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ABSTRACT. We apply fundamental notions of Bishop set theory (BST), an informal theory
that complements Bishop’s theory of sets, to the theory of Bishop spaces, a function-
theoretic approach to constructive topology. Within BST we develop the notions of a direct
family of sets, of a direct spectrum of Bishop spaces, of the direct limit of a direct spectrum
of Bishop spaces, and of the inverse limit of a contravariant direct spectrum of Bishop
spaces. Within the extension of Bishop’s informal system of constructive mathematics
BISH with inductive definitions with rules of countably many premises, we prove the
fundamental theorems on the direct and inverse limits of spectra of Bishop spaces and the
duality principle between them.

1. INTRODUCTION

1.1. Bishop’s set theory. The theory of sets underlying Bishop-style constructive mathe-
matics (BISH) was only sketched in Chapter 3 of Bishop’s seminal book [4]. Since Bishop’s
central aim in [4] was to show that a large part of advanced mathematics can be done within
a constructive and computational framework that does not contradict the classical practice,
the inclusion of a detailed account of the set-theoretic foundations of BISH could possibly
be against the effective delivery of his message.

The Bishop-Cheng measure theory, developed in [7], was very different from the measure
theory of [4], and the inclusion of an enriched version of the former into [8], the book on BISH
that Bishop co-authored with Bridges later, affected the corresponding Chapter 3 in two main
respects. First, the inductively defined notion of the set of Borel sets generated by a given
family of complemented subsets of a set X, with respect to a set of real-valued functions on
X, was excluded, as unnecessary, and, second, the operations on the complemented subsets
of a set X were defined differently, and in accordance to the needs of the new measure
theory.

Yet, in both books many issues were left untouched, a fact that often was a source of
confusion. In many occasions, especially in the measure theory of [7] and [8], the powerset
was treated as a set, while in the measure theory of [4], Bishop generally avoided the
powerset by using appropriate families of subsets instead. In later works of Bridges and
Richman, like [10] and [18], the powerset was clearly used as a set, in contrast though, to
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the predicative spirit of [4]. The concept of a family of sets indexed by a (discrete) set, was
asked to be defined in [4] (Exercise 2, p. 72), and a definition, attributed to Richman, was
given in [8] (Exercise 2, p. 78). An elaborate study of this concept within BISH is missing
though, despite its central character in the measure theory of [4], its extensive use in the
theory of Bishop spaces [25] and in abstract constructive algebra [18]. Actually, in [18]
Richman introduced the more general notion of a family of objects of a category indexed by
some set, but the categorical component in the resulting mixture of Bishop’s set theory and
category theory was not explained in constructive terms’.

Bishop briefly discussed some formal aspects of BISH in [6], where a variant of Godel’s T
was proposed as a formal system for BISH, while in his unpublished work [5] he elaborated a
version of dependent type theory with one universe, in order to formalise BISH. The various
set-theoretic formalisations of BISH, developed by Myhill [19], Friedman [13], Aczel [1],
Feferman [12], Beeson [3], and Greenleaf [14], were, roughly speaking, quite influenced by
Zermelo-Fraenkel set theory, and “top-down” approaches to BISH, with many “unexpected”
features® with respect to its practice.

The type-theoretic interpretation of Bishop’s set theory into the theory of setoids
(see especially the work of Palmgren [20]-[24]) has become nowadays the standard way to
understand Bishop sets. The identity type of Martin-Lof’s type theory (MLTT) (see [17]),
expresses, in a proof-relevant way, the existence of the least reflexive relation on a type, a
fact with no counterpart in Bishop’s set theory. As a consequence, the free setoid on a type
is definable (see [22], p. 90), and the presentation axiom in setoids is provable. Moreover,
in MLTT the families of types over a type I form the type I — U, which belongs to the
successor universe U’ of U. In Bishop’s set theory though, where only one universe of sets
is used, the set-character of the totality of all families of sets indexed by some set [ is
questionable from the predicative point of view (see our comment after Definition 3.2).

1.2. Bishop Set Theory. Bishop set theory (BST) is an informal, constructive theory of
totalities and assignment routines that serves as a reconstruction of Bishop’s set theory. Its
aim is, first, to fill in the “gaps” in Bishop’s account of the set theory underlying BISH, and,
second, to serve as an intermediate step between Bishop’s informal set theory and a suitable
i.e., an adequate and faithful, in the sense of Feferman [12], formalisation of BISH. To assure
faithfulness, we need to use concepts or principles that appear, explicitly or implicitly, in
BISH.

Next we describe briefly the features of BST that “complete” Bishop’s theory of sets
in [35].

1. Explicit use of a universe of sets. Bishop used a universe of sets only implicitly.
E.g., he “roughly” describes in [4], p. 72, a set-indexed family of sets as

... a rule which assigns to each ¢ in a discrete set T" a set A(¢).

Every other rule, or assignment routine mentioned by Bishop is from one given totality, the
domain of the rule, to some other totality, its codomain. The only way to make the rule of a
family of sets compatible with this pattern is to employ a totality of sets. In the unpublished
manuscript [5] Bishop explicitly used a universe in his formulation of dependent type theory
as a formal system for BISH. Here we use an open-ended totality Vg of sets, which contains

1As it was done in the formulation of category theory in homotopy type theory (see Chapter 9 in [41]).
2A detailed presentation of the unexpected features of these formalisations is going to be found in [35].
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the primitive set N and all defined (predicative) sets. Vj itself is not a set, but a class. It is
a notion instrumental to the definition of dependent operations, and of a set-indexed family
of sets.

2. Clear distinction between sets and classes. A class is a totality defined through a
membership condition in which a quantification over Vo occurs. The powerset P(X) of a
set X, the totality PI(X) of complemented subsets of a set X, and the totality F(X,Y)
of partial functions from a set X to a set Y are characteristic examples of classes. A class
is never used here as the domain of an assignment routine, but only as a codomain of an
assignment routine.

3. Explicit use of dependent operations. The standard view, even among practicioners
of Bishop-style constructive mathematicians, is that dependency is not necessary to BISH.
Dependent functions though, do appear explicitly in Bishop’s definition of the intersection
Mier A(t) of a family A of subsets of some set X indexed by an inhabited set T" (see [4], p. 65,
and [8], p. 70). As we try to show in [35], the elaboration of dependency within BISH is only
fruitful to it. Dependent functions are not only necessary to the definition of products of
families of sets indexed by an arbitrary set, but in many areas of constructive mathematics.
As already mentioned, dependency is formulated in Bishop’s type theory [5]. The somewhat
“silent” role of dependency within Bishop’s set theory is replaced by a central role within
BST.

4. Elaboration of the theory of families of sets. With the use of the universe Vg, of
the notion of a non-dependent assignment routine Ag from an index-set I to Vg, and of a
certain dependent operation A, we define explicitly in Definition 3.1 the notion of a family
of sets indexed by I. Although an I-family of sets is a certain function-like object, it can also
be understood as an object with level the level of a set plus one. The corresponding notion
of a “function” from an I-family A to an I-family M is that of a family-map. Operations
between sets generate operations between families of sets and their family-maps. If the
index-set [ is a directed set, the corresponding notion of a family of sets over it is that of a
direct family of sets. Families of subsets of a given set X over an index-set I are special
I-families that deserve an independent treatment. Families of equivalence classes, families
of partial functions, families of complemented subsets and direct families of subsets are
some of the variations of set-indexed families of subsets that are studied in [35] with many
applications in Bishop-style constructive mathematics.

Here we apply the general theory of families of sets, in order to develop the theory of
spectra of Bishop spaces. A Bishop space is a constructive, function-theoretic alternative
to the notion of a topological space. A Bishop topology F' on a set X is a subset of the set
F(X) of real-valued functions on X that includes the constant functions and it is closed
under addition, composition with Bishop continuous functions from R to R, and uniform
limits. Hence, in contrast to topological spaces, continuity of real-valued functions is a
primitive notion and a concept of open set comes a posteriori. A Bishop topology on a set
can be seen as an abstract and constructive approach to the ring of continuous functions
C(X) of a topological space X. Associating appropriately a Bishop topology to the set Ay(i)
of a family of sets over a set I, for every ¢ € I, the notion of a spectrum of Bishop spaces
is defined. If I is a directed set, we get a direct spectrum. The theory of direct spectra of
Bishop spaces and their limits is developed here in complete analogy to the classical theory
of spectra of topological spaces and their limits (see [11], Appendix Two). The constructive
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theory of spectra of other structures, like groups, or rings, or modules, can be developed
along the same lines.

1.3. Outline of this paper. We structure this paper® as follows:

(1) In Section 2 we present the fundamental notions of BST that are used in the subsequent
sections.

(2) In Section 3 we define the families of Bishop sets indexed by some set I and the
family-maps between them. The corresponding > -and []-sets are introduced.

(3) In Section 4 we introduce the notion of a directed set with a modulus of directedness
and the notion of a cofinal subset of a directed set with a modulus of cofinality. These
moduli help us avoid the use of some choice-principle in later proofs.

(4) In Section 5 we define the families of Bishop sets indexed by some directed set (I, <) and
the family-maps between them. The corresponding > -and [[~-sets are introduced.

(5) In Section 6 we include the basic notions and facts on Bishop spaces that are used in
the subsequent sections.

(6) In Section 7 we define the notion of a direct spectrum of Bishop spaces, the notion of
a continuous, direct spectrum-map, and we define a canonical Bishop topology on the
direct sum of Bishop spaces.

(7) In Section 8 we define the families of subsets of a given set X indexed by some set I,
and the family-maps between them. We also define sets of subsets of a set X indexed by
some set I, and set-indexed families of equivalence classes of an equivalence structure.
These notions are used in the definition of the direct limit of a (covariant) spectrum of
Bishop spaces.

(8) In Section 9 we define the direct limit Li_)m]:i of a direct spectrum of Bishop spaces, we

prove the universal property of the direct limit for Li_}rn]-'i (Proposition 9.5), the existence

of a unique map of the limit spaces from a spectrum-map (Theorem 9.8), the cofinality
theorem for direct limits (Theorem 9.12), and the existence of a Bishop bijection for the
product of spectra of Bishop spaces (Proposition 9.15).

(9) In Section 10 we define the inverse limit L}_m]-} of a contravariant direct spectrum of

Bishop spaces, we prove the universal property of the inverse limit for Li:n]—",- (Propo-

sition 10.2), the existence of a unique map of the limit spaces from a spectrum-map
(Theorem 10.3), the cofinality theorem for inverse limits (Theorem 10.5), and the
existence of a Bishop morphism for the product of inverse spectra of Bishop spaces
(Proposition 10.6).

(10) In Section 11 we prove the duality principle between the inverse and direct limits of
Bishop spaces (Theorem 11.3).

The above results form a constructive counterpart to the theory of limits of topological
spaces, as this is presented in [11], Appendix Two. As in the classic textbook of Dugundji,
the choice of presentation is non-categorical and purely topological. By the first we mean that
the language of category theory is avoided, and by the second, that the limit constructions
are done directly for spaces. Our central aim is to present the basic theory of spectra of
Bishop spaces within BST. The use of categorical arguments would be consistent with
our aim, only if the corresponding category theory was formulated within BST. In [18]

3Here we continue our work in [32], where we showed the distributivity of dependent sums over dependent
products within BST (there we used the acronym CSFT instead).
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Richman used the notion of functor, to define the concept of a set-indexed family of sets. The
problem with Richman’s approach was that the category theory involved was not explained
in constructive terms, and its relation to BISH was left unclear. Here we avoid the use of
categorical concepts in order to establish our results, as we want to work exclusively within
BST. Actually, in [35], pp. 80-83 we use the notion of a set-indexed family of sets in order
to define the notion of a functor between small categories within BST!

The theory of Bishop spaces, that was only sketched by Bishop in [4], and revived by
Bridges in [9], and Ishihara in [15], was developed by the author in [25]-[31] and [33], [34].
Since it makes use of inductive definitions with rules of countably many premises, for their
study we work within BST*, which is BST extended with such inductive definitions. Our
concepts and results avoid the use even of countable choice (CC). Although practicioners of
BISH usually embrace dependent choice, hence CC, using non-sequential or non-choice-based
arguments instead, forces us to formulate “better” concepts and find “better” proofs. This
standpoint was advocated first by Richman in [37]. There are results in [8] that require CC
in their proof, but we make no use of them here. E.g., our proofs of the cofinality theorems
(Theorem 9.12 and Theorem 10.5) are choice-free as we use a proof-relevant definition of
a cofinal subset. Notice that the formulation of the universal properties of the limits of
spectra of Bishop spaces is impredicative, as it requires quantification over the class of Bishop
spaces®. This is one reason we avoided the use of the universal properties in our proofs.

A formal system for BISH extended with such definitions is Myhill’s formal system CST*
where CST* is Myhill’s extension of his formal system of constructive set theory CST with
inductive definitions (see [19]). A variation of CST* is Aczel’s system CZF together with a
weak version of Aczel’s regular extension axiom (REA), to accommodate these inductive
definitions (see [1]).

For all basic facts on constructive analysis we refer to [8], for all results on Bishop spaces
that are used here without proof we refer to [25], and for all results on BST that are not
shown here we refer to [35].

2. FUNDAMENTALS OF BISHOP SET THEORY

The logical framework of BST is first-order intuitionistic logic with equality (see [39],
chapter 1). The primitive equality between terms is denoted by s := ¢, and it is understood
as a definitional, or logical, equality. L.e., we read the equality s := t as “the term s is by
definition equal to the term ¢”. If ¢ is an appropriate formula, for the standard axiom for
equality [a := b & ¢(a)] = ¢(b) we use the notation [a := b & ¢(a)] := ¢(b). The equivalence
notation :< is understood in the same way. The set (N, =N, #n) of natural numbers, where
its canonical equality is given by m =N n & m := n, and its canonical inequality by
m #N n < —(m =N n), is primitive. The standard Peano-axioms are associated to N.

A global operation (-,-) of pairing is also considered primitive. Le., if s,¢ are terms,
their pair (s,t) is a new term. The corresponding equality axiom is (s,t) := (s',t') :& s :=
s’ & t := t'. The n-tuples of given terms, for every n larger than 2, are definable. The
global projection routines pr(s,t) := s and pry(s,t) := t are also considered primitive. The
corresponding global projection routines for any n-tuples are definable.

An undefined notion of mathematical construction, or algorithm, or of finite routine is
considered as primitive. The main objects of BST are totalities and assignment routines.

A predicative formulation of a universal property can be given, if one is restricted to a given set-indexed
family of Bishop spaces.
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Sets are special totalities and functions are special assignment routines, where an assignment
routine is a special finite routine. All other equalities in BST are equalities on totalities
defined though an equality condition. A predicate on a set X is a bounded formula P(z)
with x a free variable ranging through X, where a formula is bounded, if every quantifier
occurring in it is over a given set.

Definition 2.1. (i) A primitive set A is a totality with a given membership x € A, and a
given equality x =p y, that satisfies axiomatically the properties of an equivalence relation.
The set N of natural numbers is the only primitive set considered here.

(ii) A (non-inductive)defined totality X is defined by a membership condition x € X &
Mx(x), where Mx is a formula with x as a free variable.

(iii) There is a special “open-ended” defined totality Vo, which is called the universe of
(predicative) sets. Vg is not defined through a membership-condition, but in an open-ended
way. When we say that a defined totality X is considered to be a set we “introduce” X as
an element of Vo. We do not add the corresponding induction, or elimination principle, as
we want to leave open the possibility of adding new sets in V.

(iv) A defined preset X, or simply, a preset, is a defined totality X the membership condition
Mx of which expresses a construction.

