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ABSTRACT. We present pumping lemmas for five classes of functions definable by fragments
of weighted automata over the min-plus semiring, the max-plus semiring and the semiring
of natural numbers. As a corollary we show that the hierarchy of functions definable by
unambiguous, finitely-ambiguous, polynomially-ambiguous weighted automata, and the full
class of weighted automata is strict for the min-plus and max-plus semirings.

1. INTRODUCTION

Weighted automata (WA for short) are a quantitative extension of finite state automata used
to compute functions over words. They have been extensively studied since Schiitzenberger’s
early works [Sch61], see also [DKV09]. In particular, decidability questions [Kro92, ABK11],
model extensions [DGO7|, logical characterisations [DG07, KR13|, and various applica-
tions [Moh97, CIK93| have been thoroughly investigated in recent years.

The class of functions computed by WA enjoys several equivalent representations in
terms of automata and logics. Alur et al. introduced the model of cost register automata
(CRA for short) [ADD*13, AR13|, an alternative model to compute functions over words
inspired by programming paradigms, that recently received a lot of attention [MR, MR19,
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DRT16, ACMP18|. It was proved that the linear fragment of CRA is equally expressive to
WA. Regarding logics, Droste and Gastin introduced in [DGO07| the so-called Weighted Logic
(WL), a natural extension of monadic second order logics (MSO) from the boolean semiring
to a commutative semiring. It was shown in [DGO7] that a natural syntactic restriction of WL
is equally expressive to WA, giving the first logical characterisation of WA (see also [KR13]).

The decidability and complexity of various decision problems for WA have also been
investigated, unfortunately often with negative results, such as for the equivalence prob-
lem [Kro92, ABK11|. Another basic question, the decidability of the determinisation prob-
lem for WA, is still open. For this reason, research has focused on various fragments
of WA over different semirings. For example, over a one-letter alphabet, where WA are
equivalent to linear recurrences, some new decidability results were recently shown for lim-
ited fragments [OW14a, OW14b, ABM*20|. Further restrictions of WA involve bounding
their numbers of runs. Among them, the most studied classes are unambiguous automata,
finitely-ambiguous automata, and polynomially-ambiguous automata, where the numbers of
accepting runs are bounded by one, a constant, a polynomial in the size of input, respec-
tively [Web94, KLMPO04, KL09|. These subclasses of WA turned out to be robust, enjoying
equivalent characterisations in terms of cost register automata [ADD'13] and weighted
logics [KR13].

Although functions defined by WA and subclasses thereof have been studied in terms
of representations and decidability, not much is known about expressibility issues. Indeed,
we are not aware of any general techniques to show if a function is definable or not by
some WA, or any of its subclasses. Results related to the expressiveness of WA usually
require sophisticated arguments for each particular function [KLMP04, MR| and there is
no clear path to generalise these techniques. For some semirings strict inclusions between
unambiguous, finitely-ambiguous, polynomially-ambiguous, and the full class of WA are “well-
known” to the community, but it is hard to find references to formal proofs (see related work
below). In contrast, for regular languages or first-order logics there exist elegant and powerful
techniques for showing inexpressibility, as for example, the Myhill-Nerode congruence for
regular languages [HU79] or Ehrenfeucht-Fraissé games [Fra84, Ehr61, Lib13| and aperiodic
congruences for first-order logic [Sch65]. One would like to have similar techniques in the
quantitative world that simplify inexpressibility arguments for WA, CRA or WL. Such
techniques would help to understand the inner structure of these functions and unveil their
limits of expressibility.

In this paper, we embark in the work of building an expressibility toolbox for weighted
automata. We present five pumping lemmas, each of them for a different class or subclass of
functions defined by WA over the min-plus semiring, the max-plus semiring or the semiring of
natural numbers. For each pumping lemma we show examples of functions that do not satisfy
the lemma, giving very short inexpressibility proofs. Our results do not attempt to fully
characterise the class or subclasses of weighted automata in terms of pumping properties, nor
to provide conditions that can be verified by a computer. Our goal is to devise a systematic
way to reason about expressibility of weighted automata and to provide simple arguments to
show that functions do not belong to a given class.

Related work. In [Kir08], it is shown that over the min-plus semiring polynomially-
ambiguous automata are strictly more expressive than finitely-ambiguous automata. In [KLMP04|
strict inclusions between unambiguous automata, finitely-ambiguous automata, and the full
class of WA are shown over the max-plus semiring. Using results from [CKMT16| one
can deduce that unambiguous automata are strictly included in the other classes over the
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min-plus and max-plus semirings. More recently, [DG19| studied aperiodic WA over arbitrary
weights, relating fragments of aperiodic WA with various degrees of ambiguity, and providing
separating examples over the min-plus, max-plus and the natural semiring. In all these papers
the strict inclusions are shown by analysing particular functions. Gathering these results
we obtain strict inclusions between unambiguous automata, finitely-ambiguous automata,
and the full class of WA over the min-plus semiring. However, to our knowledge, there is
no reference for a strict inclusion between polynomially-ambiguous automata and the full
class of WA. There is some work on the semiring of rational numbers with the usual sum
and product [MR19, BFLM20|. In these papers the polynomially-ambiguous fragment over
the one-letter alphabet is characterised in terms of a fragment of linear recurrence sequences.
Both papers provide proofs that polynomially-ambiguous weighted automata are strictly
contained in the full class of weighted automata over the semiring of rationals.

Differences with the conference version. Compared to [MR18|, we present new pumping
lemmas for the max-plus semiring (Section 6) regarding finitely ambiguous and polynomially
ambiguous max-plus automata. As a corollary we obtain a strict hierarchy of functions
similar to the one for min-plus automata.

Organization. In Section 2 we introduce weighted automata and some basic definitions.
In Section 3 and Section 4 we present pumping lemmas for weighted automata over the
semiring of natural numbers and its extension using the operation min. In Section 5 we
show the pumping lemma for polynomially-ambiguous automata over the min-plus semiring,
then we turn to the max-plus semiring in Section 6. Concluding remarks can be found in
Section 7.

2. PRELIMINARIES

In this section, we recall the definitions of weighted automata. We start with the definitions
that are standard in this area. A monoid M = (M, ®,1) is a set M with an associative
operation ® and a neutral element 1. Standard examples of monoids are: the set of words
>* with concatenation and empty word; or the set of matrices with multiplication and
the identity matrix. A semiring is a structure S = (5,®,®,0,1), where (S,®,0) is a
commutative monoid, (5,®,1) is a monoid, multiplication distributes over addition, and
0©®s=s5®0=0 for each s € §. If the multiplication is commutative, we say that S is
commutative. In this paper, we always assume that S is commutative. We usually denote S
or M by the name of the semiring or monoid S or M. We are interested mostly in the tropical
semirings: the min-plus semiring (N U {400}, min, +, +00,0) and the maz-plus semiring
(NU {—o0}, max, +, —00,0). We are also interested in the semiring of natural numbers with
infinity (NU {oo},+,-,0,1), where oo +n = oo for every n € NU {oco} and oo - n = oo if
n # 0 and 0 otherwise. We denote the tropical semirings by Npin + and Npax +; and the
latter semiring by Ny .. Note that N4  is an extension of the standard semiring of natural
numbers N and all our results for N4 « also hold for N. We use the extended version of N to
transfer some results from N4 » to Nmin 4+ and Npax + (see Section 3 and Section 4). Notice
that in N4 « we did not put a sign in front of co. For the semiring structure, this is not
relevant. However, some statements in Section 3 and Section 4 will assume that the semiring
is given with an order. Then one should think that the results hold both when co = +o00
and when co = —o0.

Given a finite set Q, we denote by S@*Q (S) the set of square matrices (vectors resp.)
over S indexed by Q. The algebra induced by S over S*? and S¥ is defined as usual.
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We also consider two finite semirings that will be useful during proofs. We consider
the boolean semiring B = ({0,1},V,A,0,1) and the extended boolean semiring B, =
({0,1,00},V,A,0,1) such that co Vn = oo for every n € {0,1,00}, co A0 = 0, and
oo An = oo if n € {1,00}. These finite semirings will be used as abstractions of Npin +,
Nmax,+ and N4 ».

