Logical Methods in Computer Science
Vol. 7 (3:13) 2011, pp. 1-38 Submitted Nov. 8, 2010
www.Imcs-online.org Published Sep. 8, 2011

COMPOSITION WITH TARGET CONSTRAINTS*

MARCELO ARENAS“, RONALD FAGIN®, AND ALAN NASH*©

¢ Pontificia Universidad Catdlica de Chile
e-mail address: marenasQing.puc.cl

® IBM Research-Almaden
e-mail address: fagin@almaden.ibm.com

¢ Aleph One LLC

ABSTRACT. It is known that the composition of schema mappings, each specified by
source-to-target tgds (st-tgds), can be specified by a second-order tgd (SO tgd). We
consider the question of what happens when target constraints are allowed. Specifically,
we consider the question of specifying the composition of standard schema mappings (those
specified by st-tgds, target egds, and a weakly acyclic set of target tgds). We show that
SO tgds, even with the assistance of arbitrary source constraints and target constraints,
cannot specify in general the composition of two standard schema mappings. Therefore,
we introduce source-to-target second-order dependencies (st-SO dependencies), which are
similar to SO tgds, but allow equations in the conclusion. We show that st-SO dependen-
cies (along with target egds and target tgds) are sufficient to express the composition of
every finite sequence of standard schema mappings, and further, every st-SO dependency
specifies such a composition. In addition to this expressive power, we show that st-SO
dependencies enjoy other desirable properties. In particular, they have a polynomial-time
chase that generates a universal solution. This universal solution can be used to find the
certain answers to unions of conjunctive queries in polynomial time.

It is easy to show that the composition of an arbitrary number of standard schema
mappings is equivalent to the composition of only two standard schema mappings. We
show that surprisingly, the analogous result holds also for schema mappings specified by
just st-tgds (no target constraints). That is, the composition of an arbitrary number of
such schema mappings is equivalent to the composition of only two such schema mappings.
This is proven by showing that every SO tgd is equivalent to an unnested SO tgd (one
where there is no nesting of function symbols). The language of unnested SO tgds is quite
natural, and we show that unnested SO tgds are capable of specifying the composition of
an arbitrary number of schema mappings, each specified by st-tgds. Similarly, we prove
unnesting results for st-SO dependencies, with the same types of consequences.
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1. INTRODUCTION

Schema mappings are high-level specifications that describe the relationship between two
database schemas, a source schema and a target schema. Because of the crucial importance
of schema mappings for data integration and data exchange (see the surveys [35] [36]),
several different operators on schema mappings have been singled out as important objects
of study [9]. One of the most fundamental is the composition operator, which combines
successive schema mappings into a single schema mapping. The composition operator can
play a useful role each time the target of a schema mapping is also the source of another
schema mapping. This scenario occurs, for instance, in schema evolution, where a schema
may undergo several successive changes. It also occurs in extract-transform-load (ETL)
processes in which the output of a transformation may be the input to another [45]. The
composition operator has been studied in depth [23] 39 (411 [42].

One of the most basic questions is: what is the language needed to express the compo-
sition of schema mappings? For example, if the schema mapping M5 is an st-tgd mapping,
that is, a mapping specified by a finite set of the widely-studied source-to-target tuple-
generating dependencies (st-tgds), and the schema mapping Mo is also an st-tgd mapping,
is the composition Mi5 0 Mas also an st-tgd mapping? Fagin et al. [23] showed that sur-
prisingly, the answer is “No.” In fact, they showed that it is necessary to pass to existential
second-order logic to express this composition in general. Specifically, they defined a class
of dependencies, which they call second-order tgds (SO tgds), which are source-to-target,
with existentially-quantified function symbols, and they showed that this is the “language
of composition”. That is, they showed that the composition of any number of st-tgd map-
pings can be specified by an SO tgd. They also showed that every SO tgd specifies the
composition of a finite number of st-tgd mappings. Thus, SO tgds are exactly the right
language.