(v) A defined totality X with equality, or simply, a totality X with equality is a defined
totality X equipped with an equality condition v =x y & Ex(x,y), where Ex(x,y) is a
formula with free variables x and y that satisfies the conditions of an equivalence relation.
(vi) A defined set is a preset with a given equality, specified by a bounded formula.

(vil) A set is either a primitive set, or a defined set.

(viii) A totality is a class, if it is the universe Vg, or if quantification over Vo occurs in its
membership condition.

Definition 2.2. A bounded formula on a set X is called an extensional property on X, if
Voyex ([z =x y & P(z)] = P(y)).
The totality Xp generated by P(z) is defined by z € Xp : &z € X & P(x),
reXpereX & Pr),

and the equality of Xp is inherited from the equality of X. We also write Xp := {z € X |
P(x)}, Xp is considered to be a set, and it is called the extensional subset of X generated
by P.

Using the properties of an equivalence relation, it is immediate to show that an equality
condition Ex(x,y) on a totality X is an extensional property on the product X x X i.e.,
[(z,y) =xxx (2',vV) & z =x y] = 2/ =x y'. We consider the following extensional subsets
of N:

1:={xeN|z=N0}:={0},
2:={xeN|z=n0 Vo=y1}:={0,1}.
Since n =N m :& n :=m, the property P(z) < =50 V2 =N 1 is extensional.

Definition 2.3. If (X, =x) is a set, its diagonal is the extensional subset of X x X
D(X,=x)={(z,y) e X x X [z =x y}.

If =x is clear from the context, we just write D(X).
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Definition 2.4. Let X,Y be totalities. A non-dependent assignment routine f from X to
Y, in symbols f: X ~» Y, is a finite routine that assigns an element y of Y to each given
element x of X. In this case we write f(z) :==y. If g: X ~ Y, let

fi= g% Yaex (f(z) = g(x)).
If f:= g, we say that f and g are definitionally equal. If (X,=x) and (Y,=y) are sets,
an operation from X to Y is a non-dependent assignment routine from X to Y, while a
function from (X,=x) to (Y,=y), in symbols f: X — Y, is an operation from (X,=x) to
(Y,=y) that respects equality i.e.,

vac,a:’EX ($ =X x’ = f(ﬂ?) =Y f(CC/))
If f: X ~ Y is a function from X to Y, we say that f is a function, without mentioning
the expression “from X to Y”. If X is a set, the identity function idx: X — X is defined
by the rule x — z, for every x € X. A function f: X — Y is an embedding, in symbols
f X =Y, if

vm,x’EX (f(x) =Y f(.??l) = T =X $/).
Let X,Y be sets. The totality O(X,Y") of operations from X to Y is equipped with the
following canonical equality:

[ =ox,y) 9 € Vaex (f(z) =y g(x)).
The totality O(X,Y) is considered to be a set. The set F(X,Y") of functions from X to Y is
defined by separation on O(X,Y’) through the extensional property P(f) :& V; pex (1‘ =x
2’ = f(x) =y f(2')). The equality =fF(x,y) is inherited from =¢(x y).

The canonical equality on Vj is defined by

X =v, Y :& Fper(xyv) Jgervix) (g o f =idx & fog=idy).
In this case we write (f,g) : X =y, Y.

Definition 2.5. Let I be a set and A\g: I ~» V( a non-dependent assignment routine from I
to Vo. A dependent operation ® over )\g, in symbols

o\ Aoli),
i€l
is an assignment routine that assigns to each element 4 in I an element ®(¢) in the set Ag(%).
If i € I, we call ®(i) the i-component of ®, and we also use the notation ®; := ®(i). An
assignment routine is either a non-dependent assignment routine, or a dependent operation
over some non-dependent assignment routine from a set to the universe. If W: A,.; Ao(4),
D=V & Vs (<I>Z~ = \I/Z) If ® := V¥, we say that ® and ¥ are definitionally equal. Let
A(I, \) be the totality of dependent operations over A, equipped with the canonical equality
D =p1.0) V& Vier (<I>i = o) \I’Z) The totality A(1, A\g) is considered to be a set.

Definition 2.6. If X is a set, a subset of X is a pair (4,47 ), where Aisaset and i} : A — X
is an embedding. If (A4,i%) and (B,i%) are subsets of X, we say that A is a subset of B,
and we write A C B, if there is f : A — B such that the following diagram commutes

M\ /
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In this case we write f : A C B, and usually we write A instead of (4,4%), and i, instead of
ii‘(, if X is clear from the context. The totality of the subsets of X is the powerset P(X), and
it is equipped with the equality (A,ia) =p(x) (B,ip) <> ACB& BC A If f: AC B and
g:B C A, wewrite (f,g) : A=px) B. If f: AC B, then f is an embedding: if a,a’ € A
are such that f(a) =p f(a'), then ig(f(a)) =x ip(f(a')) & ia(a) =x ia(a’), which implies
a=40a.

If (f,9) : A=p(x) B, all the following diagrams commute

Moreover, the internal equality of subsets implies their external equality as sets i.e.,
(f,9): A=px) B = (f,9): A=y, B.

Ifa € A, then ia(g(f(a))) =x ip(f(a)) =x ia(a), hence g(f(a)) =a a, and go f =¢(4 4 ida.
Similarly, f o g =f(p) idp. Since the membership condition of P(X) requires quantification
over Vo, the totality P(X) is a class. If Xp is an extensional subset of X, then (Xp,ix,) C X,
where ix,: Xp — X is defined by z — z, for every x € Xp.

3. SET-INDEXED FAMILIES OF SETS

An I-family of sets is an assignment routine Ag : I ~ Vj that behaves like a function i.e., if
i =1 j, then \o(7) =v, Ao(j). The following definition is an exact formulation of this rough
description®.

Definition 3.1. If [ is a set, a family of sets indexed by I, or an I-family of sets, is a pair
A == (g, A1), where A\g : I ~ Vg, and®

Arso A F(o(), 20(), M g) =: Ay, (i,5) € D(I),
(4,5)€D(I)

such that the following conditions hold:
(a) For every i € I, we have that \;; := idy ;).

(b) If i =7 j and j = k, the following diagram commutes

%In [18] Richman saw a set I as a category with objects its elements and Hom—, (i, 5) := {x € {0} | i =1 j},
for every i,j € I. If we view Vo as a category with objects its elements and Hom—,, (X,Y) = {(f’ IOF
FIX,Y)xFY,X) | (f,f): X =v, Y}, for every X,Y € Vo, then an I-family of sets is a functor from the
category I to the category Vo. Notice that in the definitions of Hom—, (¢, j) and of Hom—, (X,Y) the properties
Pr(z):=i=rjand Qx,yv(f, f'):=(f, f') : X =v, Y are extensional.

6More accurately, we should write A; : Aeenn F(Ao(pr(2)), Ao(pry(2))).



Vol. 17:2 DIRECT SPECTRA OF BISHOP SPACES AND THEIR LIMITS 4:9

Ao(j) —— Ao(k).
Ajk
If i =; j, we call the function \;; the transport map” from A\o(i) to Ao(j). We call the
assignment routine \; the modulus of function-likeness of Ao®. An I-family of sets is called
an I-set of sets, if
Vijer (Mo(i) =v, Ao(j) = i =1 j).
If A is a set, the constant I-family A is the pair A4 := (\$', A\}), where \o(i) := A, for every
i €1, and \i(7,j) :=idy4, for every (i,j5) € D(I).
Definition 3.2. Let A := (Ao, A1) and M := (uo, 1) be I-families of sets. A family-
map from A to M is a dependent operation? ¥ : A,c; F(Xo(i), uo(i)), such that for every
(i,7) € D(I) the following diagram commutes
LAy .
Ao (i) —— Ao(j)

poli) —— (i)

where U; := ¥(7) is the i-component of U, for every i € I. We denote by Map;(A, M) the
totality of family-maps from A to M, which is equipped with the equality
U =yap, (a,01) Z 6 Vier (¥i =F(ao(i)uo(i)) Zi)-

We also write ® : A = M to denote an element of Map;(A,M). If ¥ : A = M and
Z: M = N, the composition family-map Zo ¥ : A = N is defined by (Eo ¥)(i) :=Z; 0 ¥;

/\ij
Ao (i) — o(J)

(EoW); | po(i) ——— po(j) | (E0¥);

"We draw this term from MLTT.

8Since i = Aji o Aij and )\]’j = >\ij o >\ji, we have that ()\z‘j7 )\ji) : )\o(l) =v, )\0(])

9n the categorical setting of Richman, a family map ¥ € Map; (A, M) is a natural transformation from
the functor A to the functor M. In our view, the fact that the most fundamental concepts of category theory,
that of a functor and of a natural transformation, are formulated in a natural way in BST through the notion
of a dependent operation explains why category theory is so closely connected to BST, or MLTT. Both, BST
and MLTT, highlight the role of dependent operations.
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for every ¢ € I. The dependent operation
Ida : A F(Ro(i), Mo(d), Tda(i) :=idy,q), i€,
el
is the identity family-map from A to A. The totality of I-families is denoted by Fam(I), and
A =Fam(I) M s 3<I>€MapI(A,M)E]E€MapI(M,A) ((I) oZ=idy & Zo0d = idA).

The equalities on Map;(A, M) and Fam(/) are equivalence relations. It is natural to
accept the totality Map(A, M) as a set. If Fam(/) was a set though, the constant I-family with
value Fam(I) would be defined though a totality in which it belongs to. From a predicative
point of view, this cannot be accepted. The membership condition of the totality Fam([)
though, does not involve quantification over the universe Vg, therefore it is also natural not
to consider Fam(I) to be a class. Hence, Fam(I) is a totality “between” a (predicative) set
and a class. For this reason, we say that Fam([) is an impredicative set.

Definition 3.3. If K is a set, ¥ := (0¢p,01) is a K-family of sets and h : I — K, the
h-subfamily of ¥ is the pair ¥ o h := (0¢ o h,01 o h), where
(copo h)(i) :=o0o(h(i)); i€l,
(010 h)ij == (010 h)(i,j): o0(h(i)) = oo(h(4));  (i,5) € D),
(01 0 h)ij 3= Thiyn()-
Clearly, ¥ o h € Fam(/), and we write (X o h); < Xk.

Definition 3.4. Let A := (\g, A1) be an I-family of sets. The'® exterior union, or disjoint
union, ;.5 Ao(i) of A is defined by

w e Z)\o(i) & JierTpero() (w = (4, 2)),
el
(1, 2) =5, ao() U y) i =1 § & Xij(@) =x,(5) ¥-
The totality [[;c; Ao(é) of dependent functions over A is defined by
® e H )\0(1) = d e A(I, )\0) & v(i,j)GD(I)((I)j =Xo(4) )\ij(q)i)),
i€l
and it is equipped with the equality of A(1, Ao).

The equalities on ), ; Ao(¢) and [[;c; Ao(é) are equivalence relations, and both these
totalities are sets. If XY are sets, let A(X,Y) := ()\é(’y, )\f’y) be the 2-family of X and
Y, where A" : {0, 1} ~ Vj is defined by

AV 0) =X &A1) =Y, & AVT(0,0) :=idx & AT (1,1) = idy.
It is easy to show that the dependent functions over A(X,Y") are equal in Vy to X x Y. The
first projection on ), ; Ao(7) is the assignment routine pri > icr Ao(i) ~ I, defined by
pri (i) = pry (i, 2) = i,
for every (i,2) € >, Ao(i). It is immediate to show that pr{ is a function from >, Ao (i)

to I. Moreover, it is easy to show that the pair ¥* := (o}, o), where o : 32,2, Ao (i) ~ Vo

10For the sake of readability we denote the totalities of exterior union and dependent functions over A
only with reference to the assignment routine Ao, while A; is used in the equality formula of both totalities.
In this way our notation is similar to the notation of the ¥-type and II-type in MLTT.
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is defined by o} (i, z) 1= Ao (i), and o (i, z), (j,y)) := Aij, is a family of sets over 3, Ao ().
The second projection on ), .; Ao(7) is the dependent operation

A .
pry - A A0(1)7
(izx)ezz'el )‘O(i)
As- .
pry (i, z) := pry(i, z) =z,
and it is a dependent function over ©. The following facts are easy to show.

Proposition 3.5. Let A := (Ao, A1), M := (po,p1) € Fam(l), and ¥ : A = M.

(i) For every i € I the assignment routine el : Ao(i) ~ >, Xo(i), defined by x — (i,z), is
an embedding of Xo(i) into Y ;c; Ao(i).

(i) The assignment routine XV : 3", Ao(i) ~ Y. cp po(i), defined by XV (i, x) := (i, ¥;(x)),
is a function from Y ;. Ao(@) to Y cp po(i), such that for every i € I the following diagram
commutes

v,

Ao () fo (%)

A M
€; J Jei

>ier Mo(1) W’ > ier Ho(1).

(#i3) If U; is an embedding, for every i € I, then ¥V is an embedding.

(iv) For every i € I the assignment routine w2 : [[;c; Ao(i) ~ Ao(i), defined by © — ©, is
a function from [[;c; Ao(i) to Ao(i).

(v) The assignment routine IIW : [[;c; Ao(@) ~ [[;cr o(i), defined by [IIW(O)]; := ¥;(6;),
for every i € I, is a function from [[;c; Ao(@) to [[;c; po(i), such that for every i € I the
following diagram commutes

M) —2 ol

A M
T I Iﬂi

[Licr 2o(9) ﬁ’ [Licr 1o(2).

(vi) If ; is an embedding, for every i € I, then IIV is an embedding.

4. DIRECTED SETS

Definition 4.1. Let I be a set and ¢ <; j a binary extensional relation on I i.e., an
extensional property on I x [

Vijoger(i=ri & j=rj &i<rj=1i<1j).

If i 51 j is reflexive and transitive, then (I,<) is called a a preorder. We call a preorder
(I,=<1) a directed set, and inverse-directed, respectively, if

Vijerdver (i <1k & j <1 k),
VijerTwer (i =1k & j =1 k).
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The covariant diagonal DS(I) of <y, the contravariant diagonal D7(I) of <, and the
<1-upper set Ié of 1,7 € I are defined, respectively, by

D3(I):={(i,j)eIxI|i<rj},
D7(I):={(j,i) e I xI|j=si},
Ii:={kellisrk&j=rk}.

As i %7 j is extensional, D¥(I), D7 (I) are extensional subsets of I x I, and IZ.‘; of I.

Definition 4.2. Let (I, <) be a poset i.e., a preorder such that [z <rj&j=<r z] =i=5j,
for every i,j € I. A modulus of directedness for I is a function §: I x I — I, such that for
every i, j, k € I the following conditions are satisfied:

(61) L= 6(27]) andj ST 5(Z7j)
(52) Ifi <y 7, then (5(1,]) =7 (5(],1) =7 J.
(63) 6(6(i,5), k) =1 6(3,6(j, k).

In what follows we avoid for simplicity the use of subscripts on the relation symbols.
If (I,x) is a directed set and (J,e) C I, where e : J — I, and using for simplicity the
same symbol ¥, if we define j % j' : < e(j) < e(j’), for every 4,5’ € J, then (J, %) is only a
preordered set. If J is a cofinal subset of I, which classically it is defined by the condition
Vierdjes (z < j), then (J, <) becomes a directed set. To avoid the use of dependent choice,
we add in the definition of a cofinal subset J of I a modulus of cofinality for .J.

Definition 4.3. Let (I, <) be a directed set and (J,e) C I, and let j < j' 1< e(j) < e(j'),
for every j,j/ € J. We say that J is cofinal in I, if there is a function!! cof ; : I — J, which
we call a modulus of cofinality of J in I, that satisfies the following conditions:
(Cof1) Vjes(cots(e(s)) =7 j)-

idy

] —
et el

(Cofg) Vm‘/el (Z <i = COfJ(i) < COfJ(i/)).