2.1. Weighted automata. Fix a finite alphabet ¥ and a commutative semiring S. A
weighted automaton (WA for short) over ¥ and S is a tuple A = (Q, 3, { My }aes, [, F') where
@ is a finite set of states, { M, }qsex is a set of matrices such that M, € S@XQ and I, F € S9
are the initial and the final vectors, respectively [Sak09, DKV09]. We say that a state ¢ is
initial if I(q) # 0 and accepting if F'(q) # 0. We say that (p,a, s, q) is a transition, where
My(p,q) = s and we write p a/s q. Furthermore, we say that a run p of A over a word
W= ai...an is a sequence of transitions: p = g 3! g 2452 ... /3 ¢ where s; # O for all
1 <i<nandI(q) #0. We refer to ¢; as the i-th state of the run p. The run p is accepting if
F(gn) # 0, and the weight of an accepting run p is defined by |p| = I(go) ® (Oi; i) © F(qn).
We define Run4(w) as the set of all accepting runs of A over w. Finally, the output of A
over a word w is defined by [AJ(w) =I"- My, -... - M,, - F = @D perun 4 (w) | Where It is
the transpose of I and the sum is equal to 0 if Run4(w) is empty. For a word w = ay ... an,
by M,, we denote My, -...- M, , so that [A](w) = I'- M,, - F. Note that M, (p,q) provides
the cost of moving from state p to state ¢ reading the word w. Functions defined by weighted
automata are called recognisable functions.

In this paper, we study the specification of functions from words to values, namely, from
>* to S. We say that a function f : 3* — S is definable by a weighted automaton A if
f(w) = [A](w) for all w € X*.

A weighted automaton A is called unambiguous (U-WA) if |Rung(w)| < 1 for every
w € ¥ and A is called finitely-ambiguous (FA-WA) if there exists a uniform bound N
such that | Rung(w)| < N for every w € ¥* [Web94, KLMPO04]. Furthermore, A is called
polynomially-ambiguous (PA-WA) if the function | Run 4(w)| is bounded by a polynomial
in the length of w [KL09]. We call the classes of functions definable by such automata
unambiguously recognisable, finite-ambiguously recognisable and polynomial-ambiguously
recognisable.

Note that every unambiguous WA over Npin 4+ and Npay + can be defined by a WA
over the semiring N , (recall that oo is in N4 ). Indeed, let A be an unambiguous WA
over Nmin 4+ (0r Nmax +). We define two copies of A: A; and A such that all previously
non-0 transitions between the states inside each copy have weights 1. The initial vector is
inherited from A in the copy A; and defined as 0 for states in As. Conversely, the final
vector is inherited from A in the copy A2 and defined as 0 for states in .A;. Finally, for every
transition (p,a, s, q) in A we add a transition (p1,a, s, g2), where p; is the copy of p in A
and ¢ is the copy of ¢ in As. Since A is unambiguous it is easy to see that the construction
works for words w such that A(w) # oo. Let L be the language of the remaining words.
Then for w € L the new automaton outputs 0 instead of co. Since L is regular it suffices to
take a union with another weighted automaton over N , that outputs co for w € L and 0
for w & L.

Therefore, the class of unambiguously recognisable functions over Npin,+ (and Npmax +)
is included in the class of recognisable functions over N4 . The inclusions are strict since
recognisable functions over Nyin 4+ (and Npax +) are always bounded by a linear function in
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a/0 a/l a/l a/0
b/0  a/l b/1 a1 b/0 b/l
(Pb/oé O "/lé @ & -0
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Figure 1: Examples of weighted automata. For WA over Ny, 4 the initial and accepting
states are labelled by 0 in the corresponding vector, and oo otherwise. Similarly, for
WA over Ny « the initial and accepting states are labelled by 1 in the corresponding
vector, and 0 otherwise; except for the initial state labeled oo.

the size of the word, and it is easy to define the function f(w) = 2/*! over N4 x. Below, we
give several examples of functions defined by WA over N1 « and Npi, + that will be used
in paper. Recall that in the latter semiring 0 = co and ® = +. Transitions p =5 a/s
s = 0, are omitted.

q, where

Example 2.1. Let ¥ = {a,b}. Consider the function f; that for given word w € ¥* outputs
the length of the biggest suffix of a’s (and oo for the empty word). This is defined by the
WA W; over Npin 4+ in Figure 1. One can easily check that W, is unambiguous, hence f is
an unambiguously recognisable function over Ny +. In Figure 1, the WA Wy over Ny «
also defines f7.

Example 2.2. Let ¥ = {a,b}. Consider the function fy that for a given word w € X*
outputs min{|w|,, |w|p}, namely, counts the number of each letter and returns the minimum.
This is defined by the WA Ws in Figure 1. The WA W, is finitely-ambiguous, hence fs is a

finite-ambiguously recognisable function.

Example 2.3. Let ¥ = {a, b}. Consider the function f3 that for a given word w =a; ...a, €
¥* outputs ming<;<p{|ai ... aila + |ait1 ... anlp}. This is defined by the WA Ws in Figure 1.
This WA is polynomially-ambiguous, hence f3 is a polynomial-ambiguously recognisable
function.

Example 2.4. Let ¥ = {a,b}. Consider the function f4 that for a given word w € X*
computes the shortest subword of b’s (if there is none it outputs +00). This is defined by W,
in Figure 1. The WA is polynomially-ambiguous, hence f4 belongs to polynomially-ambiguous
functions.

Example 2.5. Let ¥ = {a,b,#}. Consider the function f5 such that, for every w € ¥* of
the form wo#Hw1# . .. #wy, with w; € {a,b}*, it computes min{|w;|q, |w;|p} for each subword
w; and then it sums these values over all subwords wj, that is, f5(w) = >_7"  min{|w;la, |wi]s}.
This function is defined by the WA Wjs in Figure 1. Given that this WA has an exponential
number of runs, the function f5 is a recognisable function, but not necessarily a polynomial-
ambiguously recognisable function.
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We will also discuss variants of the functions fi, fo, f3, f4 and f5 in the max-plus
semiring in Section 6.

We assume that our weighted automata are always trim, namely, all their states are
reachable from some initial state (accessible in short) and they can reach some final state
(co-accessible in short). Verifying if a state is accessible or co-accessible is reduced to a
reachability test in the transition graph [Pap93| and this can be done in NLOGSPACE. Thus,
we can assume without loss of generality that all our automata are trimmed.

2.2. Finite monoids and idempotents. We say that a monoid is finite if the set of its
elements is finite. Let M = (M, ®, 1) be a finite monoid. We say that + € M is an idempotent
if t ® © = ¢. The following lemma is a standard result for finite monoids and idempotents
(see e.g. [Pinl0]).

Lemma 2.6. Let M be a finite monoid. There exists some N > 0 such that every sequence
mi,..., My, with m; € M and n > N, can be factorised as:

(m1®...®mi)®(mi+1®...®mj)®(mj+1...®mn),

where i < j <n and (Miy1 ® ... ®m;) is an idempotent.

We will mainly use two finite monoids of matrices, B*? and BL*?. We define ab-
stractions, i.e. homomorphisms of Ngfna to B@XQ, Ng:ﬁi to BY*¥ and Ngyxe to B ?.
They are obtained from the homomorphisms defined on elements of the matrices, namely
hi : Nmin+ — B, ho : Npax + — B, and hg : Nj x — By, by setting hi(m) = 0 iff m = +o0;
ha(m) = 0 iff m = —o0; h3(0) = 0, hz(oco) = oo, and h3(m) =1 if m # 0,00. For matrices

M, € N@X@ My e N@XC  op M3 e NE,XXQ we denote by My = hy (M), My = ho(Ms), or

- min,+’ max,+
Mz = h3(M3) their abstractions in B9*® or BL*?. By abuse of language we say that a
NQXQ NQXQ NC_gXQ

,X

min.++ Nmax+ OT is idempotent, if its abstraction M is idempotent.

matrix M from

3. RECOGNISABLE FUNCTIONS OVER N «

In this section we consider recognisable functions over N4 . As a corollary of the pumping
lemma we show that FA-WA are strictly more expressive than U-WA over Ny, + and
Nmax,+ (Example 3.2 and beginning of Section 6). Moreover, this shows that there are
finite-ambiguously recognisable functions over Nyin + and Npax + that cannot be defined by
any recognisable function over N .