What happens if we allow not only source-to-target constraints, but also target con-
straints? Target constraints are important in practice; examples of important target con-
straints are those that specify the keys of target relations, and referential integrity con-
straints (or inclusion dependencies [10]). This paper is motivated by the question of how
to express the compositions of schema mappings that have target constraints. This ques-
tion was first explored by Nash et al. [42], where an even more general class of constraints
was studied: constraints expressed over the joint source and target schemas without any
restrictions. Here we study a case intermediate between that studied by Fagin et al. in
[23] and that studied by Nash et al. in [42]. Specifically, we study standard schema map-
pings, where the source-to-target constraints are st-tgds, and the target constraints consist
of target equality-generating dependencies (t-egds) and a weakly acyclic set [22] of target
tuple-generating dependencies (t-tgds). Standard schema mappings have a chase that is
guaranteed to terminate in polynomial time. In fact, weak acyclicity was introduced in [22]
in order to provide a fairly general sufficient condition for the chase to terminate in polyno-
mial time (a slightly less general class was introduced in [16], under the name constraints
with stratified witness, for the same purpose).

Standard schema mappings are a natural “sweet spot” between the schema mappings
studied by Fagin et al. [22] (with only source-to-target constraints) and the schema mappings
studied by Nash et al. [42] (with general constraints), for two reasons. The first reason is
the importance of standard schema mappings. Source-to-target tgds are the natural and
common backbone language of data exchange systems [20]. Furthermore, even though the
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notion of weakly acyclic sets of tgds was introduced only recently, it has now been studied
extensively [II, 2, 3] 4] [7, 8, [T}, (12} 14} 15| 21] 221 26| 28 29, B0, 51, B3] B34 55] 40, 43
[44]. Among the important special cases of weakly acyclic sets of tgds are sets of full tgds
(those with no existential quantifiers) and acyclic sets of inclusion dependencies [I3], a large
class that is common in practice. The second reason for our interest in standard schema
mappings is that as we shall see, compositions of standard schema mappings have especially
nice properties. Thus, the language of standard schema mappings is expressive enough to
be useful in practice, and yet simple enough to allow nice properties, such as having a
polynomial-time chase.

There are various inexpressibility results in [23] and [42] that show the inability of first-
order logic to express compositions. Thus, each of these results says that there is a pair of
schema mappings that are each specified by simple formulas in first-order logic, but where
the composition cannot be expressed in first-order logic. In this paper, we show that some
compositions cannot be expressed even in certain fragments of second-order logic. First,
we show that SO tgds are not adequate to express the composition of an arbitrary pair of
standard schema mappings. It turns out that this is quite easy to show. But what if we
allow not only SO tgds, but also arbitrary source constraints and target constraints? This
is a more delicate problem. By making use of a notion of locality from [5], we show that
even these are not adequate to express the composition of an arbitrary pair of standard
schema mappings.

Therefore, we introduce a richer class of dependencies, which we call source-to-target
second-order dependencies (st-SO dependencies). This class of dependencies is the source-
to-target restriction of the class SkYCQ™ of dependencies introduced in [42]. Our st-SO
dependencies differ from SO tgds in that st-SO dependencies may have not only relational
atomic formulas R(ti,...,t,) in the conclusions, but also equalities t; = t3. We show
that st-SO dependencies are exactly the right extension of SO tgds for the purpose of
expressing the composition of standard schema mappings. Specifically, we show that (1)
the composition of standard schema mappings can be expressed by an st-SO dependency
(along with target constraints), and (2) every st-SO dependency specifies the composition of
some finite sequence of standard schema mappings. We note that a result analogous to (1),
but for schema mappings that are not necessarily source-to-target, was obtained in [42] by
using their class SkVCQ~ of dependencies. In fact, our proof of (1) is simply a variation of
the proof in [42].

In addition, we show that st-SO dependencies enjoy other desirable properties. In
particular, we show that they have a polynomial-time chase procedure. This chase procedure
is novel, in that it has to keep track of constantly changing values of functions. As usual,
the chase generates not just a solution, but a universal solution [22]. (Recall that a solution
for a source instance I with respect to a schema mapping M is a target instance J where
the pair (I, J) satisfies the constraints of M, and a universal solution is a solution with
a homomorphism to every solution.) The fact that the chase is guaranteed to terminate
(whether in polynomial time or otherwise) implies that if there is a solution for a given source
instance I, then there is a universal solution. The fact that the chase runs in polynomial
time guarantees that there is a polynomial-time algorithm for deciding if there is a solution,
and, if so, for producing a universal solution.