(Cof3) Vier (i < e(cof y(i))).
We denote the fact that J is cofinal in I by (J, e, cof ;) C°* I, or, simpler, by J C¢°f [.

Taking into account the embedding e of J into I, condition (Cofs) is the exact writing
of the classical defining condition V;e73jes (z < j). To add condition (Cof;) is natural, as
< is reflexive. If we consider condition (Cofs) on e(j), for some j € J, then by condition
(Cofy) we get e(j) < e(cof s(e(y))) = e(j). Condition (Cofg) is also harmless to add. In the
classical setting if 4 < i/, and j, 7' € J such that i < 7 and ' < j/, then there is some i €
such that 5’ < 4" and j < ¢". If " < j”, for some ;" € J,

HCategorically speaking, e is a split monomorphism.
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]‘//

N\
i’ \ /j
i
then j < j”. Since ¢’ < j” too, condition (Cofs) is justified. The added conditions (Cof;) and
(Cofy) are used in the proofs of Theorem 9.12 and Lemma 9.11(ii), respectively. Moreover,
they are used in the proof of Theorem 10.5. The extensionality of < is also used in the
proofs of Theorem 9.12 and Theorem 10.5.
E.g., if Even and 0dd denote the sets of even and odd natural numbers, respectively, let
e: Even — N, defined by the identity map-rule, and cofgyen: N — 2N, defined by the rule

. n , N € Even
cofeven(n) =9 1 " 2 ad.

Then (Even, e, cofgyen) C N.
Remark 4.4. If (I,<) is a directed set and (J, e, cof ;) C* I, then (J, ) is directed.

Proof. Let j,j" € J and let ¢ € I such that e(j) < i and e(j') < i. Since i < e(cof ;(i)), we
get e(j) < e(cofs(7)) and e(j') < e(cofs(i)) i.e., j < cof (i) and j' X cof j(4). ]

5. DIRECT FAMILIES OF SETS

The next concept is a variation of the notion of a set-indexed family of sets'?. A family of
sets over a partial order is also used in the definition of a Kripke model for intuitionistic
predicate logic, and the corresponding transport maps )\fj are called transition functions
(see [40], p. 85).

Definition 5.1. Let (I, <) be a directed set, and DS(I) := {(i,j) € I x I | i <1 j}
the diagonal of <;. A direct family of sets (I,<1), or an (I, <r)-family of sets, is a pair
AS = (Ao, )\f), where A\g : I ~ Vg, and /\f, a modulus of transport maps for \g, where

A A F(Ro(), M), ATG5) =27, (i,4) € D),

(i,)€D=(I)

such that the transport maps )\fj of A~ satisfy the following conditions:
(a) For every i € I, we have that \} = id), (i)
(b) If i X1 j and j X1 k, the following diagram commutes

12 directed set (I, <) can also be seen as a category with objects the elements of I, and Homg, (¢,7) :=={z €
{0} | i <z j}. If the universe Vo is seen as a category with objects its elements and Homg,, (X,Y) :=F(X,Y),

an (I, <r)-family of sets is a functor from the category (I, <) to this new category V.
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Ao(%)

< B
/\Ul \/\fk

)\0(]) —_— )\o(k)
S
ik

If X €V, the constant (I,<1)-family X is the pair C=% := (A, /\f’X), where \§ (i) == X,
and )\f’X(i,j) :=1idx, for every i € I and (i,j) € D(I).

Since in general <7 is not symmetric, the transport map )\fj does not necessarily have

an inverse. Hence )\f is only a modulus of transport for A\g, in the sense that determines the
transport maps of A=, and not necessarily a modulus of function-likeness for \g.

Definition 5.2. If A~ := (Mg, \J) and M~ := (ug, u7) are (I, <r)-families of sets, a direct
family-map ® from A~ to M=, denoted by ®: AS = M¥, the set Map; . (A, M~), and
the totality Fam(/, <) of (I, <s)-families are defined as in Definition 3.2. The direct sum
Zfe 7 Ao(i) over AS is the totality >, ; Ao(i) equipped with the equality

(i, ) =55 () (7:y) 7 Fher (i S1k & 5 <1k & A(2) =5 A5 (v)-
The totality [, Xo(i) of dependent functions over A< is defined by
<
O e J[M0) = @ € AT, X0) & Vi jyep=() (B =re(h) A5 (D4)),
el
and it is equipped with the equality of A(I, Ao).
Clearly, the property P(®) 1< V(; jyep=(n) (25 =xr00) )\f](q)z)) is extensional on A(I, \o),

the equality on [, Ao(4) is an equivalence relation. []7; Ao(i) is considered to be a set.

Proposition 5.3. The relation (i,x) =< ~ (4,9) is an equivalence relation.
Zig[ Ao (i)

Proof. If i € I, since i <y i, there is k € I such that i 5 k, and by the reflexivity of the
equality on Ag(k) we get A3 (#) =5,(k) Aj(%). The symmetry of =5 . follows from the

=<
> /\0(1)
iel

symmetry of the equalities =) ). To prove transitivity, we suppose that

(i,2) =52 (i) (7:y) & Fner (i <1k & G <1k & A5(2) =xm) A5 (1)),

(J,v) TR old) (4, 2) & Elk’e[(j <tk &g =k & )\jk/(y) =Xo(k) )\j,k,(z)),
and we show that
(13) =5t (7+2) 6 Furer i <1 K& 7 <1 " 8 X®) Zagn Ao ()
By the definition of a directed set there is k¥’ € I such that k <7 k" and k¥’ <7 k"

k/)k//Kk;l
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hence by transitivity 7 <7 ¥” and j' <; k”. Moreover,

i<rk<rk”

N (@) =T AR (NG (@)
- )‘:k”()‘i(y))
JSrksrk” )\;k”( )
S N (5 )
= M (A ()

7=k <k

- )\j/k//(z)- D

Notice that the projection operation from Zfe 7 Ao(%) to I is not necessarily a function.

Proposition 5.4. If (I, <) is a directed set, AS 1= (Xo, AT), M~ := (po, u7) are (I,<1)-
families of sets, and U= : AS = M< the following hold.

(i) For every i € I the operation el : Xo(i) ~ > s Ao(i), defined by x — (i,z), for every
z € Mo(i), is a function from Xo(i) to Y7, Ao(i).

(i) The operation SSW = S Ao (i) ~ Sor; po(i), defined by (E5U)(i,z) := (i, U;(z)), for
every (i,x) € Y Ao(i), is a function from Y 7, Mo(i) to Yoie; po(i) such that, for every
1 € I, the following left diagram commutes

M) (i) Ali) —— s o)
AJ JM W.Aﬂ }rm
e oli) o> Sl e oli) o Tl ol

(iii) If ; is an embedding, for every i € I, then X~V is an embedding.

(iv) For every i € I the operation 7TAs : lel Ao(2) ~ No(i), defined by © — ©;, for every
Oc Hlel 0(2), is a function from Hlel 0(7) to Ao(7).

(v) The operation TISW : [T Ao(i) ~ [T po(i), defined by [IISW(O)]; := ¥;(0;), for every

i€l and © € [[;5; Xo(i), is a function from [[;e; Mo(i) to [15e; po(i), such that, for every
1 € I, the above right diagram commutes.

(vi) If U; is an embedding, for every i € I, then IISW is an embedding.
Proof. (i) Let z,y € Ao(i) with @ =) ;) y. As < is reflexive, if we take k := i, we get
)\;‘j(az) = 1dy, () () == =xo(i) ¥ =t idxg(3) (y) =: )\;?; (y), hence (i, z) =% 20(0) (i,9).
(i) If (4, x) = h0(0) (j,y), there is k € I such that i <7 k, j <7 k and A5, (%) =5, (k) )\fk(y).
We show the following equality:
(S90)(12) = (EF0) () 265 (W) = e (%5 (0)

1o e (i, 5 <1k & pgy (Wi(@)) =00y 15 (V5(1)))-

If we take k' := k, by the commutativity of the following diagrams, and since ¥y is a
function,
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A A
No(i) 2 Ao(k) No(7) —2 Ao(k)
po(i) ——— po(k) po(j) ——— po(k)
i Hj

i (Vi@) =0y TNk (@) =) Ve (A50)) =potmy 155 (¥5(9))-

(iii) If we suppose (Zﬁ\l’)(i x) =52 ot (ES\II)(] y) i.e. uzk( i(x)) = =110( M]k(‘l’ (y ))), for
some k € I with i,j <1 k, by the proof of case (ii) we get Wy (/\fk ) &) Yk ()\;k(y)),
and since Wy, is an embedding, we get A3 () =o(k) )\jk(y) ie., (i,) =5, 20) (J,y)-
(iv)-(vi) Their proof is omitted, since a proof of their contravariant version!? is given in the
proof of Theorem 10.3. []

Since the transport functions )\fk are not in general embeddings, we cannot show in
general that eéﬁ is an embedding, as it is the case for the map elA in Proposition 3.5(i).

6. ON BISHOP SPACES
From now on we work within the extension BST* of BST.

Definition 6.1. If X is a set and R is the set of real numbers, we denote by F(X) the set
of functions from X to R, and by Const(X) the subset of F(X) of all constant real functions
on X. If a € R, we denote by @* the constant function on X with value a. We denote by
N7 the set of non-zero natural numbers. A function ¢ : R — R is called Bishop continuous,
or simply continuous, if for every n € Nt there is a function wg,, : RT — RT, € = wy n(€),
which is called a modulus of continuity of ¢ on [—n,n], such that the following condition is
satisfied
vx,ye[—n,n]ﬂ‘r - y| < w(i),n(e) = |¢(I) - ¢(y)| < 6)7

for every € > 0 and every n € NT. We denote by Bic(R) the set of continuous functions from
R to R, which is equipped with the equality inherited from F(R).

We could have defined the modulus of continuity wg ., as a function from NT to N*. A
continuous function ¢: R — R is uniformly continuous on every bounded subset of R. The
latter is an impredicative formulation of uniform continuity, as it requires quantification
over the class P(R). The formulation of uniform continuity in the Definition 6.1 though, is
predicative, since it requires quantification over the sets N*, F(RT,R") and [—n, n].

Definition 6.2. If X is a set, f,g € F(X), € >0, and ® C F(X), let
U(X:f,9.€) & Voex (l9(z) — f(2)] <€),

U(X7 (Da f) = v€>03g€<13 (U(f7 9, 6)) :
If the set X is clear from the context, we write simply U(f, g,€) and U(®, f), respectively.
We denote by ®* the bounded elements of ®, and its uniform closure ® is defined by

@ :={f e F(X) | U(®, f)}.

1311 a contravariant family the transport maps are of type Ao(j) = Xo(i), if i < 7
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A Bishop topology on X is a certain subset of F(X). Since the Bishop topologies
considered here are all extensional subsets of F(X), we do not mention the embedding

iIF,(X): F — F(X), which is given in all cases by the identity map-rule.

Definition 6.3. A Bishop space is a pair F := (X, F'), where F' is an extensional subset
of F(X), which is called a Bishop topology, or simply a topology of functions on X, that
satisfies the following conditions:

(BSy) If a € R, then @ € F.
(BSy) If f,g € F, then f+ g€ F.
(BS3) If f € F and ¢ € Bic(R), then ¢o f € F

X —R

F> ¢ON Jd) € Bic(R)

R.
(BSy) F=F.

If F is inhabited, then (BS;) is provable by (BS3). The set of constant functions
Const(X) is the trivial topology on X, while F(X) is the discrete topology on X. Clearly, if
F' is a topology on X, then Const(X) C F' C F(X), and the set of its bounded elements F*
is also a topology on X. We denote by F* := (X, F™*) the Bishop space of bounded elements
of a Bishop topology F. It is easy to see that the pair R := (R, Bic(R)) is a Bishop space,
which we call the Bishop space of reals. A Bishop topology F' is a ring and a lattice; since
lidr| € Bic(R), where idg is the identity function on R, by BSs, if f € F, then |f| € F. By
BSs and BS3, and using the following equalities

(f+9°—f*—¢°

fg: 9 GF,
ng:nnawc{ﬂg}:'H‘(]+2|‘f_‘(]| € F,
fAg=minffgy =TT =0 e p

we get similarly that if f,g € F, then f-g, f V g, f A g € F. Turning the definitional clauses
of a Bishop topology into inductive rules, Bishop defined in [4], p. 72, the least topology
including a given subbase Fy. This inductive definition, which is also found in [8], p. 78, is
crucial to the definition of new Bishop topologies from given ones.

Definition 6.4. The Bishop closure of Fy, or the least topology \/ Fy generated by some
Fy C F(X), is defined by the following inductive rules:

fo € Fy a€R f,g€\V\ Fo feVFk, g=rx) f
foeVE aeVFR f+geVF’ geVF ’
feVF, 6eBicR) (9 VR &U(f.g,6) -,

pofeVF feVk '

We call \/ Fy the Bishop closure of Fy, and Fy a subbase of \/ Fy.
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The last, most complex rule above can be replaced by the rule

g1 E\/FO&U(f7glu%)7 gQGVFO&U(ngZaz%)a
feVF ’

a rule with countably many premisses. The corresponding induction principle Indy, , is

Vioer (P(f0)) & Vaer (P(@X)) & Vi ey my (P(f) & P(g) = P(f +9)

& Vyiey ryVger(x) (9 =rx) [ & P(f) = P(g))
& Ysey ryVoenicr) (P(f) = P(¢o f))

& Viey ry (Ves03gey 17, (P(g) & U(f,9,€)) = P(f))

= Viev R (P(f))7

where P is any bounded formula. Next we define the notion of a Bishop morphism between
Bishop spaces. The Bishop morphisms are the arrows in the category of Bishop spaces Bis.

Definition 6.5. If 7 := (X, F) and G = (Y, Q) are Bishop spaces, a function h: X — Y is
called a Bishop morphism, if Vyeq(go h € F)

h
X —Y

FagONJgGG

R.

We denote by Mor(F,G) the set of Bishop morphisms from F to G. As F' is an extensional
subset of F(X), Mor(F, G) is an extensional subset of F(X,Y"). If h € Mor(F, G), the induced
mapping h*: G — F from h is defined by the rule

h*(g) :=goh; ge€G.

If F:= (X, F) is a Bishop space, then F' = Mor(F,R), and one can show inductively
that if G := (Y,\/ Go), then h: X — Y € Mor(F,G) if and only if Vg eq,(go 0 h € F)

h
X —Y

Fagoof\‘JQOEGo

R.

We call this fundamental fact the \/-lifting of morphisms. A Bishop morphism is a Bishop
isomorphism, if it is an isomorphism in the category Bis. We write F ~ G to denote that F
and G are Bishop isomorphic. If h € Mor(F, G) is a bijection, then h is a Bishop isomorphism
if and only if it is open i.e., Vierdgeq (f =go h).

Definition 6.6. Let F := (X, F'),G := (Y, G) be Bishop spaces, (A,i4) C X inhabited, and
¢ : X — Y a surjection. The product Bishop space F x G := (X x Y, F x G) of F and G,
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the relative Bishop space F|4 := (4, F4) on A, and the pointwise exponential Bishop space
F — G = (Mor(F,G),F — G) are defined, respectively, by

geG
FxG:=\/[{foprx,| f€F}U{gopry |ge G} =:\/ foprx,gopry,
feF
Fa=\{falfeFy=\ fia
feF
A,y TR
~_ 7 =~
fla
geG
F—)G::\/{¢x7g|x€X,g€G}::\/@w,
zeX

bz,g: Mor(F,G) = R, ¢z4(h) =g(h(z)); z€X, ged.
One can show inductively the following \/-liftings
\ Fox \/ Go:=\/{foeprx.| fo € Fo} U{goopry | g0 € Go}]

90€Go
= \/ JfooPpTry,goopry,

fo€Fo

(\/Fo)lA =\{foalfoe Fo} = \/ fopa,

fo€Fo
90€Go
F— \/GO = \/ {‘b:c,go ’ re X, g0 € GO} = \/ ¢a:,90'
zeX

F4 is the least topology on A that makes i4 a Bishop morphism, and the product topology
F x G is the least topology on X x Y that makes the projections pry and pry Bishop
morphisms. The term pointwise exponential Bishop topology is due to the fact that F* — G
behaves like the the classical topology of the pointwise convergence on C(X,Y), the set of
continuous functions from the topological space X to the topological space Y.