We introduce some notation to simplify the presentation. Given u-v - -w = 4 -0 - W,
where w, v, w, 4,0, € X*, we say that 4 -0 - w is a refinement of u - v - w if there exist v/, w’
such that u-v' =4, w' -w=w, v -0 -w = v, and © # ¢. We underline the infixes v and ©
to emphasise the refined part.

Theorem 3.1 (Pumping Lemma for recognisable functions over N ). Let f : ¥* — NU{oo}
be a recognisable function over Ny x. There exists N such that for all words of the form
u-v-w € X" with |v| > N, v # €, there exists a refinement -0 -w of u-v-w such that one
of the following two conditions holds:

o f(u-0'-w) = f(i- 0" ) for everyi > N.
o f(a-9"-w) < f(a-9" ) for everyi > N.

Before going into the details of the proof let us show how to use the lemma.
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Example 3.2. We show that f> from Example 2.2 is not definable by any WA over N, .
Indeed, suppose it is definable and fix N from Theorem 3.1. Consider the word w = a¥ +1)2pN
and notice that fo(w) = N. By refining w we get 4-0-w = a(N+1)2b”bﬂbl for some n, m, [ such
that 1 <m < N and n+m+1 = N. Since n+m-N+I < n+m-(N+1)+1 < (N+1)? it must
be the case that fa(i-9°-10) < fa(a-9"-b) for all i > N. However, fo(i-9°-1) = (N +1)2
for ¢ sufficiently large, which is a contradiction.

Example 3.3. On the other hand, the function f; from Example 2.1 satisfies Theorem 3.1.
Consider a word u - v - w € X* and its refinement ¢ - v - w. If w or ¢ contain b then

f(a-9° @) = f(a-0" @) because the suffix of a’s remains the same. Otherwise,

fla-9"-w) < f(a-0" - W) since the suffix of a’s increases when pumping. Moreover, it is
straightforward to generalise this argument and prove Theorem 3.1 for all U-WA over Ny 4.

To prove Theorem 3.1 we use the following definitions. For a matrix M € NETXQ recall
that M is its homomorphic image in BYLX@ (see Section 2.2). We write that M and N in
NE’XXQ are equivalent, denoted M =g_ N, iff M = N. We also extend the homomorphic
image and equivalence relation from matrices to vectors. We say that D € NE’XXQ is an

idempotent if D is an idempotent in the finite monoid BOQOXQ.

Lemma 3.4. If M =g_ N, then 27 - M -y > 0 if and only if 7 - N -y > 0 for every
T N&
Yy ENT .

Proof. Suppose that 27 - M -y > 0. By definition 27 - M -y = Zpyq x(p) - M(p,q) - y(q).
Then there exist p,q € @ such that x(p) - M (p,q) - y(¢) > 0 and, in particular, M (p,q) > 0.
Given that M =g_ N we conclude N(p,q) > 0 and z(p) - N(p, q) - y(q¢) > 0, which proves
T N -y >0. [

Proof of Theorem 3.1. Let A = (Q,%,{Mg}aex, I, F) be a WA over Ny  such that f = [A].
Without loss of generality, we assume that I(q) # oo and M,(p, q) # oo for every p,q € Q
and a € ¥, namely, co can only appear in the final vector F. Indeed, if co is used in I or
some M,, we can construct two weighted automata A’, A such that A’ is the same as A
but each oo-initial state or each oco-transition is replaced with 0, and A outputs oo if there
exists some run in A that outputs co and 0 otherwise. Note that A’ has no co-transition or
oo-initial state and A% can be constructed in such a way that only the final vector contains
oo-values. The disjoint union of A" and A is equivalent to A.

Let N = max{|Q|, K} where K is the constant from Lemma 2.6 for the finite monoid
BOQOXQ. For every word u - v -w € ¥* such that v =ay ...a, with n > N, consider the output
IT .M, M, -M,-F of Aover u-v-w. By Lemma 2.6, there exists a factorisation of the
form:

My = (Mg oo My,) - (Mayyy - Ma) - (May,y o Ma,)

for some i < j where M, ,,. .q; is an idempotent (i.e., My,,,..q; is an idempotent). We
define the refinement @ -0 - of w-v - w such that & = u - (a1...a;), ¥ = aj1...a4,
and W = (aj41...an) - w. Furthermore, define ol =17 Mya,. 0y, D = Mo,y ..a

Y= Ma,;. anw-F. Note that f(a- o' -b) = 27 - D'y for every i > 0 and D is an idempotent

and

(i.e., D is an idempotent). It remains to show the following lemma.
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Lemma 3.5. For every idempotent D € NE,XXQ
contain co-values, one of the conditions holds:
zl Dy = 2T . DLy for everyi >|Q|, or (3.1)

2T Doy < 2T - Doy for every i > |Q). (3.2)

and x,y € Ngx where D and x do not

We start showing that Lemma 3.5 holds when y = e, for some p € @, where e,(q) =1 if
q = p and 0 otherwise. Note that z = ZpGQ z(p) - ep for every vector z.

We say that p is D-stable (or just stable) if D(p,p) > 0. Note that if p is stable, then
Di(p,p) > 0 for every i > 0 (recall that D is idempotent). Furthermore, D - e, = e, + z for

some z € Ngx. Suppose that p is stable and D - e, = e, + z for some vector z. Then for
1> 0:
ol - Dl e, = 21 .Di.(e,+2) = 2T -Di-e,+27 D 2

Given that D is idempotent and D* =g_ D, by Lemma 3.4 we have that 27 - D?. 2 > 0 if, and
only if, 27-D-z > 0. Therefore, if z7-D-z > 0, we get that JUT-Di-ep < o7 pitl -ep for every
i > 0, in particular, for every i > |Q|. Otherwise, 27Dz = 0and 27 -D?-¢, = 2T - D! ¢,
for every i > 0, in particular, for every i > |@Q].

Consider the relation <p CQ x @ such that p <p ¢ if p=q or D(p,q) > 0. Let P C Q
be the set of all non-stable states in D. One can easily check that <p restricted to P forms a
partial order, namely, that <p is reflexive, antisymmetric, and transitive. Indeed, transitivity
holds because D is idempotent. To prove antisymmetry, note that for every non-stable states
p and q, if p <p ¢, ¢ <p p and p # ¢ hold, then D(p,p) > 0. This is a contradiction since p
is non-stable.

Since =<p is a partial order, we prove the lemma for y = e, by induction over <p.
Formally, we strengthen the inductive hypothesis such that conditions (3.1) and (3.2) hold
for every i > Ny, where N, = [{¢' € P | ¢ <p ¢}| (notice that N, < |Q] for every ¢). The
base case is for N, = 1, which means that p is stable. For the inductive case suppose that
N, > 1. Then

2T DF e, = 2T Di(er-eq +...Fer-eq) = c(al - Diieg)+...tep(al - Diey)

for pairwise different states qi,. .., gy and positive values ci,..., ¢, € N such that g; is either
stable or g; <p p. Thus all states qi,. .., g satisfy our inductive hypothesis.

Consider the partition of q1, ..., g into sets C— and C such that C— and C. satisfy
condition (3.1) and (3.2), respectively. If C« = (), then for every ¢ > N,, we have:

e Dt e, = (@l D' ey) 4. (@l - Dl ey
= ¢zl D7 ey) . (@t - DT ey,)
= 27 .Dl e, (3.3)

Note that &' - D? - €q; = 2l . D=L eq; holds by the inductive hypothesis and because
Np > N, for every gj. Suppose otherwise, that C< # () and there exists a state ¢; that
satisfies 27 - D' - eq; < 2T . DL eq; for every i > Ny.. Then it is straightforward that
equality (3.3) becomes a strict inequality and condition (3.2) holds.