Let ¢ be a query posed against the target schema. The certain answers for ¢ on a source
instance I, with respect to a schema mapping M, are those tuples that appear in the answer
q(J) for every solution J for I. It is shown in [22] that if ¢ is a union of conjunctive queries,
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and J* is a universal solution for I, then the certain answers for ¢ on I can be obtained
by evaluating ¢ on J* and then keeping only those tuples formed entirely of values from
I. Since the chase using an st-SO dependency can be carried out in polynomial time, it
follows that we can obtain a universal solution in polynomial time, and so we can compute
the certain answers to unions of conjunctive queries in polynomial time.

In addition to our results about st-SO dependencies, we also have some results directly
about compositions of schema mappings. It is easy to show that the composition of an
arbitrary number of standard schema mappings is equivalent to the composition of only
two standard schema mappings. We show the surprising result that a similar result holds
also for st-tgd mappings (no target constraints). That is, the composition of an arbitrary
number of st-tgd mappings is equivalent to the composition of only two st-tgd mappings.
This is proven by showing that every SO tgd is equivalent to an unnested SO tgd (one
where there is no nesting of function symbols). We also prove a similar denesting result for
st-SO dependencies. These denesting results are the most difficult results technically in the
paper.

We feel that unnested dependencies are more natural, more readable, and easier to
understand than nested dependencies. They are probably easier to use in practice. For
example, it is easy to see that the “nested mappings” in [25] can be expressed by unnested SO
tgds. We show that unnested SO tgds are also expressive enough to specify the composition
of an arbitrary number of st-tgd mappings. This was not known even for the composition
of two st-tgd mappings. Thus, although it was shown in [23] that each unnested SO tgd
specifies the composition of a pair of st-tgd mappings, the converse was not shown. In
fact, for the composition of two st-tgd mappings, the composition construction in [23] can
produce an SO tgd with nesting depth 2, not 1.

We close by discussing an application of our results. In practice, a composition of
many schema mappings may arise (say, as the result of many steps of schema evolution).
If these are st-tgd mappings, then there are several approaches towards “simplifying” this
composition. One approach is to replace the composition of many st-tgd mappings by
a single schema mapping, specified by an unnested SO tgd. For another approach, we
can remain within the language of st-tgds by replacing the composition of many st-tgd
mappings by the composition of only two st-tgd mappings. A similar comment applies to
the composition of many standard schema mappings.

2. PRELIMINARIES

A schema R is a finite set {Rq,..., Ri} of relation symbols, with each R; having a fixed
arity n; > 0. Let D be a countably infinite domain. An instance I of R assigns to each
relation symbol R; of R a finite n;-ary relation R! C D™. We let Inst(R) be the set
of instances of R. The domain (or active domain) dom(I) of instance I is the set of all
elements that occur in any of the relations RZ-I . We say that R(ai,...,ay) is a fact of I if
(ai,...,a,) € R. We sometimes denote an instance by its set of facts.

As is customary in the data exchange literature, we consider instances with two types
of values: constants and nulls [22]. More precisely, let C and N be infinite and disjoint sets
of constants and nulls, respectively, and take the domain D to be C U N. If we refer to a
schema S as a source schema, then we assume that for every instance I of S, it holds that
dom(7) € C. On the other hand, if we refer to a schema T as a target schema, then for
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every instance J of S, it holds that dom(J) C CUN. The distinction between constants
and nulls is important in the definition of a homomorphism (which we give later).