7. DIRECT SPECTRA OF BISHOP SPACES

Roughly speaking, if S is a structure on some set, an S-spectrum is an /-family of sets A such
that each set \g(i) is equipped with a structure S;, which is compatible with the transport
maps A;; of A. Accordingly, a spectrum of Bishop spaces is an I-family of sets A such that
each set A\g(7) is equipped with a Bishop topology F;, which is compatible with the transport
maps of A. As expected, in the case of a spectrum of Bishop spaces this compatibility
condition is that the transport maps \;; are Bishop morphisms i.e. A\;; € Mor(F;, F;). It is
natural to associate to A an I-family of sets ® := (¢{}, ¢7') such that F; := (Ao(4), $5 (1))
is the Bishop space corresponding to ¢ € I. If ¢ =; j, and if we put no restriction to the
definition of qb% : F; — Fj, we need to add extra data in the definition of a map between
spectra of Bishop spaces. Since the map Aji o Fi — Fj, where AJ; is the element of F(F;, F})
induced by the Bishop morphism Aj; € Mor(Fj, F;), is generated by the data of A, it is
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natural to define ¢;; := AJ;. In this way proofs of properties of maps between spectra
of Bishop spaces become easier. Every subset of F(X) considered in this section is an
extensional subset of it.

Definition 7.1. Let A := (Ao, A1). A family of Bishop topologies associated to A is a
pair A = (¢0,¢1) where ¢{: I ~» Vg and ¢} : A (i.7)eD(I) (%( ),qﬁ{)\(j)), such that the
following conditions hold:

(1) ¢ (i) := F; CF(X\o(3)), and F; := (\o(i), F;) is a Bishop space, for everyi € I.

(ii) \ij € Mor(F;, Fj), for every (i,5) € D(I).

(iii) ¢ (i, ) == A, for every (i, j) € D(I), where, if f € Fj, the induced map A};: F; — Fj

from Aj; is defined by )\ji(f) = f o\, for every f € F;.
The structure S(A) := (Ao, A1, gbé\, qﬁi\) is called a spectrum of Bishop spaces over I, or an
I-spectrum with Bishop spaces (F;)icr and Bishop isomorphisms (Aij) . j)ep(r)-

If M := (uo, 1) € Fam(I) and S(M) := (po, pi1, o3, pM) is an I-spectrum with Bishop
spaces (G;)ier and Bishop isomorphisms (41;5)(; j)ep(r), @ spectrum-map ¥ from S(A) to
S(M), in symbols ¥: S(A) = S(M), is a family-map ¥: A = M. A spectrum-map
®: S(A) = S(M) is called continuous, if ¥; € Mor(F;, G;), for every i € I.

As in the case of a family of Bishop spaces associated to an I-family of sets, the family
of Bishop spaces associated to an (I, <)-family of sets is defined in a minimal way from the
data of A. According to these data, the corresponding functions qﬁfj behave necessarily in
a contravariant manner i.e., gbéf: F; — F;. Moreover, the transport maps )\fj are Bishop
morphisms, and not necessarily Bishop isomorphisms.

Definition 7.2. Let (I, <) be a directed set, and let A= := (A, \J) € Fam(I,<). A family
of Bishop topologies associated to A~ is a pair PAY = ( 6\<, ¢/1\<), where gbf)ﬁ : I~V and
A Aijre<n F( AY(5), o7 (i), such that the following conditions hold:

(i) $A7 (i) := F; C F(N\o(d)), and F; := (Mo(i), F}) is a Bishop space, for everyi € I.
(ii) )ﬁ € Mor(F;, F;), for every (i,7) € DS(I).

),
(iii) qﬁA (4,7) ( )*, for every (i,5) € DS(I), where, if f € Fj, ()\E)*(f) = fo)\fj.
The structure S(A<) (Ao, AT, 9 ,(;SA\) is called a direct spectrum over (I,<), or an
(I, X)-spectrum with Bishop spaces (F;)icr and Bishop morphisms (Afj)(i7j)€D<(1).

If M= := (o, p5) € Fam(I, <7) and S(M=) := (o, p1, oM, oM7) is an (I, <)-spectrum
with Bishop spaces (G;)icr and Bishop morphisms (ij)(i,j)eD<(I)7 a direct spectrum-map
U from S(AS) to S(M<), in symbols ¥: S(AS) = S(M<), is a direct family-map ¥ :
AS = M=. The totality of direct spectrum-maps from S(AS) to S(M<) is denoted by
Map ;<) (S(A™), S(M=)) and it is equipped with the equality of Map;(AS, M<). A direct
spectrum-map ¥ : S(AS) = S(M=) is called continuous, if Vier (V; € Mor(F;, G;)), and let
Cont(; <) (S(AT), S(M=)) be their totality, equipped with the equality of Map;(AS, M=). The
totality Spec(I, <1) of direct spectra over (I,<1) is equipped with an equality defined similarly
to the equality on Spec(I). A contravariant direct spectrum S(A7) = ()\o,)\f;%\k,gb’l\k)
over (I,<), a contravariant direct spectrum-map W : S(A7) = S(M7), and their totalities
Map; -y (S(A7),S(M7)), Spec(l, =) are defined similarly.

The following is straightforward to show.
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Remark 7.3. Let (I, <) be a directed set, S(AS) := (Ao, A\i; gZ)A< ) e Spec(I, <) with
Bishop spaces (F;)ier and Bishop morphisms ()\z])(Z fep<(ry S(M™) := (po, p, M oM7) €
Spec(I, =) with Bishop spaces (G;)icr and Bishop morphisms (Nij)(z',j)eDﬁ(I)v and ¥: S(AY) =
S(M=). Then &A™ := (gb{)\%,(b[lﬁ) is an (I, »=)-family of sets, defined in the obvious dual
way, and if ¥ is continuous, then, for every (i,j) € DS(I), the following diagram commutes

(1)

Remark 7.4. Let (I, <) be a directed set and S(AS) := (Ao, A1, ¢27, ¢27) € Spec(I, DS(I))
with Bishop spaces (F;)icr and Bishop morphisms ()‘—4)(1,])6 p=)- O € [z, F;, the

following operation is a function

o <i)\0(i)) ~ R, foli,z)=0;(x), (i,z) € Xoli).

i€l

Proof. Let (i,x) =530 (G, y) & Frmij (A5 (2) =0 )\fk(y)). Since ©; = ¢, (Of) =
()\fk)*(@k) =00 )\ﬁw and similarly ©; = 0, o )\fk, we have that ©;(z) = [@k o )\fk] () :=
O ()‘fk(li)) = O ()‘jk(y)) = [@k o )‘fk] (y) = @j(y)- []

Definition 7.5. Let (I, <) be a directed set and S(AS) := (Ao, A1, ¢, gﬁ’lﬁ) € Spec(I, <1)

with Bishop spaces (F;);c; and Bishop morphisms ()‘fj)(i,j)e p=(r)- The Bishop space

Z]—“_<Z)\Q /F) where /;FZ-:: \V e

el el ec HrGI F;
%

is the sum Bishop space of S(AY). If S7 is a contravariant direct spectrum over (I, <), the
sum Bishop space of S(A7) is defined dually.

Lemma 7.6. Let S(AS) := (Ao, AT, ¢8™, ¢27), S(M=) := (po, 5, 8™, oM™ € Spec(l, <)
with Bishop spaces (F;)ier and with Bishop spaces (G;)icr, respectively, and let ¥ : S(AY) —
S(M=) be continuous. If H € HZGI i, the dependent operation H* : \;.; Fi, defined by
H} .= Vi (H;) == H; oV, for everyi € I, is in [[1c; Fi
Proof. If i < j, we need to show that H = ()\fj)*(H]*) =H;o )\fj Since H € erl G;, we
have that H; = Hj o ij, and by the continuity of ¥ and the commutativity of the diagram
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s
Ao(8) —2 Ao (4)

po(i) —— po(J),
Hij

H]* o)\fj = \Il;‘(HJ) o)\fj = (Hj o \Ifj) o)\fj = H,;(0) o (\Ifj o)\fj)

Proposition 7.7. Let S(AS) := (Ao, AT, 607, 627) and S(M=) := (po, u5, o0, ¢M7) be
spectra over (I,<y), and let ¥ : S(AS) = S(M=).

(i) If i € I, then )™ € Mor(F;, X5 Fi)-

(ii) If ¥ is continuous, then X~V € Mor(ZfeI Fiv>ore 1 Gi).

Proof. (i) By the \/-lifting of morphisms it suffices to show that v@el‘[* P (f@ o egﬁ € Fl)
el ~

If z € Ao(i), then (fe o e{ﬁ)(az) = fo(i,x) = O;(x), hence fg o eiﬁ =0, ¢ Fj.
(ii) By the \/-lifting of morphisms and Definition 7.5 it suffices to show that

<
< .
HelT, G <9H IRV S /,’el Fl>.

Ifi € I and x € Ao(i), and if H* € [[7_; F;, defined in Lemma 7.6, then (g o 5U) (i, z) :=
g1 (i, Ui(x)) == H;(U;()) = (H; 0 W)(x) := fye(i,2), and gy o X350 := fye € [3, F. [

v

8. ON FAMILIES OF EQUIVALENCE CLASSES

Roughly speaking, a family of subsets of a set X indexed by some set I is an assignment
routine g : I ~ P(X) that behaves like a function i.e., if i =; 7, then A\o(i) =p(x) Ao(j)-
The following definition is a formulation of this rough description that reveals the witnesses
of the equality \o(i) =p(x) Ao(j). This is done “internally”, through the embeddings of
the subsets into X. The equality Ao(i) =v, Ao(j), which is defined “externally” through
the transport maps, follows, and a family of subsets is also a family of sets. From the
theory of families of subsets (see [35], chapter 4) we present here only what is relevant to
the topological part of this paper.

Definition 8.1. Let X and I be sets. A family of subsets of X indexed by I, or an I-family
of subsets of X, is a triplet A(X) := (A, EX, A1), where A\g : I ~ Vg,

X \F(holi), X), &EX(i)=&5 el

i€l
Ars A F(Rol), Xo(d), M(ig) =Ny (i,4) € D),
(i,5)€D(I)

such that the following conditions hold:
(a) For everyi € I, the function X : \o(i) — X is an embedding.
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(b) For every i € I, we have that \i; = idy)-
(c) For every (i,7) € D(I) we have that £~ = EJX o \ij and EJX = EX o\
/_\
)\o(i) >\0(j)
\_/
)\ji
EX ex

i J

X.

EX is a modulus of embeddings for Ao, and A1 a modulus of transport maps for Ag. Let
A == (X, \1) be the I-family of sets that corresponds to A(X). If (A,i%) € P(X), the
constant I-family of subsets A is the pair CA(X) = (A}, EXA,AY), where \o(i) = A,

SZ-X’A =%, and M\ (i,5) = ida, for everyi € I and (i,j) € D(I)

Definition 8.2. If A(X) := (Mo, EX, A1), M(X) := (po, 2%, 1) and N(X) := (vo, H*,11)
are [-families of subsets of X, a family of subsets-map ¥: A(X) = M(X) from A(X) to
M (X) is a dependent operation ¥ : \,.; F(Ao(é), uo(é)), where W(i) =: U;, for every i € I,
such that, for every i € I, the following diagram commutes'*

M) 2 (i)

N,

(2 (3

X.

The totality Map;(A(X), M (X)) of family of subsets-maps from A(X) to M (X) is equipped
with the pointwise equality. If ¥: A(X) = M (X) and =: M (X) = N(X), the composition
family of subsets-map Z o ¥: A(X) = N(X) is defined by (Eo U)(i) := E; o U;,

N

Noli) — 10 (i) —— v (i)

N ‘[Zi H;

X,

for every i € I. The identity family of subsets-map Id,(x): A(X) = A(X) and the equality
on the totality Fam(/, X') of I-families of subsets of X are defined as in Definition 3.2.

We see no obvious reason, like the one for Fam(/), not to consider Fam(/, X) to be
a set. In the case of Fam(/) the constant I-family Fam(/) would be in Fam(I), while
the constant [-family Fam(7, X) is not clear how could be seen as a family of subsets of
X. If (i) := Fam(, X), for every ¢ € I, we need to define a modulus of embeddings
NX: Fam(I, X) = X, for every i € I. From the given data one could define the assignment
routine N;* by the rule N;* (A(X)) := &* (u,), if it is known that u; € Ao(i). Even in that

14Trivially, for every i € I the map W;: \o(i) = po(7) is an embedding.
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case, the assignment routine ./\/;-X cannot be shown to satisfy the expected properties. If MX
was defined by the rule N;¥ (A(X)) := xq, for some z¢ € X, then it cannot be an embedding.

Definition 8.3. If I, X € Vq, a set of subsets of X indexed by I, or an I-set of subsets of
X, is triplet A(X) := (Ao, EX, A1) € Fam(I, X) such that the following condition is satisfied:

QA(X)) :& Vi jer(Mo(i) =px) Xo(j) = i =1 7).
Let Set(I, X) be their totality, equipped with the canonical equality on Fam(I, X).

Remark 8.4. If A(X) € Set(I, X) and M (X) € Fam(I, X) such that A(X) =pan(r,x) M(X),
then M (X) € Set(I, X).

Proof. Let ®: A(X) = M(X) and ¥: M(X) = A(X) such that (®,V¥): A(X) =pan(1,x)
M(X). Let also (f,g): po(i) =p(x) po(j)- It suffices to show that \o(i) =p(x) Ao(J)-

D, / v

Ty

Ao (%)

v;

If we define f' := ¥ o0 fo®; and ¢’ := ¥, 0 g o ®;, it is straightforward to show that
(f',9"): Mo(@) =p(x) Ao(j), hence i =7 j. O

By the previous remark Q(A(X)) is an extensional property on Fam(/, X). Since
Set(I, X) is defined by separation on Fam(/, X'), and since we see no objection to consider
Fam(I, X) to be a set, we also see no objection to consider Set(/, X) to be a set.

Definition 8.5. Let A(X) := (Mg, X, A1) € Fam(/, X). Let the equality :?(X) on [ given by
i :?(X) J = Xo(i) =p(x) Ao(j), for every 4,5 € I. The set \oI(X) of subsets of X generated
by A(X) is the totality I equipped with the equality :JI\(X). We write A\o(i) € Aol (X),
instead of ¢ € I, when [ is equipped with the equality :/I\(X). The new operation \j: [ ~ I

from (I,=y) to (I, :?(X)) is defined by the identity-rule.
Clearly, A§ is a function. The following is easy to show (see also [35], section 3.7).

Proposition 8.6. Let A(X) := (X, EX,\1) € Set(I,X), and let Y be a set. If f: I — Y,
there is a unique function A\of: Aol (X) — Y such that the following diagram commutes

S

I—Y.
/\OJ( o Aof
Aol (X)
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Conversely, if f: I ~Y and f*: \gI(X) — Y such that the corresponding diagram commutes,
then f is a function and f* is equal to the function from \I(X) to Y generated by f.