We have shown that either (3.1) or (3.2) holds for y = e,. It remains to extend this to

any vector y € Ngyx (possibly with oo). Note that

' D"y = y(qr) (" DT eg) + . 4 yla) - (27 - DT ey,)
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for some states ¢i, ..., g such that y(g;) > 0 for every j < k. We consider two cases. First,
if there exists j such that y(q;) = oo and 2 - D* . eq; > 0 for i > N, then 2T D'y =00
for every i > 0. Thus, 7 - D' - y satisfies condition (3.1). Second, suppose that for every
j we have y(gq;j) # oo or zl . D eq; = 0 for i > N. It suffices to consider the case when
y(g;) # oo for all j. Then if some 27 - D ¢, satisfies condition (3.2) we have that 27 - D" -y
satisfies condition (3.2). Conversely, if every «* - D' - ¢, satisfies condition (3.1) we have
that 27 - D' . y satisfies condition (3.1). []

One could try to simplify Theorem 3.1 changing the condition ¢ > N to ¢ > 0. Unfor-
tunately, we do not know if the theorem would remain true. A naive approach would be
to use a generalisation of Lemma 2.6, but intuitively, the behaviour of non-stable states is
problematic. We conclude with the following remarks, straightforward from the proof. We
will use them in Section 4.

Remark 3.6. Changing y to 3/ such that y =g__ 3 does not influence whether condition (3.1)
or condition (3.2) holds in Lemma 3.5 (notice that here we need that the abstractions have
values in B, not in B). Similarly, changing x to 2’ such that x =g_ 2’ does not influence

whether condition (3.1) or (3.2) holds.

Remark 3.7. The constant N and the refinement of w depend only on the finite monoid
BL?. In particular they are independent from the initial and final vectors I and F'.

4. FINITE-MIN RECOGNISABLE FUNCTIONS

In this section we focus on recognisable functions over N  with some min operations allowed.
Formally, we say that f : ¥* — N U {co} is a finite-min recognisable function, if there exist
recognisable functions f1,..., fim, over Ni » such that f(w) = min{fi(w),..., fm(w)}. It
is known that over Npin .+, FA-WA are equivalent to a finite minimum of U-WA [Web94],
hence the functions defined by FA-WA are included in the class of finite-min recognisable
functions. As a corollary of the pumping lemma in this section we show that PA-WA are
strictly more expressive than FA-WA over Np,in + (Example 4.2 and Example 4.3).

We start by introducing some notation. Generalising the notation used in the previous
section, we define for n > 0 an n-pumping representation for a word w € ¥* as a factorisation
of the form

W=1Ug- VUL V2 ... Up—1 " Up " Unp,
where w = ug - v1 - uy - v2 - ... Uy - Uy and v # € for all k. A refinement of an n-pumping
representation for w is given by

/ / / /
W= Uy Y1 UL Y2 Uy g Yn o Upy,

if v = @k - Yp - 2k, U = 2k - Uk - Thg1; Where zg = xpy = € and yy, # € for every k. Let
S C{1,...,n} such that S # (). Let y; be a factor of the refined n-pumping representation
of w. By yx(S, ) we denote the word i if k € S and y, otherwise. By w(S,7) we denote the
word

w=ug - y1(S,0) - ul - y2(S,9) - up_q - Yn(S,9) - u,.
In other words, in w(S,7) we pump i times each factor yi, for all k£ € S. Note that the
pumping always refers to the refinement of the n-pumping representation.
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Theorem 4.1 (Pumping Lemma for finite-min recognisable functions). Let f : ¥* —
N U {oo} be a finite-min recognisable function. There exists N such that for every n-pumping
representation

W= Uy VLU V2. Up—1 " Up - Up,

where |v;| > N for all i, there exists a refinement
o / / /
W=Ug YU Y2 Uy g Y Uy,

such that for every sequence of non-empty, pairwise different subsets Si,...,Sr C {1,...,n}
with k > N one of the following holds:

o there exists j such that f(w(S;,7)) < f(w(S;,i+ 1)) for all but finitely many i;
o there exist j1 # jo such that f( w(Sj, USj,,1)) = f(w(Sj, USj,, i+ 1)) for all but finitely

many 1.
Before proving Theorem 4.1, we show how to use it with two examples.

Example 4.2. We show that f3 from Example 2.3 is not definable by finite-min recognisable
functions. Indeed, fix N from Theorem 4.1 and consider the n-pumping representation

= (bY - a™)N. We index each pumping factor with a pair (s, j), where j < N denotes
the block bN N and s € {1,2} denotes the factor in the block. First, notice that f3(w) =
N-(N-1) because runs minimising the value for W5 change the state after reading the
last b in one of the blocks. We define the sets S; = {(1,7),(2,7)} for j € {1,...,N}. Clearly
f3(w(S},4)) = f3(w) for all j and i, because the run minimising the value changes the state
after the last b in the j-th block. On the other hand f3(w(S;, US},,1)) < f3(w(Sj,US},,i4+1))
for all # and j; # jo. Hence f3 does not satisfy the pumping lemma for finite-min recognisable
functions.

Example 4.3. We show that f4 from Example 2.4 is not definable by finite-min recognisable
functions Indeed, fix N from Theorem 4.1. Consider the N-pumping representation

= (bYa)N. Then by definition f4(w) = N. In the refinement all pumping parts will be of
the form o™ for 1 <n < N. We define the sets S; = {1,...,N}\{j} forall1 <i < N. Clearly
fa(w(S;,4)) = N for all j and i. On the other hand fa(w (SjIUSjwi)) < fa(w(S;,US},,i41))
for all i and j1 # ja2. Hence f4 does not satisfy the pumping lemma for finite-min recognisable
functions.

Proof of Theorem 4.1. Let f1,..., fm be recognisable functions over N4 y such that f(w) =
min{ fi(w), ..., fm(w)} for every w. Furthermore, consider A; = (Q;, X, {M; o}acx, I;, F})
the corresponding WA for f;. Let Q = Uj Qj (we assume that Qq,...,Q,, are pairwise
disjoint) and consider the set of matrices {U, }q.ex where U, € NgXXQ such that U, (p, q) =
M; o(p, q) whenever p,q € @Q; and 0 otherwise. Then f;(w) = (I]'-)t - Uy - Fj for every j
and w € X* where [ j’ and F]’ are the extensions of I; and F}; from @); into @ such that
Ii(q) = Ij(q) and Fj(q) = Fj(q) whenever ¢ € @; and 0 otherwise. Notice that {U,}eex

synchronise the behaviour of f1,..., f;, in a single set of matrices and project the output of
fj with I7 and F]. Let N = max{K,m + 1} such that K is the constant from Lemma 2.6
applied to BOQOXQ.

Let w = ug UL UL V2 .. Up—1"Un Unp- be an n-pumping representation as in the statement
of the theorem. For every 7 we apply Theorem 3.1 to u<; - v; - t>;, where u<; = ug-vi-...u;—1

and t>; = U; - Vip1 - ... Up, and {U, }aex (recall that the refinement of u<; - v; - t>; depends
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only on {Ug}eeyx, and not on the initial or final vector, see Remark 3.7). As in the proof of
Theorem 3.1 we obtain a refinement

/ / / /
W = UYL U Y2 Uy Yn Uy,

where each y; is idempotent w.r.t. {Ug}ees.
Note that the refinement is the same for each function f;. Therefore, we obtain

f](w) = ([JI)tUué -Dll'juih1 DnUu’n FJ/
where all D; = U,, are idempotents.

Lemma 4.4. Let S C {1,...,n} be a non-empty set and fix one function f;. Then
fi(w(S,9)) < fij(w(S,i+ 1)) for every i > N iff there exists k € S such that f;(w({k},7)) <
fi(w({k},i+1)) for everyi > N.