2.1. Source-to-target and target dependencies. Fix a source schema S and a target
schema T, and assume that S and T do not have predicate symbols in common. Then a
source-to-target tuple-generating dependency (st-tgd) is a first-order sentence of the form:

vz (p(z) — Iy Y(2,9)),
where ¢(Z) is a conjunction of relational atoms over S and (Z,y) is a conjunction of
relational atoms over T. We assume a safety condition, that every member of z actually

appears in a relational atom in ¢(Z). A target equality-generating dependency (t-egd) is a
first-order sentence of the form:

VZ (o(ZT) = u =),

where ¢(Z) is a conjunction of relational atoms over T and u, v are among the variables
mentioned in Z. We again assume the same safety condition. In several of the examples
we give in this paper, we shall make use of special t-egds called key dependencies, which
say that one attribute of a binary relation is a key for that relation (of course, we could
define more general key dependencies if we wanted). The key dependencies we consider are
either of the form R(z,y) A R(x,z) — y = z (which says that the first attribute is a key) or
S(y,x) N S(z,z) = y = z (which says that the second attribute is a key). Finally, a target
tuple-generating dependency (t-tgd) is a first-order sentence of the form:

VZ (p(Z) — Fyp(2,7)),
where both ¢(Z) and (Z,y) are conjunctions of relational atoms over T, and where we
again assume the same safety condition.

The notion of satisfaction of a t-egd a by a target instance J, denoted by J | «, is
defined as the standard notion of satisfaction in first-order logic, and likewise for t-tgds.
For the case of an st-tgd «a, a source instance I and a target instance J, the pair (I,.J) is
said to satisfy «, denoted by (I,J) | «, if the following instance K of S U T satisfies «v in
the standard first-order logic sense. For every relation symbol S € S, relation S¥ is defined
as ST, and for every relation symbol T' € T, relation T is defined as T7. As usual, a set
Y of st-tgds is said to be satisfied by a pair (I, .J), denoted by (I,J) E 3y, if (I,J) E «
for every a € ¥4 (and likewise for a set of t-egds and t-tgds).

2.2. Schema mappings. In general, a schema mapping from a source schema S to a target
schema T is a set of pairs (I, J), where I is an instance of S and J is an instance of T. In
this paper, we restrict our attention to some classes of schema mappings that are specified
in some logical formalisms. We may sometimes refer to two schema mappings with the
same set of (I,.J) pairs as equivalent, to capture the idea that the formulas that specify
them are logically equivalent. A schema mapping M from S to T is said to be an st-tgd
mapping if there exists a finite set Xy of st-tgds such that (I, .J) belongs to M if and only
if (I,J) | X4, for every pair I, J of instances of S and T, respectively. We use notation
M = (S,T,X) to indicate that M is specified by 3. Moreover, a schema mapping M
from S to T is said to be a standard schema mapping if there exists a finite set 3 of st-tgds
and a finite set Y; consisting of a set of t-egds and a weakly acyclic set of t-tgds, such that
(I,J) belongs to M if and only if (I,J) | X4 and J | X4, for every pair I, J of instances
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of S and T, respectively; notation M = (S, T, X, ¥;) is used in this case to indicate that
M is specified by X4 and ;. We occasionally allow a finite set X of source constraints in
some of our schema mappings: we then use the notation M = (S, T, X, Xg, X¢).

To define the widely used notion of weak acyclicity, we need to introduce some termi-
nology. For a set I' of t-tgds over T, define the dependency graph Gr of I' as follows.

e For every relation name T in T of arity n, and for every ¢ € {1,...,n}, include a node
(T,i) in Gr.

e Include an edge (T1,7) — (T»,j) in Gr if there exist a t-tgd VZ(p(Z) — Jy¢(z,y)) in T
and a variable z in Z such that, z occurs in the i-th attribute of 7} in a conjunct of ¢
and in the j-th attribute of T5 in a conjunct of .

e Include a special edge (Th,i) —* (T», j) in Gr if there exist a t-tgd Vz(p(z) — Iy (Z,9))
in I and variables x, y in  and ¥, respectively, such that x occurs in the i-th attribute
of T in a conjunct of ¢ and y occurs in the j-th attribute of T5 in a conjunct of ).

Then set I' of t-tgds is said to be weakly acyclic if its dependency graph Gr has no cycle
through a special edge [22].

Given a schema mapping M, if a pair (I, J) belongs to it, then J is said to be a solution
for I with respect to M. A universal solution [22] for I is a solution with a homomorphism
to every solution for I. A homomorphism from instance J; to instance .J5 is a function h
from CUN to CUN such that (1) for each ¢ in C, we have that h(c) = ¢, and (2) whenever
R(a,...,ay) is a fact of Jy, then R(h(ay),...,h(ay,)) is a fact of Js.