Although a family of equivalence classes is not, in general, a set of subsets, we can define
functions on them, if we use appropriate functions on their index-set.

Definition 8.7. If X is a set and Rx(x,2’) is an extensional property on X x X that
satisfies the conditions of an equivalence relation, we call the pair (X, Rx) an equivalence
structure. If (Y, Sy) is an equivalence structure, a function f: X — Y is an equivalence
preserving function, or an (Ry, Sy )-function, if

vx,x’EX (R(SU, 1:/) = S(f(l‘)v f(:C’)))

If, for every z,2’ € X, the converse implication holds, we say that f is an (Rx, Sy)-
embedding. Let F(Rx, Sy) be the set of (Rx, Sy )-functions®®.

Proposition 8.8. If (X, Rx) is an equivalence structure, let R(X) := (po,RX,pl), where
po: X ~ Vg is defined by po(x) :={y € X | Rx(y,x)}, for every x € X, and the dependent

operations R : A cx F(po(z), X), pr: A(@2)eD(x) F(po(z), po(2')) are defined by
Ry:po(x) =X  ye=y  ye€pola)
p1(z,2") == pyar: po(x) = po(’)  y—=y; Y€ pola).
Then R(X) € Fam(X, X), and Yazrex (po(z) =p(x) po(z’) = R(z,2)).

Proof. By the extensionality of Rx the set po(x) is a well-defined extensional subset of X.
If x =x 2/ and Rx(y, ), then by the extensionality of Rx we get Rx(y,z’), hence py, is
well-defined. Let (f,g): po(x) =p(x) po(z’)

If y € po(x) :& Rx(y,x), then f(y) € po(2’) := Rx(f(y),2’), and by the commutativity of
the corresponding above diagram we get f(y) =x y. Hence by the extensionality of Ry we
get Rx(y,x'). Since Rx(y,z) implies Rx(x,y), by transitivity we get Rx(x,z’). ]

Corollary 8.9. Let Eql(X) := (eqlé(, EX, eql{() be the X -family of subsets of X induced by
the equivalence relation =x i.e., eqly (z) :={y € X | y =x x}. Then EqL(X) € Set(X, X).

Proof. It follows immediately from Proposition 8.8. L]

5By the extensionality of Sy the property of being an (Rx, Sy )-function is extensional on F(X,Y).
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9. DIRECT LIMIT OF BISHOP SPACES

If X is a set, by Corollary 8.9 the family Eql(X) := (equ,5X7eqlf() € Set(X, X),
where eqly(z) := {y € X | y =x x}. Consequently, if f: X — Y | there is unique
eqlyf: eqlyX(X) — Y such that the following diagram commutes

S

X —Y,
=
eqlSJ eqlyf
eql X (X)
where eqly X (X) is the totality X with the equality © =eq x(x) 7' & eqly(z) =p(X)
eql{ (). As Eql(X) € Set(X, X), we get eqly (z) =p(x) eql{ (z') & x =x #’. The map
eqly: X — eqly X (X) is defined by the identity map-rule, written in the form x +— eql{ (z),

for every x € X. We use the set eqly X (X) to define the direct limit of a direct spectrum of
Bishop spaces'®. In what follows we avoid including the superscript X in our notation.

Definition 9.1. Let S(AX) := (Ao, AT, 6™, #}7) € Spec(l, <) and eqly: S5, Ao(i) ~» Vo,
defined by

satglica) = { (:9) € 3000 | (i) =, s (o) 5 (022 € 3 ol
i€l el

The direct limit LLon(i) of S(A) is the set

Li_>m)\g(i) ;= eqly i: Ao(7) < i )\o(i)> ;

i€l i€l
quO(ivx) :Li_>m)\0(i) eql()(j7 y) = equ(i7x) :73( fe[ )\O(i)) eql()(jv y) A (Z,I‘) = fe] Xo (%) (]’ y)

We write eq16ﬁ when we need to express the dependence of eql from A<,

Remark 9.2. If S(AY) := (Ao,Af,¢A<,¢ZI\<) € Spec(l,<s) and ¢ € I, the operation
eql;: Ao(7) ~» Li_}m)\o(i), defined by eql;(z) := eqly(%, z), for every x € Ag(i), is a function.

Proof. If x,x" € A\o(@) such that = =) ;) ', then
eql;(z) =Limo(i) eql(z) & eqly(i, z) =Limo(i) eqly(i, ")

. _ . /
& (i,x) =% 20(0) (i,2")

= (Z <k & )\;Z;(l') =Xo(k) Aj@(az/)),

which holds, since A}, is a function, and hence if x =) ;) 2/, then A} (z) =), x) A5, (2'), for
every k € I such that i < k. Such a k € I always exists e.g., one can take k :=i.

161y, this way, our definition of the direct limit of a direct spectrum of Bishop spaces is in complete analogy
to the corresponding definition for topological spaces.
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Definition 9.3. Let S(AY) := (AQ,AT,¢6\$,¢?$) € Spec(I, <) with Bishop spaces (F;)icr
and Bishop morphisms ()\fj)(@j)eDﬁ(I). The direct limit of S(A) is the Bishop space

le]: = (le)\o( )s leF) where

Li_}mFi = \/ eqly fe,

OEHzeI

eql, fe (eqlo(i,a:)) = fo(i,z) :=0;(z); eqly(i,z) € LLon(i)

. Je
fEI /\o(Z) *; R.

eqlSJ ///eqlof@

Remark 9.4. If (I,<) is a directed set, G := (Y, G) is a Bishop space, and S(ASY) is the

constant direct spectrum over (I, <) with Bishop space G and Bishop morphism idy, the

direct limit LimG of S(ASY) is Bishop-isomorphic to G. Moreover, every Bishop space is
%

Bishop-isomorphic to the direct limit of a direct spectrum over any given directed set.

Proposition 9.5 (Universal property of the direct limit). If S(AS) := (Ao, AT, ¢6\<,<Z>/1ﬁ) €
Spec(I,<1) with Bishop spaces (F;)icr and Bishop morphisms ()‘fj)(i,j)eﬁ(lﬁ its direct limit
LimF; satisfies the universal property of direct limits i.e.,

—

(i) For every i € I, we have that eql; € Mor(fi,Lmei).

(ii) If i X1 j, the following left diagram commutes

Lim)\o(i) v
eql/ \ 6/ \5”
) Mol Aoli) ————— Xo(4).
5 v

(iii) If G := (Y, G) is a Bishop space and €; : X\o(i) = Y € Mor(F;,G), for every i € I,
are such that if i < j, the above right diagram commutes, there is a unique function
h: le)\o( ) =Y € Mor(le}"Z, G) such that the following diagrams commute

/ h\

%—>)\0

RN

le/\

CZA
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Proof. For the proof of (i), we use the \/-lifting of morphisms. We have that
eql; € Mor(F;, Ll}m}}) & v@eH‘ (eqlof@ oeql; € F).

If z € \o(i), then (eqlyfe o eql;)(z) := eqlyfo(eqly(i,z)) := fo(i,z) := O;(x) hence
eqlyfe o eql, := O; € F;. For the proof of (ii), if € Ag(), then

equ(A?j (z)) LimAo (i) eql;(7) :& eqly (j7 )\fj(x)) =LimAo(i) eqly(i, )
~ (], )\;—;(SL‘)) :Z< Xo(d) (Z7$)
1o Frer (i Sk & J <k & A (2) =xm) AN ()),

which holds, since if k € I with j < k, the equality A} () =o(k) )\fk()\fj (z)) holds by the
definition of a direct family of sets, and by the deﬁmtlon of a directed set such a k always
exists. To prove (iii) let the operation h: LLon(i) ~Y, defined by h(eqly(i,z)) := &i(z),

for every eql(i,x) € Li_)m)\o(z'). First we show that h is a function. Let

eqly(i, z) =LimAo (i) eqlo(4,y) © Fer(isj < k & A () =\ ) )\fk(y))-

By the supposed commutativity of the following diagrams

Y
) Mok A(j) ———— Ao(k)
A Ak

we get h(eqly(i,z)) = ei(z) = ex (A5, () = &k ()\fk(y)) = £j(y) := h(eqly(j, y)). Next we
show that h is a Bishop morphism. By definition h € Mor(Li_)m}'i, G) & Vgeg(goh € Lgan)
If g € G, we show that the dependent operation O : A,.; Fi, defined by ©4(i) := g o &;, for
every i € I, is well-defined, since &; € Mor(F;,G), and that ©, € [[7; F;. To prove the latter,
if i < k, we show that ©,4(i) = ©,4(k) o A;. By the commutativity of the above left diagram
we have that ©4(k)o A}, := (goeg) oA}, := go(ex0oN;},) = goe; := Oy(i), Hence Jo, € leF.

Since (g o h)(eqly(i,z)) = g(ei(z)) = (g 0 &) (x) = [O4(i)](z) := fo, ((eqly(i,z)), we get
goh:=eqlyfe, € Ll)mFZ The uniqueness of h, and the commutativity of the diagram in

property (iii) follow immediately. ]
The uniqueness of LimA (), up to Bishop isomorphism, is shown easily from its universal
property. Note that if z,_; €1,z e N(i) and y € A\o(j), we have that
eql; () =Limxo(i) €a1;(¥) = eqlo(i, ) =Limrg(s) alo(J:Y)
& (62) =9 @ UhY)
TN Elk;e[( Kk&j<k& /\ () =xo(k) )xfk(y))

Definition 9.6. Let S~ := (), )\f; ¢A<, gb{ﬁ) be a direct spectrum over (I, <). If i € I, an
element x of \o(7) is a representative of eqly(z) € Li_>m)\0(i), if eql;(2) =rimr) €alo(2)-
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Although an element eqlj(z) € LimA(7) may not have a representative in every Ao (i),
%
it surely has one at some Ag(i). Actually, the following holds.

Proposition 9.7. For every n > 1 and every eqly(z1),...,eqly(2zn) € LimAg(i) there are
—

i€l and xy,...,z, € No(i) such that x; represents eqly(z), for every l € {1,...,n}.

Proof. The proof is by induction on N*. We present only the case n := 2. Let z :=

(G,y),2 == (§",y') € 15, Xo(i), and k € I with j < k and j/ < k. By definition we have

that )\jk( ) € Mo(k) and )\;k( ") € Mo(k). We show that )\J‘.k(y) represents eql,(z) and

)\f,k(y’ ) represents eqly(z’). By the equivalences right before Definition 9.6 for the first
representation we need to show that

eqly (A5 (®) =LimXo(i) eql;(y) & Iwer(k <K & j <K & M\ (W) =xw) Afk/ (y))-

By the composition of the transport maps it suffices to take any k' € I with k < k’ &K,
and for the second representation it suffices to take any k” € I with k < k” & <K'

Theorem 9.8. Let S(A%) := (Ao,)\f,qﬁéﬁ,cbiﬁ) € Spec(I, <1) with Bishop spaces (F;)icr
and Bishop morphisms (Afj)(i’j)eD<(1), S(M=) == (o, 5, o)™, oM7) € Spec(I,<;) with
Bishop spaces (G;)icr and Bishop morphisms (ufj)(i7]—)eD4(I), and ¥: S(AS) = S(MF).

(i) There is a unique function W_,: LLmAO(i) — LLmuo(i) such that, for every i € I, the

following diagram commutes

Ao (1) ———— po(4)
eql?ﬁ Jeqlé‘” )
LLmAO(z) . ;Ili;% Limuo(z).

(i) If ¥ is continuous, then V_, € Mor(Li_{n]:i, LimG;).
—
(iii) If W; is an embedding for every i € I, then ¥_, is an embedding.

Proof. (i) The following well-defined operation W_, : LLmAO (1) ~ Li_{n,uo(i), given by

U, (eqly™ (i, 2)) == eql) ™ (i, Wi(x));  eqld” (i, x) € LimAo(i)

is a function, since, if eqléﬁ (i,7) =Lim (9 eql{)ﬁ (J,y) < (i,x) (j,y), which is

=X 200
equivalent to Jper (i g k & j <k & A (2) =5 )\fk(y)), we show that
<. <, </,
v, (eqlé\ (Z>33)) =Limpo(i) v, (eql(/)\ (J,y ) = eqlo (Za ) Limug(9) eqléw (]»‘I/j(y))
< (4, V(@) =g w05 Y5())
& Jier(i,5 < k &: 15 (Vi (2)) = 1157, (¥5(1)) -

By the commutativity of the following diagrams, and since Wy is a function,
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A% A5
No(i) —5 N (k) No(7) —2 Ao(k)
AT
po(i) —— po(k) po(3) —— po(k),
Frif; Kk,

we get 115 (Vi(2)) =0 Uk(Ak(@) =mow k(A1) =wem 15 (Y5 (1))
(ii) By the \/-lifting of morphisms it suffices to show that VH€H¢ . ((eqlé\ﬁgH) oV, €
el 't
LimF,-). By Definition 9.3 we have that
—

((eqlé\ﬁgg) o \Ilﬁ) (eqlf)\< (z,x)) = (eqléﬁgH) (eqlé/ﬁ (1, \I’Z(l‘))) = gp(i, ¥;(x))

* : < <.
= Hy(V;(x)) = (Hi 0 ¥;)(2) == Hj (z) == fu=(i,2) == (eql}” fu+)(eql)” (i,x)),
where H* € [[7; F; is defined in Lemma 7.6, and (eql}’~ g+) 0 ¥_, := eql}” fy € LimF;,
—

(i) TE W, (eqL™ (4, 2) =rigmuocr U (6q18 ™ (4, 9)) iy i3 (Vi()) =000 15 (¥;())), for some
k € I with i,5 < k, by the proof of case (ii) we get \Ifk ()\fk( ))

=) Yk (>\ (y)), and since
¥, is an embedding, we conclude that )\:k,( ) =50 A ( )ie., (i,z) = o G, y). (]

Proposition 9.9. Let S(AS) := (Mg, AT, ¢)) Yol e Spec(I, <1) with Bishop spaces (F;)icr
and morphisms (A;)(ZJ)ED<( n, S(M7) = (1o, 15, B3 oM7) € spec(, <) with Bishop
spaces (G;)ier and morphisms (Nij)(i,j)eDﬁ(I)’ and let S(NS) == (v, 15,90 ", ¢Y") €
Spec(I, <) with Bishop spaces (H;)icr and morphisms (V;)(i7j)eD<(I). If : S(AS) =
S(M=<) and E: S(M~) = S(N<), then (Eo V), :=E,0V_,

T T

Ao (i) ————— po(i) ———— wo(i)

eql{‘ﬂ eql} ﬂ Jeqlﬁv )
LimAg(¢) — Limpo(d) — Limyg(d).
(EoW)_,

Definition 9.10. Let S(AS) := (Ao, AT, 087, ¢27) € Spec(I,<;) and (J,e,cof ;) C°F I, a
cofinal subset of I with modulus of cofinality e: J < I. The relative spectrum of S(A~)
to J is the e-subfamily S(AS)oe := (Agoe A oe, gbf)ﬁ oe, ¢ o e) of S(AY), where
PN oe = (qﬁf oe, ¢11\< o e) is the e-subfamily of AT (see Definition 3.3).

Lemma 9.11. Let S(AS) := (Ao, AT, 00, ¢27) € Spec(I, <) with Bishop spaces (Fi)ics
and Bishop morphisms (A5 ep<(1), (J,€;cofy) € I, and S(AS)oe:= (Xgoe Ao
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e, gf)o\ oe, d)A o e) the relative spectrum of S(AS) to J.
(i) If © € [[; Fi, then ©7 € Hje F;, where for every j € J we define @a] = O(j)-

(i) If H' € HjeJ Fj, then H € [[7z; F;, where, for everyi € I, let H; := HCOfJ() )‘;(cofj(i))

<

A £
No(i) — 2Dy e(cot s (i)

J
H; JHcofJ(i)

R.