Proof. By definition f;(w(S,4)) = (I})" - Uy - D" ... Uy - Dyr - Uy - F] where s, = i if
k € S and s = 1 otherwise. Since all D; are idempotents then for all k:
(I)" Uy - DYoo DUy =me (1) Uy -Di1- oo Dy - Uy
U, D} - Dy Uy, - Fj =p,, Uy, * Dig1 -« Dy Uy, - F.
Hence, the lemma follows from Remark 3.6. L]

To finish the proof we analyse f(w(S,7)) = min{ fi(w(S,7)),..., fm(w(S,i))}. Consider
a sequence of subsets Si,...,S; with & > N. Suppose there is a set S; such that for
every 1 < j < m, we have f;(w(S;,i)) < fj(w(S;,i+ 1)) for every i > N. In this case,
f(w(S;,4)) < f(w(Sy, i+ 1)) holds for all i > N, so the first condition of the theorem is met.

Suppose otherwise that no such 5; exists. In particular, for every S; there is at least one
Jj such that f;(w({s},7)) = fj(w({s},i+1)) foralli > N and all s € S, hence f;(w(S;,1)) =
fij(w(S;,i+ 1)) for all i > N. For every S; let X; C {1,...,m} be the set of indices j such
that fj(w(S;,4)) = fj(w(S;,i+ 1)) for all i > N. By the above assumptions, every X; is
non-empty. Since k > N > m there exists 1, lo such that X;, N X;, # 0. From Lemma 4.4 it
follows that for i > N it holds: f;(w(S;, US,,1)) = fj(w(S;, USi,,i+1)) for all j € X;, N X5
and fj(w(S;, US,,1)) < fj(w(S, USy,,i+1)) forall j € {1,...,m}\ (X;; NXy,). Hence for i
sufficiently large f(w<Sl1 USZ27i)) = minjEXllﬁXl2 (fj(w(Sll USlzai))) = f(w<Sl1 USZ27i+ 1))7
which concludes the proof. []

5. POLY-AMBIGUOUS RECOGNISABLE FUNCTIONS OVER THE MIN-PLUS SEMIRING

In this section we focus on polynomial-ambiguously recognisable functions over Np,in +. We
expect that there is a wider class of functions, definable like in the previous section, where
Theorem 5.1 holds, but this is left for future work. A consequence of this section is that WA
are strictly more expressive than PA-WA (see Examples 5.2 and 5.3).

We will use in the following the notation of n-pumping representations from Section 4.
A sequence of non-empty sets S1, ..., Sy, over {1,...,n} is called a partition if the sets are
pairwise disjoint and their union is {1,...,n}. Furthermore, we say that S C {1,...,n} is a
selection set for Sy,..., Sy if [SNS;| =1 for every i.



7:12 A. CHATTOPADHYAY, F. Mazowiecki, A. MuscHoLL, AND C. RIVEROS Vol. 17:3

Theorem 5.1 (Pumping Lemma for polynomially-ambiguous automata). Let f : ¥* —
N U {oo} be a polynomial-ambiguously recognisable function over Nyin 4. There exist N and
a function ¢ : N — N such that for every n-pumping representation:

W=U) VL UL V2" ... Up_]"Up" Up,
where |v;| > N for every i < n, there exists a refinement:
o / / /
W=Ug YL UL Y2 Uy 1 Yn U,

such that for every partition m = S1,..., S, of {1,...,n} with m > p(max;(|S;|)), one of
the following holds:

e there exists j such that f(w(Sj;, z)) f(w(S;j,1+ 1)) for all but finitely many i;
o there exists a selection set S C {1,...,n} for m such that f(w(S,i)) < f(w(S,i+ 1)) for
all but finitely many 1.

Example 5.2. We show that f5 from Example 2.5 is not definable by any PA-WA. Indeed,
let N and ¢ be the constant and the function from Theorem 5.1. Consider the following
2m-pumping representation: w = (ﬂﬂ#)m where m > ¢(2) (here max;(|.S;]) will be equal
to 2). We index the j-th block of a’s with j and the j-th block of b’s with j'. We define the
subsets Si,...,Sn as S; = {j,j'}. Clearly, for all j we have f5(w(S;,)) < fs(w(Sj,7+ 1)).
On the other hand for every selection set S we have f5(w(S,7)) = f5( (S,i+1)). Hence f5
does not satisfy Theorem 5.1.

Example 5.3. The function f5; in Example 2.5 is essentially the function fs from Example 2.2
applied to the subwords between the symbols #, where the outputs are aggregated with
+. In a similar way one can define a min-plus automaton recognising fe(w) = >, fa(w;)
for any w € ¥* of the form wo#wi# ... #w, with w; € {a,b}*, where f; is the function
computing the minimal block of b’s from Example 2.4. We show that fg is not definable by
PA-WA over Np,in 4. Consider the following 2m-pumping representation: w = N -a-BNH)™
where m > ¢(2) (here max;(|S;|) is again 2). As in Example 5.2, we index the first j-th
block of b’s with j and the second j-th block of b’s with j’, and we set S; = {j,j'}, for
1 < j < m. Clearly, for all j we have fs(w(Sj,7)) < fe(w(S;,7+1)). On the other hand
for every selection set S we have fg(w(S,7)) = fe(w(S,7+ 1)). Hence fs does not satisfy
Theorem 5.1 either.

Consider the set of matrices NSHX Q

“, over the min-plus semiring. Recall that here
@ =min, ® =+, 0 =00, 1 = 0, and the product of matrices M, N € N@XCQ is defined by

min,—+
M - N(p,q) = min,(M(p,r) + N(r,q)). Also, recall that for any M € NQXQ we denote by
M the homomorphic image of M into the ﬁnite monoid BY*@ (see Section 2.2). Similar as
in Section 3 and Section 4, we say that D € N@
in the finite monoid B@*€.
The following lemma states a special property of polynomially-ambiguous automata that
we exploit in the proof of Theorem 5.1.

i + is an idempotent if D is an idempotent

Lemma 5.4. Let A= (Q,%,{M,}qex, I, F) be a polynomially-ambiguous weighted automa-
ton over the min-plus semiring. For every idempotent D € {M,, | w € ¥*} and for every
p,q € Q, there exist constants c,d € Nyin + and b € N such that DY (p,q) = c-i +d for all
1> 0.
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Proof. We can view D € B@X? as the adjacency matrix of a graph. Now we show that
the cycles of the directed graph defined by D can be only self-loops. Indeed, assume by
contradiction that there exists a cycle passing through r, s € Q with r # s then D(r,s) =
D(s,7) = D(r,r) = D(s,s) = 1 (because D is an idempotent). Since D € {M,, | w € X*}, it
can be verified that A cannot be polynomially-ambiguous [WS91|. Indeed, let w be the word
such that D = M,,. Then there are at least two different paths from 7 to r» when reading w?.
Hence when reading w?” the number of paths is at least 2. Since all automata considered
in this paper are trimmed the state r is both accessible and co-accessible. Hence for every n
there is a word of length linear in n with at least 2" accepting runs. This is a contradiction
with the assumption that A is polynomially-ambiguous.

We conclude that D forms an acyclic graph with some self-loops and the states in @ can
be ordered as p1,...,pn, such that D(pj,pz-) = +oo for every i < j.

If D(p,q) = +oo then it suffices to take ¢ = d = +o00 since D is an idempotent. Otherwise,

D'(p,q) = min (Zlgkgi D(pjk,l,pjk)), where the minimum is over all sequences (ji)}_,

such that p;; = p, p;, = ¢. Since D(p,q) < +oo we can restrict to sequences such that
D(pj,_,,pj.) < +oc for all k. Let A; be the set of indices such that k € A; if: 0 < k < 4;
D(pj,_,spj,) < +oo; and pj,_, # pj.- Since D is acyclic it follows that [4;] < |Q[. In
particular this means that the number of possible sets A; depends only on |@|, not on i.