2.3. Second-order dependencies. In this paper, we also consider schema mappings that

are specified by second-order dependencies. In the definition of these dependencies, the

following terminology is used. Given a collection Z of variables and a collection f of function

symbols, a term (based on T and f) with depth of nesting d is defined recursively as follows:

(1) Every member of Z and every 0-ary function symbol (constant symbol) of f is a term
with depth of nesting 0.

(2) If f is a k-ary function symbol in f with & > 1, and if ¢y, ..., #; are terms, with maximum
depth of nesting d — 1, then f(t1,...,t) is a term with depth of nesting d.

Definition 2.1. ([23]) Given a source schema S and a target schema T, a second-order
source-to-target tuple-generating dependency or SO tgd (from S to T) is a second-order
formula of the form

Elf (vjfl(ﬁﬁl — wl) JARERIVAN vj:n(‘ﬂn — wn))a

where
(1) Each member of f is a function symbol.
(2) Each ¢; is a conjunction of
e relational atomic formulas of the form S(y1, ..., yx), where S is a k-ary relation symbol
of S and y1, ..., yx are (not necessarily distinct) variables in Z;, and
e equality atoms of the form ¢t = t/, where t and ¢’ are terms based on Z; and f.
(3) Each 1); is a conjunction of relational atomic formulas of the form T'(t1,...,t,), where

T is an f-ary relation symbol of T and tq, ..., ty are terms based on Z; and f.
(4) Each variable in z; appears in some relational atomic formula of ;. O
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The fourth condition is the safety condition for SO tgds. Note that it is “built into”
SO tgds that they are source-to-target. The depth of nesting of an SO tgd is the maximal
depth of nesting of the terms that appear in it. We say that the SO tgd is unnested if its
depth of nesting is at most 1. Thus, an unnested SO tgd can contain terms like f(z), but
not terms like f(g(z)).

As was noted in [23] [42], there is a subtlety in the semantics of SO tgds, namely, the
semantics of existentially quantified function symbols. In particular, in deciding whether
(I,J) [= o, for an SO tgd o, what should the domain and range of the functions instantiating
the existentially quantified function symbols be? The obvious choice is to let the domain
and range be the active domain of (I,.J), but it is shown in [23] [42] that this does not work
properly. Instead, the solution in [23| 42] is as follows. Let o be an SO tgd from a source
schema S to a target schema T. Then given an instance I of S and an instance J of T,
instance (I, J) is converted into a structure (U;I,J), which is just like (I, J) except that
it has a universe U. The domain and range of the functions in ¢ is then taken to be U.
The universe U is taken to be a countably infinite set that includes dom(I) U dom(J). The
intuition is that the universe contains the active domain along with an infinite set of nulls.
Then (I,J) is said to satisfy o, denoted by (I, J) = o, if (U;I,J) | o under the standard
notion of satisfaction in second-order logic (see, for example, [I8]). It should be noticed
that it is proven in [23] that in the case of SO tgds, instead of taking the universe U to be
infinite, one can take it to be finite and “sufficiently large”, whereas in [42] this is shown to
be insufficient in the presence of unrestricted target constraints.

The class of SO tgds was introduced in [23] to deal with the problem of composing
schema mappings. More specifically, given a schema mapping Mo from a schema S; to
a schema Sy and a schema mapping Moz from Ss to a schema Sj3, the composition of
these two schemas, denoted by M2 0 Ma3, is defined as the schema mapping consisting of
all pairs (I1,I3) of instances for which there exists an instance Iy of So such that (11, I2)
belong to Mjy and (Is, I3) belong to Mas. It was shown in [23] that the composition of
an arbitrary number of st-tgd mappings is specified by an SO tgd, that SO tgds are closed
under composition, and that every SO tgd specifies the composition of a finite number of
st-tgd mappings.