Proof. (i) Tt suffices to show that if j < j' < e(j) < e(j'), then @J @‘7, o )f . Since

CXS Hie] F; we have that @J = Ge(j) = 9:3( 1) © S e(i)e)) = @], o A}j .
(ii) By definition H;]of ) € Feos (i) = Fe(cot,(s)), and since i < e(cof (7)), we get H; €

Mor(F;, R) = Fi i.e., H: \;jc; Fi. Next we show that if i < ¢/, then H; = Hy o /\fi,. By
(Cofs) and (Cofa) we have that

i <14 < e(cof (i), (9.1)

and i < 7' = cof j(i) X cof ;(i') :& e(cof s(i)) < e(cof ;(i')), hence we also get

i < e(cof j(i)) < e(cof s(i)). (9.2)
Since H” € H]GJ F;, we have that
B _ J < =<
o N = [Heor (i) © Moot (1)) © N
_ < <
= Hior, () © [Me(eoz (i) © Niv)
©.1) <
HCOfJ('L ") )\ze(cofJ( )
(9;2) J <
- HcofJ(i’) °© [)\e(cofJ(z))e(cofJ( ) )\ze(cofj(z))]
J <
[HCOfJ( " )\e(cofJ('L e(cof j (3 ] ie COfJ
J < <
[HCOfJ( " )\cofJ(z)cofJ( )] °© A'L'e(cof‘]('i))
_ <
= Hios 1 (5) © Ne(eot 5 (1))

Theorem 9.12. Let S(AT) := ()\O,Af,gbéﬁ,gb’lﬁ) € Spec(I,<y), (J,e,cofy) Ct I, and
S(AS)oe:=(Aoe,Aoe, o oe, o o e) the relative spectrum of S(AS) to J. Then

LimF; ~ LimF;.
— —

Proof. We define the operation ¢ : LLmAO( J) ~ le)\o( ) by qb(eqlA (4, y)) = eqléﬁ(e(j), Y)
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0(4)
<o <
eqlA/ X‘l}?@)

le)\o ) N le)\o( ),

for every eqlf)ﬁoe(j, y) € LimAg(j), where, if j € J and y € A\g(j), we have that
%

ot} ) o= { (/) € - 200) | G') = i)

jeJ

#
</ . . N | .
ea (e(i).9) = { (10) 5200 6:7) =z, (em,y)}.
ic
First we show that ¢ is a function. By definition we have that

ASoce

i “(J,y) = =Lima(i) €10

eqly (] Yy ) (jvy) :ZfEJ,\O(j) (j/7 y,)

& Jjres (4.3 < 5" & X55uy) =s00m X)) (1)

< ) < ) ) .
eqly (e(4),y) =rimo ealo (e(i"),¢) & (e(h),v) == s (€0):Y)
~ erl(e(j)ae(j/) sk& )\j(j)k(y) =xo(k) )‘j(j/)k(y/))- (2)

Taking k := e(j”), we see that (1) implies (2), and hence ¢ is a function. To show that ¢
is an embedding, we show that (2) implies (1). Since e(j),e(j’) < k < e(cof ;(k)), we get
J,7' < cof j(k) := j7”. By the commutativity of the following diagrams

Ao(e(j)) Ao(e(4"))
AS )\j(j)e(cofJ(k)) J’)e(cofJ(k))
e(j)k ]/)k
)\()(k) <—> )\Q(e(cofj(k))) )\0(]5 —> /\0( (Cofj(k)))
/\ke(cofJ(k)) e(cof ;(k))

< _
A (W) 1= A e(cot i (W)

= P‘ke(cof(](k:)) © /\e(j)k y)

(
= Me(eot s (k) (Ao ()

= Ake(cot s (k) (A )k(y’))
= [Ake(cofj(k)) o )\e(j’)k] (y/)

= Ayeteot () &)

= A (Y)-
By the \/-lifting of morphisms we have that
XS Mor(Li_>m.7-"j, Li_}m}"i) eV

oerlZ, 7, (eqlof@ op e leF)
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If © € [[7z; F;, we have that
(eqlofe © 6)(eald (4, y)) = (eqlofo)(eqld ™ (e(), v))

= 0u()(v) = 07 (4) := (ealo o) (eal) (1)),
where 67 ¢ erJ F; is defined in Lemma 9.11(i). Hence, eqlyfe o ¢ = eql,fos € Li_)mFT
Next we show that ¢ is a surjection. If eqld™(i,z) € LLmAO(i), we find eq1d™°¢(j,y) €
LLon(j) such that qﬁ(eqléﬁoe(j, y)) = eqlf)ﬁ (€(5), ) =vimro eqléﬁ(i,x) i.e., we find
k € I such that i,e(j) < k and Aj},(z) =\, )\j(j)k(y). If j := cof (i), by (Cof3) we have

that i < e(cof j(7)), and by the reflexivity of < we have that e(cof ;(i)) < e(cof ;(i)) =: k.
If ¥ 1= Nie(cot , (1))~ (%) € Ao(e(cof 5(i))) := (Ao 0 e)(cof ;(i)), then

< (A3

_ <
e(cof s (i))e(cof 5 (1)) /\ie(cofJ(i))(x)) Ao(k) )\ie(cofJ(i))(w)'

We could use the \/-lifting of openness to show that ¢ is an open morphism, and hence a

Bishop isomorphism, but it is better to define directly its inverse Bishop morphism using the

previous proof of the surjectivity of ¢. Let the operation 6: LimAg(i) ~ LimAg(j), defined
— —

by
H(eqléﬁ(i,x)) = eqlf)ﬁoe (cof (i), )\ie(cof'](i))(x)); eqlé\< (i,x) € LLon(i).
First we show that 6 is a function. We have that
eql)” (i, ) ZLimg(i) eqly” (I,2') & Frer(i S k & i <k & Aj(@) =ngm Ay (@),

ASoce
1o

. <oe .
€q (COfJ(Z)a Aie(cofj(i)) (.CE)) TLimAg () eqlé\ (COfJ(Z/)7 )‘i’e(cofJ(i’)) (xl)) <~

Jjrcs <cofj(i) <7 &cofy(i')xj &

< < _ < < /
Acteot s @ei) Pie(eot (1) () =30t Aeot s 1eir) Me(cot (i) (@ )> '

If j/ := cof j(k), then by (Cofy) we get cof j(i) < 7' and cof ;(i') < j'. Next we show that

< (A5 <

#
Ae(cofJ(i))e(cofJ(k)) Aie(cofJ(z')) (LU)) T Xo(e(eot 5 (k) )\e(cofJ(i’))e(cofJ(k)) ()\i’e(cofj(i’)) (JZ‘/)) :
By the following order relations, the two terms of the required equality are written as

-/

e(cofjx k /e(cofj(i/))

N

e(cof j(k))
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<

< < S <
)\ie(cofj(k))(x) = )\ke(cofJ(k))()\ik(x))’ and )\z e(cofj(k))< ') = )\ke(cofj(k))(Ai’k(x/))' By the
equality )\ﬁc (%) =xgtk) )\f,k(x’ ) we get the required equality. Next we show that

0 e Mor(Li_>m.7:¢, Li}m}—ﬂ) & ‘V’HJenf <equfHJ of e \/ eqlof@).
o€/, Fi
If we fix H' € H?GJ Fj, and if H € [[7; F;, defined in Lemma 9.11(ii), then

(eqlofHJ o 0) (eq]-OA< (7'7 .’L')) = eqlofHJ <eq13406 (COfJ(i)7 )‘ie(cofJ(i)) (x)))

= fHJ (COfJ(i) Aie(cofj('))(x))
= Hé]ofJ(i)(Aw (cof 5 (i ( ))
= [Hé]ofj(i) ie(cof ; (2 } 1:
= HZ(.%')
= fH(Z, ac)
<.
= quOfH(eqlé\ (,va)),
hence eql fys 00 :=eqlyfu € LLmFi. Next we show that ¢ and 6 are inverse to each other.

¢(0(eql)” (i,2))) = ¢(eq16\ °¢(cof 7 (1), Nie(cot (i) (%))
= eql}” (e(cot (i), Aie(cot s (1)) (7)),
which is equal to eql)™ (i, ) if and only if there is k € I with i < k and e(cof ;(i)) < k and
A ()=o) Ae(cofJ(i))k(Aie(cofj(i))(x))7

which holds for every such k € I. As by (Cofs) we have that i < e(cof (7)), the existence of
such a k € I follows trivially. Similarly,

0(¢(eqld " (j,y))) = 0(eqld™ (e(4), y))
= eql) " (cot 1 (€(7)s Ae(e(cot s (e (¥))

which is equal to eqlA °¢(4,y) if and only if there is j' € J with j 5 j', (cofj(e(j))) <

and
<

)‘e(j)e(j’)(y) Tro(e() A:(cofJ(e(j)))e(j’)(Ae(j)e(COfJ(e(j)))(y))7
which holds for every such j € J. As by (Cof1) we have that j =; cof j(e(j)), the existence
of such a j’ € J follows trivially. ]

Notice that there is an alternative way for proving Theorem 9.12 by appealing to the
universal property (Proposition 9.5). Next, we use for simplicity the same symbol for
different orderings.

Proposition 9.13. If (I,<),(J,<) are directed sets, i € I andj e J, let
(i,5) < (@ 5) i< & j <

If (K,ig,cofg) C°F I and (L,ip,cofy) Cf J, letixxy : K x L — I x J and cofgxy, :
I xJ— K x L, defined, for every k € K andl € L, by

iKXL(k?,l) = (’LK(/C),ZL(Z)) & COfKXL(i,j) = (COfK(i),COfL(j)).
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Let AS := (Ao, \]) € Fam(I,<x) and M=~ := (uo,p7) € Fam(J,<). Let also S(AS) :=
(Ao, AT, 6\ , <) € Spec(I,%) with Bishop spaces (F;)ier and morphisms (i) (i iye<(1),
and S(M=) := (po, 15, o0, M) € Spec(J, <) with Bishop spaces (Gj)jes and morphisms
(ii1)Grye<

(i) (I x J,<) is a directed set, and (K X L,ifxr,cofgxr) CF I x J.

(ii) The pair A x M=~ := (Ao X po, (A1 X u1)~) € Fam(I x J, x), where

(Mo x o) ((i,5)) = Xo(i) x po(j),
(A x N1)<((Z’7j)7 (ilaj/)) = (A1 x Ml)(i"j)y(igj/)’
()\1 X 'ul)(uj) (#, ,)((ZE y)) ()\j/(l'),ﬂfj/(y))

(iif) The structure S(AS x M=) := (Ao X o, AT x ,uf;gzﬁg%XMﬁ,qﬁ{ﬁXMé) € Spec(I x J, <)
with Bishop spaces (F; x Gj)(; jyerxs and Bishop morphisms (A1 x “1)((1'3')(@'/ j/)) eD<UIxT)

where
AOME (i, §) = F x Gy,

< < .. . . *
Qb/l\ M ((%])7 (,L,,]/)) = [()‘1 X Ml)zi,j)(i’,j’)] : -Fi’ X Gj’ — -FL X GJ"

Proof. (i) is immediate to show. For the proof of (ii) we have that (A x ,ul)(i i) ((z,y)) ==
(A5 (x),ufj(y)) = (z,y), and if (i,7) < (¢,7") < (i, 5"), then the commutativity of the

Ao (i) X o ()

Aoxin) Gy o, '{

Ao(1") X po(j") ———— Ao(") x po(j")
(Alxﬂl)(\i/yj/)y(iuyju)

(M X'u'l)(i',j),(i”,j”)

above diagram follows from the equalities )\</, = )\ i © )\<, and ,uj],, = uj jn© ,uj]
(iii) We show that (A1 x 'u’l)(i,j)(i’,j’) € Mor(F; x G;, Fy x Gjr). By the \/-lifting of morphisms
it suffices to show that Vep, ((fomi)o (A1 x m)f yign € FixG ;) and Ygea, ((goma)o (A x
)G gy gy € FixGy) I f € Fy, then (fom)o(\ xul)(”)(l,],) (fo)\ )omy € FyxGj, as
Forg € Frand [(Fom)o (A x )7y o) @:9) i= (Fom) (A (), 15, (1) 1= F(AH (@) 1=
[(forZ)om(z,y). I g € Gy, we get (goma)o (A1 X 1) sy 0y = (90N )om2 € Fyx Gy, [

Lemma 9.14. Let S(A<) := (Ao, AT, ¢{)\<,¢{ﬁ) € Spec(I, %) with Bishop spaces (F;)icr and
Bishop morphisms (Aii/)éi,)eDﬁ(I), S(M=) := (uo,,uf,% < ¢M<) € Spec(J, ) with Bishop

spaces (Gj)jes and Bishop morphisms (pj;1)(; nep<(s), © € [ F and @ € H]eJ
Then

= i
CINS H FiXGj & Py € H FiXGj,
(4,5)EIxXJ (3,5)EIxJ

@1(i,j) = @Z'Oﬂ'lEFiXGj & q)g(l,j) = (I)jOTI'QGF’iXGj; (Z,])EIXJ
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Proof. We prove that ©1 € [[7; ”)eIXJF- x G, and for @3 we proceed similarly. If (7, j) <

(7', 7"), we need to show that ©1(i,7) = ©1(¢',7") o (A1 X Ml)éd) (i jn)- Since © € [z E, we
have that ©; = Oy o A,. If 2 € \o(i) and y € po(j), we have that

[01(1,7) 0 (M X 1) o) (@) = [0 0 m1] (NG (@), 153, 0)
=0y (A (2))
=: [(©y 0 A} ) o 7r1} (z,7)
— (©r0m)(z
= [01(i,5)] (= O
Proposition 9.15. If S(AS) := (Mg, AT, ¢h ,qﬁm) € Spec(I, %) with Bishop spaces (F;)icr
and Bishop morphisms ()‘ii’)(i‘,i’)eDﬂI)’ and S(M=S) = (po, 15, 63 ¥ oM7Y e spec(J, <)
with Bishop spaces (Gj)jecy and Bishop morphisms (ufj/)(j7j/)€D<(J), there is a bijection

6 : Li_)m()\o(i) X pio(4)) — lex\o( ) X le,ug( ) € Mor(le(f x Gj), le]: X leg])

Proof. Let the operation 6 : Lim()\o(i) X pio(j)) ~ le)\o( ) X le,uo( /) be defined by

0(eq1) ™M ((0,4), (@) = (eq1) " (3, 2), eq1d" " (4, v)).
First we show that 6 is an embedding as follows:
eqly M ((i, ), (w,y)) = eqlh M (1,5, (2,1)))
1 Jperea (00, (05 < (1) & O x )Ty @ 9) = O X )5y (25 9))
1 Ik nerxs (Z 0, (@5 < (k1) & (A (@), 15 () = Ak (@), 115, (4)
1 e (4,7 & A5 (@) = A (a) & Fies (5,7 < L& A5 (y) = A5, ()
1 eql)” (i,2) = eql) " (7,2') & eq1}"(j.y) = eql)’" (7.¥)
& (eq1) ™ (i,2),eq1d" (j,y)) = (eqld™ (¢, 2),eql}!" (7' ¢/))
1 0(eql) M ((4,4), (2.1))) = 0(eql) M (1.5, (/1))

The fact that 0 is a surjection is immediate to show. By definition of the direct limit and by
the V-lifting of the product Bishop topology we have that

Lim(F; x Gj) := <Li_>m(/\0(i) X 110(4)), \V eqlofg),

— TTF ) )
:En(i,j)eIxJ FixGj

Hell}e, G
Li_>m]:i X Li_}m%- = <Li_>m)\o(i) X Li_}m,uo(j) \/ eqlyfe omi,eqlyfu o 7r2>.
@el‘[le,
To show that § € Mor (Lim(]—]— x Gj), LLmFi X Lngj) it suffices to show that
—

Yoerr, 1Y nerr. , o, (alofo om) 08 € Lim(F; x Gy) & (eqlofar om) o8 € Lim(F; x Gy)).
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Ifoe e HTH F;, we show that (eqljfe om) o8 € Lim(F; x G;) From the equalities
—

[(eqlyfor o m) 0 ] (eqly M ((i, ), (z,y))) == (eqlyfor o m)(eqld ™ (i,),eql}!" (j,y))
= eqlyfor (eq1) ™ (i, 2))
= 0;(x)
=: (©;0m)(z,y)
= (0105, )] (=, )
= eqlyfo, (eqly M7 ((i,4), (z,v))),

where ©1 € HZI F; x Gj is defined in Lemma 9.14, we conclude that (eqlyfg> o m1) 0§ :=
eql,fe, € Lgn(Fl x G;). For the second case we work similarly. ]

10. INVERSE LIMIT OF BISHOP SPACES

Definition 10.1. If S(A%) := (Ao, AT, ¢4~ gbA”) is in Spec([, =) i.e., a contravariant (I, <)-
spectrum, with Bishop spaces (F;);c; and Bishop morphisms (/\;)(z,g)eD\( 1> the inverse
limit of S(A7) is the Bishop space

LimF; := (LimAo(é), LimF;),
— — —

= feF;
LimMAo(7) := H Xo(i) & LimF; = \/ fo Wf\k
. —
iel el

We write 7; instead of 7rlA> for the function 7724\? : [T Ao(3) = Xo(i), which is defined,
as its dual ﬂ{ﬁ in the Proposition 5.4(iv), by the rule ® — ®;, for every i € I.