Suppose a sequence (ji)i_, is a witness for the value of Di(p,q). Let k ¢ A; such
that 0 < k < i. Then D(pj,,pj.) < D(pj,,p;,) for all 0 < s < 4. Thus we can modify
(ji)i_o into a witness such that for all k ¢ A; such that k& > 0 the states p;, are all
the same. We denote this state p;. Notice that for 7 big enough the value of Di(p,q)
depends mostly on D(p;,p;). Then p; can be only one of the states 7 such that ¢ = D(r,r)
is minimal. In particular ¢ does not depend on i. Let d; = 3 ;4 D(pj,_;,pj,). Then
Di(p,q) =d; +c- (i —|A;|) = d; — ¢+ |A;| + ¢ - i. Therefore for i big enough, denoted i > iy,
this sum is achieved for A; such that d; — ¢+ |A;| is minimal. Since the number of different A;
is bounded we can assume that A; and d; do not depend on i, for ¢ > iy, and denote them A
and d’, respectively.

The lemma follows by fixing ¢ as above, b = |A| + ig, and d = d' + ¢ - ip. (]

Proof of Theorem 5.1. Consider a polynomially-ambiguous WA A = (Q, 3, { M, }4ex, I, F)
over Npin + such that f = [A]. We take for NV the constant from Lemma 2.6 for the finite
monoid B¢*®?. The function ¢ : N — N will be determined later in the proof.

Consider an n-pumping representation w like in the statement of the theorem. By
Lemma 2.6, for every v there exists a factorisation v, = zpyrz; such that M, is an
idempotent and |y;| < N. We denote Dy, = M,, and define:

W= UYL Uy Y2 U g Yn Uy,
such that each word y; is the factor of vy corresponding to the idempotent Dj. In the
remainder of the proof we denote w<p = ug - y1 - ... uj_;. For every S C {1...n} we denote
by w<x (S, ) the word w<j, with all y; pumped ¢ times for all j < k such that j € S.

Recall that Run4(w) is the set of all accepting runs on w, and let p € Runy(w). Every
run induces two states for each 1 < k < n: states preceding and following each word yi. In
the rest of the proof these will be the most important parts of a run. To work with them,
we define the abstraction of p, denoted by p: {1,...,n} = @ x @, such that p(k) = (p,q)

where p and ¢ are the states of p reached after w<j and w<y, - yx, respectively. Similarly, for
S CA{l,...,n},1>1, and p € Rung(w(S,7)) we define p: {1,...,n} — @ x @ such that
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p(k) = (p, q) where p and q are the states of p reached after w<y (S, 1) and w<y (S, 1) - yx (S, 7),
respectively. We denote by Runy4(w) the set of all p with p € Rung(w), and same for
Run4(w(S,4)). Observe that since all Dy, are idempotents, Run 4(w(S,4)) = Run4(w) for
all subsets S and 7 > 1.

The next step is to prove that the cardinality of Run 4(w) is bounded by a polynomial P(-)
depending only on A, namely such that |[Run4(w)| < P(n). Let w’ be the word obtained from
w where each / is replaced with a word v/ of length at most |[B®*?| such that W = W
To see that u! exists suppose that u} = aj ...as and s > [B@*®Q|. By the pigeonhole principle
in the sequence of matrices My, , My, a5, - - Ma,..q, there is a repetition that can be removed
giving a shorter u; such thatM,, = W Then |Rung(w’)| > |Rung(w)|. Recall that
ly;| < N and that N depends only on B€X%. Then by definition |w’| < (N + |B@*?|)- (n+1)
and thus |Runy(w’)| < R((N + [B?XQ|) - (n + 1)), where R is the polynomial bounding
the number of runs in A. Recall that A is polynomially-ambiguous. The claim follows for
P(n) = R((N + [B€[) - (n +1)).

Fix a non-empty set S C {1,...,n} and a run p € Run4(w). For every k € S let b’;, cg

ki
and dllg be the constants from Lemma 5.4 such that DZ§+ [p(k)] = cllg i+ d]g for @ > 0. Since

p is accepting, c]g, dlg < 400. We show that:

(1) [AJ(w(S,7)) = [A](w(S,i+1)) for all sufficiently large 7 iff there exists arun p € Run 4(w)
such that c]pf =0 for every k € S;

(2) [A](w(S,i)) < [A](w(S,i+ 1)) for all sufficiently large i iff for every run p € Runy(w)
there exists k such that c]g > 0.

Since the number of different b'; is bounded we can assume that they are all equal to some
ip by choosing the maximal b’g. Let p € Rung(w(S,i+ 1)) be a run realising the minimum
value for i > ig. Given that Dy is idempotent one can obtain a run p’ € Rung(w(S,17))
such that p° = p by removing one copy of each yi. In particular |p'| < |p|, which proves
[A](w(S,7)) < [A](w(S,i+ 1)). It follows that it suffices to show (1) above.

To prove (1) suppose first that [A](w(S,7)) = [A](w(S,i+ 1)) for all sufficiently large i.
Let p € A(w(S,i+ 1)) and p’ € A(w(S,i)) be the previous runs realising the minimum on
w(S,i+1) and its shortening, respectively. By Lemma 5.4 DT [5(k)] = c/’§ “(i1+1) —i—d%. If
cg > ( for some k then the inequality [A](w(S,i0+1)) < [A](w(S,ip+i+1)) would be sharp,
which is a contradiction. For the other direction suppose there exists a run p € Run 4(w) such
that c'g = 0 for every k € S. Then for every ¢ > 0 there exists a run p; € Run(w(S,io + 7))
such that |p;| < [p|+ >4 d’g. Since [A](w(S,ip+1)) < [Al(w(S,io+i+1)) < |p|+ Dk d’; it
follows that [A](w(S,io + 1)) = [A](w(S,ip + i+ 1)) for all sufficiently large 1.

Given the previous discussion, let Ry = {p € Run4(w) | clg > 0} for every k € {1,...,n}.
The set Rj, represents the abstractions of the runs over w that will grow when pumping
w({k},7). Then, we can restate (2) as: [A](w(S,7)) < [A](w(S,7+ 1)) for all sufficiently
large i iff (J,cg Rk = Runa(w).

We are now ready to prove the theorem. Fix a partition Si,...,S,, of {1,...,n} for
some m > p(max |S;|) (¢ will be defined below). Suppose the first condition is not true,
namely, for all 1 < j < m there exist arbitrarily big values i such that f(w(S;,1)) #
f(w(S;,i+1)). From (2) it follows that f(w(S;,i)) < f(w(S;,i+ 1)) for all sufficiently large
i and Uk;esj Ry = Rung(w) for every j < m. Let L = max|S;|. We assume that L > 1,
otherwise every selection S contains a whole set S for some k£ and we are done.
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To construct the selection set S = {ki,...,kp} we define by induction the sets G;. For
every j € {1,...,m}let G; = MA(U}>\UZSj Ry, (where ky is undefined, so Gp = Run_4(w)).
Intuitively, G; correspond to runs that are not covered by the set {ki,...,k;}. For the
inductive case, suppose that j > 0 and G; # (. Since UkzeSjH Rr = Rung(w), by the
pigeonhole principle there exist kj1 € Sj41 such that |Ry,, ,NG;| > |G;]/|Sj41]. We add kji
to S and so |Gjy1] < |G} —[G;l/1Sj41] = |Gj]- (155411 =1)/[Sj41] < |G- (L—1)/L. Suppose
this procedure continues until j = m and Gy, # (0. Then 1 < |Runy(w)| - ((L —1)/L)™, and
|[Run4(w)| > (L/(L —1))™. However, we know that [Runy4(w)]| is bounded by a polynomial
function P(n) depending on |A|. Thus, it suffices to choose ¢ such that m > (L) implies
(L/(L —1))™ > P(L-m) > P(n) > [Rung(w))| (recall that Si,..., Sy, is a partition of
{1,...,n} and L -m > n). Therefore, G,, = 0 and thus g R = Runa(w), which
concludes the proof. []

6. PUMPING LEMMAS FOR THE MAX-PLUS SEMIRING

In this section, we consider finitely ambiguous and polynomially ambiguous weighted automata
over the Npax + semiring. Notice that U-WA over Nyax + is the same class of functions as
U-WA over Npin,+ and thus Theorem 3.1 also holds for this class. For this reason, here we
focus on the ambiguous cases, dividing the section into two parts to deal separately with the
finitely ambiguous and polynomially ambiguous cases.