3. A NEGATIVE RESULT: SO TGDS ARE NOT ENOUGH

As pointed out in the previous section, SO tgds were introduced in [23] to deal with the
problem of composing schema mappings. Thus, SO tgds are a natural starting point for the
study of languages for defining the composition of schema mappings with target constraints,
which is the goal of this paper. Unfortunately, it can be easily proved that this language
is not rich enough to be able to specify the composition of some simple schema mappings
with target constraints. We now give an example.

Example 3.1. Let M1s = (S1,S2, X12, X2) and Maog = (Sq, Ss, Xa3), where S; = {P(+,)},
Se = {R(, ")}, S3={T(-,-)} and

Y12 = {P(z,y) = R(z,y)},

Yo = {R(z,y) NR(z,2) =y =z},

Yoz = {R(z,y) = T(z,y)}-
Notice that o consists of a key dependency over Ss.
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Let My3 = M1 0 Msy3. We now show that M3 cannot be specified by an SO tgd
0. Assume that it were; we shall derive a contradiction. If [; is an arbitrary instance of
Si, then there is I3 such that (I1,I3) € Mjs (for example, we could take I3 to be the
result of chasing I; with o as in [23]). However, let I; be the instance of S; such that
P = {(1,2),(1,3)}. Then there is no instance I3 of S3 such that (I1,13) € Mis 0 Mas,
since I; does not have any solutions with respect to Mys. O

From the previous example, we obtain the following proposition.

Proposition 3.1. There exist schema mappings Mis = (S1,S2,¥12,%2) and Moz =
(S2,S3,X93), where X192 and Yoz are sets of st-tgds and Xo is a set of key dependencies,
such that Mo o Mos cannot be specified by an SO tgd.

Proposition [3.1] does not rule out the possibility that the composition of M1y and Mos
can be specified by using an SO tgd together with some source and target constraints. In
fact, if M9 and Moz are as in Example[3.]], then the composition M50 Mos3 can be specified
by a set of st-tgds together with some source constraints: specifically, M1 0 Maog = M3,
where M13 == (Sl, S3, 21, 213) and

1 = {P(z,y) NP(x,z) >y =z},

E13 = {P(‘Tay) — T(.’L’,y)}
A natural question is then whether the language of SO tgds together with source and target
constraints is the right language for defining the composition of schema mappings with

source and target constraints. Unfortunately, the following theorem shows that this is not
the case.

Theorem 3.2. There exist schema mappings Mya = (S1, S22, X12, X2) and Moz = (Sa, S3,
Y93), where Y19 and Yoz are sets of st-tgds and Xy is a set of key dependencies, such that
Mo 0 Mag cannot be specified by any schema mapping of the form (Si,Ss,01,013,03),
where o1 1s an arbitrary source constraint, o13 is an SO tgd, and o3 is an arbitrary target
constraint.

If we view a source constraint as a set of allowed source instances, then when we say
that o7 is an “arbitrary source constraint” in Theorem B2l we mean that o1 allows an
arbitrary set of source instances. A similar comment applies to o3 being an “arbitrary
target constraint”.

To prove this theorem, we use a notion of locality from [5]. Notions of locality [24] 27,
132, B7] have been widely used to prove inexpressibility results for first-order logic (FO) and
some of its extensions. The intuition underlying those notions of locality is that FO cannot
express properties (such as connectivity, cyclicity, etc.) that involve nontrivial recursive
computations. The setting of locality is as follows. The Gaifman graph G(I) of an instance
I of a schema S is the graph whose nodes are the elements of dom(I), and such that there
exists an edge between a and b in G(I) if and only if @ and b belong to the same tuple of a
relation R’, for some R € S. For example, if I is an undirected graph, then G(I) is I itself.
The distance between two elements a and b in [ is considered to be the distance between
them in G(I). Given a € dom([), the instance NI (a), called the d-neighborhood of a in I, is
defined as the restriction of I to the elements at distance at most d from a, with a treated
as a distinguished element (a constant in the vocabulary).
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The notion of neighborhood of a point is used in [5] to introduce a notion of locality
for data transformations. Before we give this definition, we give the standard recursive
definition of the quantifier rank qr(¢) of an FO-formula ¢.

e If  is quantifier-free, then gr(¢) = 0.

