~ (tg, t1,t2) implies Pes(G, t, x) = 1.
This follows by induction on b(t), the length of the longest reduction sequence from ¢ by

d . e . ..
&P, s note that b(t) is well defined because ¢ is finitely branching and strongly normalizing

with respect to d’—p>es ; the strong normalization follows from Lemma B.6 and the fact that
there can be no infinite sequence of consecutive administrative reductions (in fact, each
administrative reduction consumes one explicit substitution).

Suppose b(t) = 0. Then, ¢ is either  (in which case, t; = 1) or © (in which case, t; = 0).
Thus, the result follows immediately.
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If b(t) > 0, we perform a case analysis on a reduction of t. If ¢ i>es t’, then by
Lemmas B.12 and B.13, 0;x b t ~» (8, t),t5) and ¢ = ¢} for some (¢, ],t,). By the
induction hypothesis, Pes(G,t',x) = ;. Therefore, we have Pes(G,t,2) = Pes(G,t', x) =
t) = tq as required.

Ift di)es t' for d € {L, R}, then t must be of the form E[F31], R(F) = \y.\Z.ur, ©,
upy t 2 tr, and t Bty with t, = E[{T/2}3/5]ur] and tg = E[{T/3}[5/7]ur.
By Lemma B.11, there exist (¢t10,tr1,tr2) and (tgro,tr1,tR2) such that 0;z Far ¢ ~»
(tr.0.tra,tr2) and O;z Far tr ~ (tro,tR1,tR2) With t1 = ptr 1+ (1 —p)tgr1. Thus, we have
7Des(ga t, l‘) = ppes(ga tLv l‘) + (1 *p>7)es(g7 th l‘) = ptL,l + (1 *p)tR,l = 751 as reqUired' D

We are now ready to prove Theorem 4.12.

Proof of Theorem 4.12. Consider the finite approximation G*) (defined in Section B.1).
Then, we have

PG, Se) =, P(GW,S® &) = ||, Up(Fgum)(S")
= Ly FE(L)(S1) = Up(Fg)(S1) = pezee (S1)

as required. Here Fg is the functional associated with fixpoint equations £Z°*, as defined in
Section 4.1, and we can use essentially the same reasoning as in the proofs of Lemma B.3
and Theorem 4.4. ]

This work is licensed under the Creative Commons Attribution License. To view a copy of this
license, visit https://creativecommons.org/licenses/by/4.0/ or send a letter to Creative
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