6.1. Pumping Lemma for Finitely Ambiguous Weighted Automata over Ny .
We use the definitions of refinements and n-pumping representations from Section 3 and
Section 4. In order to formulate the pumping lemma for finitely-ambiguous functions over
the Npax,+ semiring, we define a few more notations.

Fix a function f : ¥* — N and a word w € ¥*. Suppose that we have an n-pumping
representation for w, and a refinement thereof. Let {1,...,n} be the set of all indices in the
refinement. We say that a refinement is linear if for every subset S C {1,...,n}, there exists
K such that f(w(S,i+1)) = K + f(w(S, 1)) for all sufficiently large 7. For linear refinements
we let A(S) denote the above value K (note that A depends on f and w, which are fixed).

Furthermore, we say that S C {1,...,n} is decomposable if
A(S) =Y A{D).
JjeS

Theorem 6.1. Let f: X* = N be a finitely ambiguous function over the semiring Nmax .
There exists N € N such that for every n-pumping representation

w:uo-ﬂ'ul-@-...vi-un,
where n > N and and |v;| > N for all i, there exists a linear refinement
W=20 Y1 -T1 Y2 - -Yn " Tn
such that for every sequence of pairwise different, non-empty sets S1,So,...Sk C {1,...,n}
with k > N, one of the following holds:
e there exists j such that S; is not decomposable;
o there exist ji and ja such that {l1,ls} is decomposable for every ly € S;, and ly € Sj,.

Before proving the theorem we show how to use the pumping lemma on two examples.
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Example 6.2. Consider the function gs which computes

org?gxn |CL1 . ai|a + |ai+1 RPN an\b,

for any w = ay ...a, € {a,b}*. This is defined by a small modification of W3 in Figure 1.
The weights of the transitions changing the states is modified to 1 and the semiring is changed
from Npin,+ t0 Npax,+. We show that this function cannot be expressed by any finitely
ambiguous WA over Nyax +. Towards a contradiction fix N from Theorem 6.1 and consider
the (2N + 2)-pumping representation (a’¥+! bV *+1)N+1 In the refinement, we index the j-th
block of a’s with j and the j-th block of b’s with 5. Let x1,...,xn4+1 and y1,...,yn+1 be
the lengths of all blocks of a’s and b’s in the refinement. We define the sets S; = {j, '} for
all 1 < j < N+1. We show that none of the conditions of the pumping lemma hold. First, it
is easy to see that all sets S; are decomposable. Indeed A(S;) = z; +y; = A({j}) + A{j'}).
For the second condition we can assume that jo > j;. Since the function counts a’s before
b’s, the set {7, jo} is not decomposable because A({j1, jo}) = max(y;,,zj,). Thus, any S;,
and S, will not satisfy the second condition either.

Example 6.3. Consider the function g4 which computes the length of longest block of b’s.
This is defined by Wy in Figure 1 if we change the semiring of the automaton from Ny, +
to Nmax,+. We shall show that g4 cannot be expressed by a FA-WA over Npax 4. Towards
a contradiction let N be the constant from Theorem 6.1. Consider the (N + 1)-pumping
representation (bN*1a)V*1. We define the sets S; = {j} for all 1 < j < N + 1. First, each
set is also decomposable for trivial reasons. Second, every index is not decomposable with
any other since the function takes into account the value of at most one block of b’s.

Proof of Theorem 6.1. Let A be the finitely ambiguous WA that computes f. Suppose that
A has ambiguity at most m. Let N = max{K, m + 1} such that K is the constant from
Lemma 2.6 applied to BY*?. Now, consider a word w and an n-pumping representation of
w according to the theorem. Since each v; in the representation has length more than K we
can refine every v; to y; such that every Myj is an idempotent.

We prove that this refinement is linear. Fix S C {1,...,n}. We prove that f(w(S,i+
1)) = K’ + f(w(S,i)) such that K’ does not depend on i for all i big enough. Consider
i > |Q|. Let p be an accepting run over w(S,4). For every j € S let p;o be the state in the
run p before reading y; and p;1,...p;; the states after reading y; the respective amount of
times. Notice that by definition Myj (pjs,Pjs+1) =1 for all s € {0,...,7i —1}. We will need
some observations that follow from the assumption that A is finitely-ambiguous.

First, let 0 < s < s’ < such that p; s = pj . We prove that p; s = p; ¢ for all s < s” <
s'. Since p is an accepting run and M, is idempotent M, (pjs, pjs7) = My, (pjs,pjs) =1
for all s < s” < '. Therefore, if there exists s” such that p; s # p; ¢ then there would be
two different accepting runs from p; s to p; s when reading (y;)? (with p; s or p; ¢ in the
middle). This contradicts the EDA criterion in [WS91] (by pumping (y;)? one could generate
arbitrary many accepting runs).

To state the second property we introduce some notation. We say that (s,s’) is a
maximal cycle in pjo,...,pj; if 0 <s < <14, pjs =pjs and pjs—1 # Pjs, Pjs' 7 Pjs'+1
(the last condition is required for s > 0 and s’ < 7). We prove that there is at most one
maximal cycle in every pjo, ..., pji. Suppose otherwise that there are 0 <s < s <t <t <i
such that (s,s’) and (¢,¢') are maximal cycles. Since p is an accepting run and M, is

idempotent My, (p;s,Pjs) = My, (pjs;pjt) = My, (pjt;pje) = 1. This contradicts the IDA



Vol. 17:3 PUMPING LEMMAS FOR WEIGHTED AUTOMATA 717

criterion in [WS91], i.e. for every k when reading when reading (y;)* there would be at least
k runs from s to t.

We conclude that every run p over w(S,7) has a unique maximal cycle in every block
j€A{1,...,n}. Notice that the number of accepting runs over w(S,i + 1) can only increase
compared to the number of runs over w(.S, i) since every accepting run p over w(S, i) can be
prolonged by increasing the maximal cycle. Recall that A is finitely-ambiguous. Therefore,
for i big enough the number of accepting runs over w(S, ) and w(S, i+ 1) will be always the
same. We denote this number by m.

Let p1,..., pm be all accepting runs over w(S,i). Let wt[ps] denote the weight of the
run ps for 1 < s <m, ie. f(w(S,i)) = max(wt(p1),...,wt(pm)). For every j € {1,...,n}
and [ € {1,...,m} we denote by wt(p;[j]) the weight M, (p,p), where p is the state defining
the corresponding maximal cycle. Note that by construction, each p;[j] is a cycle. Then

F(S,i+1) = _max wi(pn) + Y whnli
et €S

Therefore this refinement is linear, where A(S) = maxje(y, . m} D _ieq Wt pou[i].

We say that a cycle p[j] is dominant if wt(py[j]) < wt(p[j]) for all I’. The rest of the
proof involves reasoning about the dominant cycles. First we make a simple observation.
Suppose p;[j] is dominant, then wt(p;[j]) = A({j}). We make one more observation.

Claim 6.4. Assume that we have a linear refinement and S C {1,...,n} is a subset of
indices of the refinement. Then S is decomposable if and only if there exists some run p such
that for all j € S, p[j] is dominant.