Proposition 10.2 (Universal property of the inverse limit). If S(A7) := (Ao, AT, #)~ ¢A>)
is in Spec(1, =) with Bishop spaces (F;)ier and Bishop morphisms (/\ﬂ)( J)e<(1) its inverse
limit L{i_m]-} satisfies the universal property of inverse limits:

(i) For every i € I, we have that m; € Mor(Lim}'i,}"i).

(ii) If i X j, the following left diagram commutes

161 Y
/ \ﬂ] i \ﬂj
)t Aol Mo(i) ———— Xo()-
)\” A7

(iii) If G := (Y, G) is a Bishop space and w; : Y — Ao(i) € Mor(G, F;), for every i € I,
are such that if i X j, the above right diagram commutes, there is a unique function

h:Y = [Licr 2o(i) € Mor(gjL}_m}"i) such that the following diagrams commute
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W/ ih wj

Ao (i) «———— Ao(J),

)\.f, |
w\“ : /ﬂj

Hie] )‘O(i)

Proof. The condition 7; € Mor(L}_m]:i, Fi) 1= Vyer, <f om; € \/{EGIFZ fo m) is trivially satis-

fied, and (i) follows. For (ii), the required equality )\; (75(®)) =so0) ™i(P) & )\;((I)j) =20(0)
®; holds by the definition of [[7; A(¢). To show (iii), let the operation h: Y ~ []7z; Ao(4),
defined by h(y) := ®,, where ®,(i) := w;(y), for every y € Y and i € I. First we show
that h is well-defined i.e., h(y) € [T7%; Ao(i). If i < j, by the supposed commutativity of
the above right diagram we have that )\; (®y(4)) == )\;- (@j(y)) = wi(y) := ®y(i). Next we
show that h is a function. If y =y ¢/, the last formula in the following equivalences
Cy =z e By Vier (By (1) =x00) Py (1)) & Vier (wi(y) =0 @i(y'))
holds by the fact that w; is a function, for every i € I. By the \/-lifting of morphisms we
have that h € Mor(G,LimF;) < Ve/Vyep, ((fom)oh € G). Ifi €1, f € F;,and y €Y,
+—
then
[(fomi) oh](y) := (fom)(®y) := f(Py(2)) := f(wily)) = (f o wi)(y),

hence (f om;)oh:= fow; € G, since w; € Mor(G, F;). The required commutativity of the
last diagram above, and the uniqueness of h follow immediately. []

The uniqueness of L<i_m/\0(z'), up to Bishop isomorphism, follows easily from its universal
property. Next follows the inverse analogue to the Theorem 9.8.
Theorem 10.3. Let S(A%) := (A, A, qﬁé\i gb/lw) be in Spec(I, =) with Bishop spaces (F;)icr
and Bishop morphisms (A;)(i,j)eDﬂI)’ and S(M7) := (po, p1, 9 - (Z){Vﬁ) in Spec(1, =) with
Bishop spaces (G;)icr and Bishop morphisms (uﬁ)(i’j)elﬁ([), and : S(A7) = S(M7).
(i) There is a unique function V. : L(i_m)\o(i) — L}_muo(i) such that, for every i € I, the

following diagram commutes

v; .

Ao (i) ———— po(i)
IS
Limko(i) ,,,,, \ Limuo(i).

—

(ii) If ¥ is continuous, then V. € Mor(LimF;, LimG;).
— —
(iii) If U; is an embedding, for every i € I, then ¥ is an embedding.

Proof. (i) Let the assignment routine W, : L}_m)\o (1) ~ L(i_m,uo(i), defined by
0=V, (0), [V (0)] :=¥(0;); ©O¢ LimAo (i), i € 1.
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First we show that . is well-defined i.e., U (0) € []7z; po(i). If i < j, since © € [[72; Ao(d),
we have that ©; = )f(@ ), and since W: S(A7) = S(M7)

(U, (0)], = Wi(0:) = Ui(A\7(0;)) =: (Vi 0 X7)(0;) = (17, 0 ¥;)(0;) := u7(V;(6;)) =
u;’z([\I&_(G)]J) W, is a function: © =Limxo (9 (I JEREN Viel(@i =20() <I>Z-) = Viej(\lfi(@i) =40()
\Pz(CI)l)) & ‘v’ig([\lie(@)h =10 (9) [\Ilg(q))}l) = U, (0) =Limuo (9 U, (®). The commutativ-

ity of the diagram and the uniqueness of ¥, are immediate to show.
(ii) By the \/-lifting of morphisms ¥, € Mor(Lim}“i, Limgi) & VierVgea, ((gomM oW €

L(i_mFl-). If i € I and g € G, then [(g o 7, M7y o U _|(O) := g([\I/%(@)]Z) = g(V;(6;)) =:
(9o, )(@) = [(go¥y) o W??](G), and g o ¥; € F;, by the continuity of ¥, hence
(gom}") oW = (goW;) ox}” € LimF,.

(ili) By definition we have that V. (©) =pumu0) Ve (P) 4 Vies (Vi(05) =0 Vi(®i)) =
Vier (05 =rot) 1) 1€ © =Limng() . 0
Proposition 10.4. If S(A7) := (Ao, A7, 27,07, S(M7) := (uo, 7, 0", 6M7) and

S(N7) = (VO,V?,%V?’MW) are in Spec(l, =), and if V: S(A7) = S(M7) and=: S(M7) =
S(N7), then (EoW)_ =2, oW _

LimAg(s) — Timpg(i) — Limpgy(3).
i U i
(Eol¥).

Theorem 10.5. Let S(A7) : )\0,)\>, ,q&A” in Spec(l, =), (J,e,cof y) a cofinal subset
1 0

of I, and S(A7)oe := ()\Ooe Aoe, dd Toe d)A“’e) the relative spectrum of S(A7) to J. Then
L(l_m]-" o~ Lgn]-"

Proof. If © € HJEJ 0(j), then, if j < j/, we have that ©; = )\% (@ 1) =A% o ,)e(])(@') If
i € I, then cof (i) € J and Oe¢,(;) € Ao(e(cof (i))). Since i < e(cof (7)), we define the
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operation ¢ : L(i_m)\o(j) ~ Lim)\o(i), by the rule © — ¢(0), for every O € L(i_m)\o(j), where

[Qﬁ(@)} = )\::(CO:EJ(Z))Z (G)cofj(z‘)) € )\O(i)§ (AR
First we show that ¢ is well-defined i.e., ¢(©) € HlE] o(i) i.e., for every i,i' € I,i i =
[0(©)]; = A\Z,([¢(©)]i). Working as in the proof of Lemma 9.11(ii), we get
/\Z(W@)]i’) = /\?71‘ ()\:(cofJ(i’))i’ (@cofJ(i’)))

=t [Aj; 0 )\:(cofJ(i’))i/] (@cofJ(i’))
(91) \»
= )\>(cofJ( ))z(@COfJ(i/))

(92) [\» _
= [)\:(cofJ(i))i © )\:(cofJ(i’))e(cofJ(i))] (@cofJ(i’))

- )\:(cofJ( N ()\?(cofJ(i/))e(cofJ(i)) (@COfJ(i/)))

—_\F

- )\e(cof ()i (@COfJ( ))
= [6(O)):-
To show that ¢ is a function we consider the following equivalences:
625(@) TLimAq(4) ¢(H) = VieI([d’(@)L o) [¢(H)]Z)
= viel()\Z;(cofj(i))i(GCOfJ(l)) o) N e(cof 5 ()i (HcofJ(z))> (1)
O =Limr) H & Vies (05 =xewn Hj)  (2).

To show that (1) = (2) we use the fact that e(cof;(j)) = j, and since j < j, by the
extensionality of < we get j e(cof j(j)). Since O; = )\:(cofJ(i))i(@COfJ(i))’ and H; =

—

Ag(cofj(.))z( cof s Z)), we get (2). By the \/-lifting of morphisms ¢ € Mor(L}_m]—"j, L(i_m]:i) &
VierVser ((f o 57 og e L1mF) Ifee H]GJ 0(7), we have that

=f /\j(cofj(i))i(gcofl(i)))
= (f )\:(cofj(z))z) (@COfJ(i))
S(A7)oe
[(fo )\:(cofJ(i))i) © chffj(z) 1(©),

A7 A7)oe . L
hence (f o 7ri5( )) 0= (f o )\ZcofJ(i))i) o Wf()(fj(z) c L<1_ij, as by definition )\ZcofJ(i))i c
Mor(]:e(cof‘](i))a Fi), and hence
?
)\e(cofJ(i))i

Ao(e(eot (i) ——————— Ao(i)

>;
feo A(N Jf
R
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fo )\f<cofJ(i))i € Fi(cot, (i) = Feot,(i)- Let the operation 6: LLon( i)~ le)\g( /), defined

by the rule H — 0(H) := H”, for every H € []7z; A ( ), where Hj = H,(;) € Mol(e(j)), for
every j € J. We show that H” ¢ [LjcsAo(d)- Ifj =<4, then

= A ne() (H3) 78 Hegy = Aoy (Her))

which holds by the hypoth651s H € II7z; Mo(i). Moreover, we have that ¢(H') = H &
Vzej([gb(HJ)]i =5 Hi). If i € I, and since i < e(cof (7)), we have that

J J e\ 7 —
[¢(H )] = /\:(cofJ(z))z(HcofJ(i)) = )\:(cofJ(i))i(HG(COfJ(i))) = H;.
It is immediate to show that 6 is a function. Moreover, 0(¢(0©) = ©, as if j € J, then
J._ _
$(©); = d(©)e(s) = Ncot (e(i))e(s) (Ocots(ci))) = O

as by hypothesis ©; = )\Z;(j’)e(j)(ej')7 with j < 4/, and by (Cof;) we have that j =;

(cofs(e(j)), hence by the extensionality of we get j < (cofy(e(j)). Finally, 6 €
Mor(L{i_m]:i, L(l_m]-}) < ViesVser; ((f o 7r ) of e leF) which follows from

[(fOW]S(Ar )09](}[) — OW‘(A?))(HJ)

oSN 7)) (). O

Proposition 10.6. If (I,<),(J,x) are directed sets, S(A7

) = ()\O,AT,gb ¢A>) s in
A

)(iinen<(n), and S(M7) =

()

Spec(I, =) with Bishop spaces (F;)icr and Bishop morphisms (
(ug,u?,(ﬁgﬁ,éfﬁ) is in Spec(J, =) with Bishop spaces (G;)jes and Bishop morphisms
(u;f,j)(j )eD=(J)s there is a function

X H)\O X H po(j) — H Ao(7) X po(y) € Mor(le]: X leg],le(F X g]))
i€l jeJ (4,5)eIxJ

Proof. We proceed as in the proof of Proposition 9.15. ]

11. DUALITY BETWEEN DIRECT AND INVERSE LIMITS

Proposition 11.1. Let F := (X, F),G := (Y,G) and H := (Z, H) be Bishop spaces, and
let X € Mor(G,H), u € Mor(H,G). We define the mappings

AT Mor(H, F) = Mor(G,F), A (¢):=¢oX; ¢¢&Mor(H,F),
u: Mor(F,H) — Mor(F,G), u (0):=pob; 6¢& Mor(F,H),

¢ 0
A4 X A4
AI%A ”OG\J“
Y Y
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*: Mor(G,H) = Mor(H — F,G— F), A= A";  X&Mor(G,H),
“:Mor(H,G) = Mor(F - H,F = G), pu—p; p€Mor(H,QG).
Then + € Mor(G — H,(H — F) — (G — F)) and ~ € Mor(H — G,(F = H) — (F = G)).

Proof. By definition and the \/-lifting of the exponential topology we have that

heH fer
G—H:= (Mor(g,H), \/ QSy,h), H— F = (Mor(’H,]:), \/ (;Sz,f),
yey z€Z
feF
G— F:= (Mor(g,f), \ ¢y,f>,
yey

ecG—F
(H—F) = (G— F):= <Mor((7—[ = F)G—F), \ ¢¢,e>,

peMor(H,F)
e€eG—F yeY,feF
\/ ¢§O,€ - \/ ¢§0»¢y,f °
pEMor(H,F) peMor(H,F)

By the \/-lifting of morphisms we have that

T eMor(G = H,(H—=F) = (G = F)) & Voeora,7) VyeyVrer (dpg, 0 T € G — H).
If A € Mor(G,H), we have that [¢,4 o TI(N) = dpg, ,(AT) = (¢y5 0 AT)(p) =
(Gy,r(poA) = [folpoN)](y) := [(fop)oA|(y) = ¢5y,foso()\> Le., ¢<P:¢y,fo t= Gy,fop € G = H,
since ¢ € Mor(H, F) and hence f oy € H. For the mapping ~ we work similarly. L]

With the use of the exponential Bishop topology we can get a contravatiant spectrum
from a covariant one, and vice versa.