Proof. Assume first that S is decomposable, and consider some run p such that . wt(p[;])
is maximal among all runs on w. We claim that p[j] is dominant for all j € S. Assume
this is not the case. Notice that the value computed by the automaton increases by
> jes Wt(plj]) when S is pumped in p. By the choice of p and the fact that the refinement
is linear, we have that A(S) = >_..¢ wt(p[j]). By assumption we know that there is some
j* € S such that p is not dominant for 5%, so wt(p[j*]) < A({7*}). But this means that
A(S) =2 cs Wt(pli]) < Xojes A({J}), which is a contradiction to S being decomposable.
For the reverse implication, consider a run p such that p[j] is dominant for all j € S. In
particular, » ..o Wt(p[j]) > > cq Wt(p'[j]) for any other run p’. This means that when the
set S is pumped, the value computed by the automaton increases by ..o wt(p[j]), which
also happens to be } g A({j}) since the cycles in consideration are dominant. [ |
To conclude we show that if the first condition of the pumping lemma does not hold
then the second condition must hold. Indeed, suppose that all sets are decomposable. Then
by Claim 6.4 for every set S; there is some run p;; in which all the cycles corresponding
to S; are dominant. But since there are more sets than runs, there must be some j; # j2
such that I;, = [;,, namely, two sets which have the same corresponding runs. However, by
Claim 6.4 this means that {k;, k2} is decomposable for every ki € S;, and kp € Sj,. []

6.2. Pumping Lemma for Polynomially Ambiguous Weighted Automata over
Nmax,+- In this section, we will re-use the definition of linear refinement and decomposability
from the previous section. We will also re-use the definition of selection set from Section 5.
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Theorem 6.5. Let f : ¥X* — N be a polynomial-ambiguously recognisable function over
Nmax,+. There exist N and a function ¢ : N — N such that for all n-pumping representations

W=Uy VL UL V2" ...Up—1 " Up * Un,
where |v;| > N for every 1 < i < n, there exists a linear refinement
o / / /

such that for every partition m = S1,S2,...Sm of {1,...,n} with m > p(max;(|S;|)) one of
the following holds:

o there exists j such that Sj is decomposable;
o there exists a selection set S for m such that S is not decomposable.

Before proving this lemma, we show how to use it on examples.

Example 6.6. Consider the function g5 such that, for any w of the form wo#Hw1# . .. #wy,
with w; € {a,b}* it computes gs(w) = > I max{|ws|q, |wi|p}. This is defined by W5 in
Figure 1 if we change the semiring of the automaton to Npax,+. We show that gs cannot
be expressed by a PA-WA. Assume the contrary and let N and ¢ be the constant and
the function from Theorem 6.5. Let m be a number larger than ¢(2). We consider the
refinements of the pumping representation (a’¥ b¥#)™. In the refinement, we refer to the
j-th block of a’s as j and to the j-th block of b’s as j'. We define the sets in the partition as
S;={J,j'} for all 1 < j <m. It is clear from the definition of the function gs that no set
S} is decomposable, since only one of the blocks j and j is relevant for the outer sum. Now,
consider any selection set S. Since any two elements of S belong to different blocks of the
word separated by #’s, S is a decomposable set of indices. Therefore, the function g5 is not
polynomially ambiguous over Npax .

Example 6.7. Consider the function gg that given a word of the form wo#Hwi# ... #w,
with w; € {a,b}* computes gg(w) = > i g3(w;), where g3 from Example 6.2. We show
now that gs cannot be expressed as a PA-WA over Np,ax 4. Assume the contrary and let NV
and ¢ be the constant and the function from the lemma above. Let m be a number larger
than ¢(2). We consider the refinements of the pumping representation (b™ a’¥#)™. Like in
Example 6.6 in the refinement we refer to the j-th block of d’s as j and to the j-th block of
a’s as j'. Let z; and y; be the lengths of the block of b’s and the block of a’s, respectively.
We define the sets in the partition as S; = {j,7'} for all 1 < j < m. Every set S; is not
decomposable since A(S;) = max(x;,y;). Consider any selection set S of 7. It is easy to see
that S is decomposable given that all elements belong to different blocks. We conclude that
ge cannot be defined by PA-WA over Npax +-

Proof of Theorem 6.5. The first part of the proof is the same as in the proof of Theorem 5.1
which only depends on the (polynomial) ambiguity of the automaton, and not on the
semiring. We will use the same same notation for the refinement (yx)x and in particular, all
Dy, = M,, are idempotents. We will also use the notation Run 4(w) of abstractions of runs
and the notation p: {1,...,n} = @ x Q. Finally recall from the proof of Theorem 5.1 that
|Runy4(w)| < P(n) for some polynomial P(-).

We will also reuse Lemma 5.4, but over the Npax + semiring. One can easily check
that this lemma continues to hold over the max-plus semiring. The difference is that then

¢,d € Npax,+. Therefore, for every k € S let b’;(k) ck(k) and d];(k) be the constants from

TP
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Lemma 5.4 such that:

b TNy Sk
D [p(k)] = cpgry - @+ dpy

for ¢ > 0. Since p is accepting, we have cé(k), dg(k) # —o0.

First, we argue that the refinement defined by (yg)r is linear. Fix a non-empty set
S C{1,...,n}. Forp € Rung(w)letcz = >, cq c];(k). Recall that every run in Run 4 (w(S, 1))
has some abstraction in Run4(w) and A outputs the maximal value among all runs. It
follows by considering i big enough that A(S) = max{c; | p € Run4(w)}.

Let k € {1,...,n}. We say that p € Rung(w) is k-dominant if c];(k) > cg(k) for every
& € Runy(w). Given k € {1,...,n} we define Ry = {p € Runy(w) | p is not k-dominant}.

Claim 6.8. Assume that we have a linear refinement and S C {1,...,n} is a subset of
indices of the refinement. Then S is decomposable if and only if there exists p such that for
all j € S, p[j] is j-dominant.

Proof. Follows the same steps as the proof of Claim 6.4. |
By Claim 6.8, S is not decomposable if and only if | J;cg Ry = Run_4(w).

We are ready to prove the theorem. Fix a partition Sy, ..., Sy, for some m > ¢(max; |5;|).
Suppose the first condition is not true, namely, for every j, the set S; is not decomposable. Let
L = max; |S;]. Since no set S is decomposable we know that L > 1. By the observations in
the previous paragraph it suffices to construct a selection set S such that  J;g Ry = Run_4(w),
which will imply that S is not decomposable.

The remaining part of the proof follows the same steps as the last part in the proof
of Theorem 5.1. To construct the selection set S = {ki,...,ky,} we define by induction
the sets G;. For every j € {1,...,m} let G; = Runa(w) \ Ui<; Ry, (where ky is undefined,

so that Go = Rung(w)). Intuitively, G; correspond to runs that are not covered by
the set {ki,...,k;}. For the inductive case, suppose that j > 0 and G; # (. Since
U_k:eSHl Rj, = Rung(w), by the pigeonhole principle there exist kji1 € Sj+1 such that
Ry, ., NG5l = |Gjl/|Sj+1]. We add kjpq to S and so |G| < |Gl — [G;/[Sjm] =
|G- (|Sj+1] —1)/|Sj+1| < |Gj|-(L—1)/L. Suppose this procedure continues until j = m and
Gm # 0. Then 1 < [Runy(w))|-((L—1)/L)™, and |Run4(w)| > (L/(L—1))™. However, we
know that |[Run_4(w)]| is bounded by a polynomial function P(n) depending on |A|. Thus, it
suffices to choose ¢ such that m > (L) implies (L/(L—1))™ > P(L-m) > P(n) > |[Run(w)|
(recall that Si,..., Sy, is a partition of {1,...,n} and L-m > n). Therefore, G,, = () and
thus (Jycg Rk = Runa(w), which concludes the proof. []

7. CONCLUSION

We have shown five pumping lemmas for five different classes of functions. We believe that
the pumping lemmas in Section 5 and in Section 6 could be proved for a wider class of
functions that would contain the class Ny », but this is left for future work. As a corollary
of our results, we showed that recognisable functions over Ny, + and Npax + form a strict
hierarchy, namely:

U-WA C FA-WA C PA-WA C WA.
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All strict inclusions, except for PA-WA C WA/ could be extracted from the analysis of
examples in [KLMPO04|. However, our results provide a general machinery to prove such

results.
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