Proposition 11.2. (A) Let S(AS) := (A, AT, ¢2~,¢7) € Spec(l, <) and F := (X, F) a
Bishop space.
(i) If S(AS) = F := (o, w7, 03, ¢M7), where M7 := (o, u7) is a contravariant direct
family of sets over (I,<) with uo(i) := Mor(F;, F) and
wi (i, ) = ()\fj)Jr: Mor(Fj, F) — Mor(F;, F),
and if )7 (i) == F; = F and ¢M" (i, 7) := (F; — F,Fj — F, [()\fj)ﬂ*), then S — F s
a contravariant (I,<)-spectrum with Bishop spaces (F; — F)icr and Bishop morphisms
-\<
(5 ape<ay
(ii) If F = S(N<) := (v, 5, 00", oM7), where N= := (vy,v7) is a direct family of sets
over (I,=) with vy(i) := Mor(F, F;) and
v (i,7) = ()\fj)_: Mor(F, F;) — Mor(F, F;),
and if )" (i) := F — F; and ¢ (i,j) := (F — F;, F = F,[(A3)7]), then F — S~
is a covariant (I,<)-spectrum with Bishop spaces (F — F;)ier and Bishop morphisms
<\—
(()‘ij) )(m’)epﬁf)-
(B) Let S(A7) := ()\O,AT,gb{)W,gb’lW) be a contravariant (I, <)-spectrum, and F := (X, F) a
Bishop space.
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(i) If S(A7) — F := (uo, 7, o3, oM7), where M= := (po, pu5) is a direct family of sets
over (I,=<) with po(i) := Mor(F;, F) and

ui (i, §) = ()\Z-)*: Mor(F;, F) — Mor(F;, F),

and if p}17 (i) := F; = F and ¢}'° (i, j) := (F; = F, F; — F,[(\},)*]*), then §7 — F is an
(I, X)-spectrum with Bishop spaces (F; — F)ier and Bishop morphisms ((A;)+)(i,j)€D<(I)'
(ii) If F = S(N7) := (v, v, 00, ¢N"), where N7 := (vp, ) is a contravariant direct
family of sets over (I,<) with vy(i) :== Mor(F,F;) and

v7(i,7) = ()\;)_: Mor(F, Fj) — Mor(F, F;),

and if $)7 (i) := F — F; and ¥ (i,7) := (F — F;,F — Fj, [()‘;)_]*)7 then F — S= s

a contravariant (I,<)-spectrum with Bishop spaces (F — F;)icr and Bishop morphisms
<\—

(A9 pen<ay

Proof. We prove only the case (A)(i) and for the other cases we work similarly. It suffices to
show that if 1 < 7 < k, then the following diagram commutes

Mor(F;, F)

e T

Mor(F}, F) <—+M0r(]:k,]:)
(A5k)
If ¢ € Mor(Fy, F), then (A7) T [(A5) 7 (0)] = (A3) T[p 0 A5 ) = (0 A5) 0 AT = g0 (A 0
A =0 = (A3) (9). n

Similarly to the \/-lifting of the product topology, if S(A7) := (Ao, AT, 08 ¢A>) is a
contravariant direct spectrum over (I, <) with Bishop spaces (F; = (Xo(i), \/Fol))l cp» then

f€Fu;
H F;, = \/ fo 71'2{\?).
el el

Theorem 11.3 (Duality principle). Let S(AS) := (Ao, ], &% ¥ oMY € spec(I, <) with
Bishop spaces (F;)icr and Bishop morphisms ()‘f)(zg)eDﬂI If F .= (X, F) is a Bishop
space and S(AS) — F = (uo, u7, d! ,qﬁfﬁ) is the contravariant direct spectrum over (I, <)
defined in Proposition 11.2 (A)(i), then

LLm(]—"i — F) ~ [(Liﬁm}}) — F.
Proof. First we determine the topologies involved in the required Bishop isomorphism. By

definition and by the above remark on the \/-lifting of the []”-topology we have that

geF;,—F

le(]: — F) <Hu0 \/ goﬂ-f(Aﬁ)H]-')’

i€l i€l
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feF
F,—» F:= \/ P, 5
€M (7)
gEFR;—F z€Xo (1), fEF <
< S(AN)—F
\/ goﬂ_f ~>.7:: \/ (;Sm’foﬂi( )*) )
il el
Ll)m‘E = <Ll>m)\0 (Z), \/ eqlof@>’
eerEIFi
fer
(Ll)mﬁ) - f = <MOI‘(LL>m~F.’L7 f)? \/ ¢eq16\< (i7$)7f>’

AS . . )
eqly (1,.’1:)€Li)rn/\0 (2)

¢ (h) == (f o h)(eqly™ (i,))

<
eql)} " (i), f

] ) hEMor(Lmei,f)
LLmAO(z) - X

fN erF

R.
If H € [[7z; Mor(F;, F), let the operation 6(H) : Li_}m)\o(i) ~ X defined by
0(H)(eql) ™ (i,x)) := Hi(x); eql} (i,z) e LimAo (i)-
We show that 6(H) is a function. If
eqléﬁ (4, @) =vimrg(9) eqltj)ﬁ (j:y) © ner(ind <k & A5 (2) =00 )\jk;(y))a
we show that 6(H) (eqlf)ﬁ (i,2)) :== H;(z) =x Hj(y) = Q(H)(eqloA< (4,y)). By the equalities
H;, = ()\fk)Jr(Hk) = Hjo )\fk and H; = ()\fk)Jr(Hk) = Hj o0 /\fk we get
Hilw) = (Hy o 33) () = Hu(VL(0)) =x He(\w)) = (Hio A% (0) = Hi ().

Next we show that 0(H) € Mor(Lim7;, F) :¢ Ve r(fob(H) e LLmFi). If f € F, then the

dependent operation © : \._; F;, defined by O; := f o H;, for every i € I

i€l

. HieMor(F;,F)
Ao(7)

_—
fN

is in [T, Fi i, if i < j, then ©; = (A)"(0;) = ©j0A7, since ©; := foH; = fo(Hjo\S) =

(f o Hj) o A} := ©j 0 Ajj. Hence fo6(H) :=eqlyfe € LimF;, since
—

ferF

O+ >

[fo Q(H)](eqlf)\< (z,:c)) = f(Hl($)) = (f o H;)(z) = fo(i,x) := eqlyfe (eqlf)ﬁ (z,m))
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Consequently, the operation 6: [[7z; Mor(F;, F) ~» Mor(Li_)m]-"i,f ), defined by the rule
H — 0(H), is well-defined. Next we show that 6 is an embedding.

O(H) = 0(K) &V < (0(H)(eqly " (i,2)) = 0(K)(eqlyg<(i,)))
0 (e)€limxg
1= Vier (Hi(z) =x Ki(z))
= H=K.
Next we show that 6 € Mor(L{i_m(.E- — F), (Li)m]-}) — F) ie.,

fer

v < of e \/ oT
eqlo (1 r)EleAO( i) fGF qbeqlé\ (i,z),f ¢$7f

S(A‘)H}')
i€l,xeN(7)

By the equalities
[sbeqlf(i,mj ol)(H):=¢ <  (O(H)):=[fo0(H)](eql)  (i,z)) := f(Hi(x)),

eqlé\ (i,z),f

(b 0 TN H) = by g (Hy) = f(Hi(x)),

we get @< 0f = ¢xf o P2 et ¢ Mor(LimF;, ) ~ [I7e; Mor(F;, ) be
defined by h + ¢(h) := H", where H" : \,.; Mor(F;, F) is defined by H!* := h o eql,, for
every i1 € I

eql; . .
Ao (i) % Ll)m)\o(z)

H! Jh
X.
By Proposition 9.5(i) H; € Mor(F;, F), as a composition of Bishop morphisms. To show
that H" € [],.; Mor(F;, F), let i < j, and by Proposition 9.5(ii) we get H' := hoeql, = ho
(equo)\fj) = (hoequ)o)\fj = Hjo)\< Moreover, §(H},) := h, since 6(Hy) (e 1A\ (i,2)) =
H;(z) := (hoeql;(x) := h(eqlf)ﬁ (i,2)). Clearly, ¢ is a function. Moreover HOH) .= H as,
for every ¢ € I we have that (Hf(H))(a:) = (0(H)oeql,)(z) :=60(H )(eqlf)ﬁ(z, z)) := H;(z).
Finally we show that ¢ € Mor((LLm]—}) — F, Lim(F; — F)) if and only if

fer
VierVzexo )V fer (%,f °op € \V Peqra= (i,x),f)'

eqlf)\s (i,w)GLLm)\o (4)

If h e Mor(LLmE,f), then
[fog 0w A7) 0 9] (h) = (g 0w AT (HP) 1= gy (HD)
=t dup(hoeql;) == f[(hoeqly)(@)] = (f o h)(eqly™ (i,2)) = d, as(;p (W) O

With respect to the possible dual to the previous theorem i.e., the 1s0morphlsm Lim(F; —
—
F) ~ [(LimF;) — F], what we can show is the following proposition.
H
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Proposition 11.4. Let S(A7) := (Ao, AT, ¢} 7, &MY be in Spec(I, =) with Bishop spaces
(Fi)ier and Bishop morphisms ()‘;‘)(i,j)eDﬂI)- If F := (X, F) is a Bishop space and

S(A7) = F := (po, 13, 93 . ¢{W<) is the (I, %)-directed spectrum defined in Proposition 11.2
(B)(i), there is a function ~: Li_{n[Mor(}'i,]:)] — Mor(L(i_mfi,f) such that the following
hold:

(i) ~ € Mor(Lim(]—"i — F), (Lim}"i) — F).

(il) If for every j € J and every y € Xo(j) there is ©, € [[7z; Mo(i) such that O,(j) =x,i) ¥,
then ~ is an embedding of LLm[Mor(fz,F)] into Mor(Lgn]—},]—")

Proof. We proceed similarly to the proof of Theorem 11.3. []
Theorem 11.5. Let S(A7) = (o, A7, $d ,qﬁA ) be in Spec(I, =) with Bishop spaces
(Fi)ier and Bishop morphisms (A\3) jyep<n- If F = (X, F) is a Bishop space and
F = S(A7) == (vo,v], qbg,gb{W) is the contravariant direct spectrum over (I,<), defined in
Proposition 11.2 (B)(ii), then
Lim(F — F;) ~ [F — LimF;].
— —

Proof. First we determine the topologies involved in the required Bishop isomorphism:

geEF—F; o
le(}" — Fi) <1_IMOr (F, Fi), \/ go 7T]:_>S(A )>v
icl el
gEF—F; fer;
> F—S(A7
\/ gori™ = \/  gpom
icl i€l,xE€No0(4)
= feF; S(AF
el el
gELmei
F = LimF; := <Mor(f, LimF3), \V qu,g),
rzeX

\/ ¢z,g - \/ <Z> ,fo7rS<A )

zeX zeX,iel
If H € [[z; Mor(F, F;), and if i < j, then H; = v7;(Hj) = (A7) (Hj) = A

=LY

o Hj

H; .
X — Xo(j)

o).

Let the operation e(H) : X ~ [[7z; Ao(i), defined by z — [e (H)]( ), where [[e(H)](az)L =
H;(z), for every i € I. First we show that le(H)|(z) € Zel Xo(7). If i < j, then
[[e(H)](z)], := Hi(z) = (/\;.on)( x) = )\;( (2)) == k([ ] ). Next we show that
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e(H) is a function. If z =x @/, then Vier (H;(x) = Hi(z")) & Yier([[e(H)](2)], =0
[[e(H)](2")],) == [e(H)](x) =17 00 [e(H)](«"). By the \/-lifting of morphisms e(H) €

Mor(F, L(i_m]-"i) & VierVer, ((for; S(A7) ) oe(H) € F). Since [(fowiS(Ak)) oe(H)](z) == (fo

N ([e(H))(2)) = f(Hi(x)) = (foH;)(x), we get (for? ™ )oe(H) := foH; € F, since

f € F, and H; € Mor(F, F;). Hence, the operation e : []7z; Mor(F, F;) ~» Mor(F, LLm]-",-),
(H

defined by the rule H — e(H), is well-defined. Next we show that e is an embedding. If
H,K €[]z, Mor(F,F;), then

o(H) = e(K) 1 Vaex (|o(ED) (@) =, ()] (@)
o VaexVier (Hi(z) =5, Ki(x))
1 VieVoex (Hi(z) =50 Ki(w))
1 Vier (Hi =vionz,7;) Ki)
= H = K.

1‘[/ Mor(F,F;)

)
)

By the \/-lifting of morphisms we show that

e € Mor(Lim(F — F), F = LimF;)  VicrVjer, (¢ . samo€€c Lim(F — F))

z,for;

(¢ saF) © 6)(H) =¢

z, form; x, for;

W gOb O sinm) O € = Gup O 77 SO ¢ Lim(F — F). Let ¢: Mor(F,LimF;) ~

- Mor(]—" .7-") defined by the rule ,u> — H*, where for every p : X — [[7Z; Xo(i) €
Mor(F, L(l_m]-'z) ie., VierVer, ((f o 77@' A7 ) o€ F), let

H*: \ Mor(F,F;), [Huli: X = Xo(i), H'(z):=[u(x)l; =zeX icl
i€l
First we show that H! € Mor(F,F;) 1< Vyiep (f H!' € ) If f € F;, and z € X, then
[foH! () :f(HZM) —f( ): [( S(A>)o ]( Le., foH! := (fowf(Aﬂ)o,uEF,
as u € Mor(F, L(i_m]-"l) Slnce w(x) € [T Ao(d), [p(2)] = )f :([u(@)])), for every i,j € I
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such that i < j. To show that H" € []7z; Mor(F, F;), let i < j. Then
H}' = X\, o HY & Veex (H[ () =50 [N} 0 HY ()
1o Vaex ([1(2))i =500 [N ([1(2)];)),

which holds by the previous remark on pu(z). It is immediate to show that ¢ is a function.
To show that ¢ € Mor ([F — LimF;], Lim(F — F;)), we show that
— —

fEF;
F—S(A7
VierVrer Veer(i ( [bogom " epe \/ ¢ s<A>>>
x, form
reX i€l

[bag om] 7S] 0 6] (1) i= [gug o] 75O (1)

Moreover, ¢p(e(H)) := H, as HG(H)( ) :=[e(H)(2)]; == ( ), and e(¢p(p)) = u, as
e(H") = o Vaex ([e(HM))(@) =g 5 ) #(2))
1 VaexVier (Hf () =50 [1(2));)
& Vaex Vier ([1(2)]i =00 [1(2)]:)- u
With respect to the possible dual to the previous theorem i.e., the isomorphism Li_}m(]-" —

Fi) ~ (F — LimJF;), what we can show is the following proposition.
ﬁ

Proposition 11.6. Let S(AS) := (Ao, AT, ¢h ,¢A<) € Spec(I, <) with Bishop spaces
(Fi)ier and Bishop morphisms ()\ﬁ)( Hep=y- If F = (X,F) is a Bishop space and
F = S(AY) = (yo,yf,qﬁ ,¢N<) is the (I, <)-direct spectrum defined in Proposition 11.2
(A)(ii), there is a map Li)m[Mor( , Fi)] = Mor(F, Lgn]:) with ~ € Mor((Lgn(.F —

Fi), F — LimF;).
—

Proof. We proceed similarly to the proof of Theorem 11.5. []

12. CONCLUDING REMARKS

In this paper we tried to show how some fundamental notions of Bishop Set Theory, a
“completion” of Bishop’s theory of sets that underlies Bishop-style constructive mathematics
BISH, can be applied to the constructive topology of Bishop spaces, and especially in the
theory of limits of Bishop spaces. For that we defined the notion of a direct family of sets,
and by associating to such a family of sets a family of Bishop spaces the notions of a direct
and contravariant direct spectrum of Bishop spaces emerged. The definition of sum Bishop
topology (Definition 7.5) on the corresponding direct sum shows the harmonious relation
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between the notion of Bishop set and that of Bishop space. In the subsequent sections we
proved constructively the translation of all fundamental results in the theory of limits of
topological spaces into the theory of Bishop spaces.

All notions of families of sets studied here have their generalised counterpart i.e., we can
define generalised I-families of sets, or generalised families of sets over a directed set (I, <),
where more than one transport maps from Ao(7) to Ag(j) are permitted (see [35], section
3.9). The corresponding notions of generalised spectra of Bishop spaces and their limits can
be studied, and all major results of the previous sections are expected to be extended to the
case of generalised spectra of Bishop spaces. In [35], section 6.9, we introduce the notion of
a direct spectrum of Bishop subspaces. As in the case of set-indexed families of subsets, the
main properties of the direct spectra of Bishop subspaces are determined internally.

We hope to examine interesting applications of the theory of spectra of Bishop spaces
in future work.
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