° qr(—p) = qr(e)

* qr(p1 A p2) = max{qr(p1), qr(e2)}

o qr(Vop) =1+ qr(e)

Following [5], we write N!(a) =, N1(b) to mean that N!(a) and NZ(b) agree on all FO-
sentences of quantifier rank at most k; that is, for every FO-sentence ¢ of quantifier rank
at most k, we have that N (a) = ¢ if and only if N1(b) |= .

Definition 3.3. ([5]) Given a source schema S and a target schema T, a mapping § : S —
T is locally consistent under FO-equivalence if for every r,£ > 0 there exist d,k > 0 such
that, for every instance I of S and a,b € dom([), if NI(a) =, N1(b), then

(1) a € dom(F (1)) if and only if b € dom(F()), and

2) NFP(a) = NS (). O

For a fixed schema mapping (S, T, X), we denote by Funiy the transformation from
S to T, such that Funiv(/) is the canonical universal solution for I, which is obtained by
doing a naive chase of I with Y.

Proposition 3.4 ([5]). For every st-tgd mapping, the transformation Funiv is locally con-
sistent under FO-equivalence.

The previous proposition can be easily extended to the case of a composition of a finite
number of st-tgd mappings.

Lemma 3.5. Let n > 2. For every i € [1,n — 1], let M; = (Si,Sit1,2ii+1) be a schema
mapping specified by a set X;;41 of st-tgds, and §,,;, be the canonical universal solution
transformation for M;. Assume that § is the transformation from Sy to S,, defined as:

S(Il) = gﬁr}}/((gimv(gimv(ll))))7

for every instance Iy of S1. Then § is locally consistent under FO-equivalence.

Lemma is one of the key components in the proof of Theorem We shall also
utilize the next proposition (Proposition B.6) in the proof of Theorem Proposition
in a generalization of Proposition 7.2 of [19], which says that for the composition of two
st-tgd mappings, the “chase of the chase” is a universal solution.

Proposition 3.6. Let My,..., My be schema mappings, each specified by st-tgds, target
egds, and target tgds. Let M = My o---o0 My, and let I be a source instance for My. Let
U be a result (if it exists) of chasing I with My, then chasing the result with My, ..., and
then chasing the result with My,. Then U is a universal solution for I with respect to M.

Proof. We use a simple trick from the proof of Proposition 7.2 in [19]. Define M’ to be
a schema mapping whose st-tgds consist of the st-tgds of M7, whose target egds consist
of the union of the target egds of My, ..., My, and whose target tgds consist of all of the
st-tgds of Mao,..., M}, along with all of the target tgds of My,..., M. If I be a source
instance for M, and J is a target instance for My, then it is easy to see that J is a solution
for I with respect to M if and only if J is a solution for I with respect to M’. Hence, M
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and M’ are the same schema mapping semantically, in that they consist of the same set of
(I,J) pairs. If I and U are as in the statement of the proposition, then it is easy to see
that U is a result of a chase of I with M’. So from Theorem 3.3 of [22], we have that U is a
universal solution of I with respect to M’. Since M and M’ are the same schema mapping
semantically, it follows that U is a universal solution of I with respect to M. L]

We need to say “if it exists” in the statement of Proposition B.6] since there are two
reasons that a result of the chase may not exist. First, a target egd may try to equate
two constants during a chase. Second, target tgds might force an “infinite chase”. These
problems do not arise for the composition of two st-tgd mappings, the case considered in
Proposition 7.2 of [19].

Proof of Theorem [32 Let Mis = (S1,S2, 212, %2) and Masz = (Sa,S3, X93) be schema
mappings, where:

Sl = {E(a ')7P1(')7Q1(')}7

SQ {PZ()aQQ()vR(7)7S(7)}7

S3 = {V()}v

and
Y12 = {Pi(z) = Pa(w),
Q1(x) — Qa(z),
E(z,y) — 321329323 (R(z,21) A R(y, z2) A S(21,23) A S(22,23))},
22 = {R(‘Tay) A R(‘Taz) — Y=z
S, y) NS(x,2) =y =2,
S(y,x) A S(z,z) =y =z},
Yoz = {P(2) AR(z,2) A R(y,2z) A Qa(y) = V(z)}
First, we show that My o Ms3g cannot be specified by an SO tgd. For the sake of
contradiction, assume that o3 is an SO tgd from S; to S3 and that schema mapping
M3 = (S1,8S3,013) is the composition of Mjs and Mag, that is, (I1,1I3) € Mig 0 Mag if
and only if ([1, Ig) ): g13.
From Theorem 8.2 in [23], we know that every SO tgd specifies the composition of a finite
number of st-tgd mappings. Thus, given that M3 is the composition of M5 and Mog, we

have that there exist schema mappings M} = (S},S,,%,), ..., M) _, = (S, _1,S..,2/,_1.)
such that n > 2, 81 = 81, S], = S3, ¥, is a set of st-tgds for every i € {1,...,n — 1},
and M) o ... o M! | equals the composition of Mjs and Mayg, that is, for every pair

(11,13) S Inst(Sl) X InSt(Sg)Z
(11,13) € MigoMys & (11,13) S Mll 0...0 M;’L—l‘

For every i € {1,...,n — 1}, let . be the canonical solution transformation for M/, and

assume that § : Inst(S1) — Inst(S3) is the transformation defined as
S(Il) = gﬁ;ﬂl]( o (S’ﬁniv(gllmiv(ll))) e )7

for every instance I; of S;. From Lemma [3.5] we have that § is locally consistent under
FO-equivalence. Thus, for » = 1 and ¢ = 1, there exist d, k > 0 such that for every instance
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I of Sy and for every a,b € dom([;), if Nél(a) = Nil(b) then (1) a € dom(§([;)) if and
only if b € dom(F(I1)), and (2) N7 (a) =, NS ().

Define an instance I; of S; with domain {a,ay,...,aq,b,b1,...,bg,c} as follows: PII1 =
{a,b}, Q{l = {c}, and E™* contains the tuples represented by the following figure:
E E E E
a a1 S aq c
E E E
b b1 S ba

Thus, B = {(a,a1), (a1,a2),...,(ag_1,aq), (b,b1), (b1,b2),...,bg_1,bq)}. As shown in the
figure, £t is a union of two paths, one containing d + 2 elements with first element a and
last element ¢, and another one containing d+ 1 elements with first element b. Observe that
N 51 (a) =k N 51 (b) since N, 51 (a) is isomorphic to NV, 51 (b), with a and b treated as distinguished
elements.

Let I3 be the instance of S3 that contains only the tuple a in V (that is, V2 = {a}).
Next we show that I3 is a universal solution for I; with respect to Mis 0 Mo3. A universal
solution for I7 in M9 0.Ms3 can be constructed by first chasing with the set 315 of st-tgds:

Pa) @ az ... a4 ag Qa(c)
Rl R/\R R/ \R R/\R Rl
Py (b) . b . by .. bas . ba

T ded
YA,

(where each element in the figure that is not in dom(I;) is a fresh null value, which is
represented by a symbol e in the figure), then chasing with the set Xy of t-egds:

Ps(a) a1 as ce. Gg—1 aq Q2(c)
R R R R
R R
[ )
i
[ )
P (b) b1 bo R ba_1 by
B R R R R
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and finally chasing with the set o3 of st-tgds. The result of this last step is I3, since
after chasing with Y15 and Yo, we have that P, contains elements a and b, ()2 contains
element ¢, and a, ¢ is the only pair of elements for which there exists an element z such
that Pa(a) A R(a,z) A R(c, z) A Q2(c) holds. We conclude that I3 is a universal solution for
1.

By Proposition B.6, we know that §(I1) is a universal solution for I; with respect to
Mjo---oM! . Hence, §(I1) is a universal solution for I; with respect to My o Mag.
Again by Proposition B.6, we know that I3 is also a universal solution for I; with respect
to Myg 0 Mas. Therefore, since V3 = {a}, we conclude that a € V) and b ¢ VUL,
Hence, we have that a € dom(F (/1)) and b ¢ dom(§F(I1)), which contradicts the fact that §
is locally consistent under FO-equivalence and N, 51 (a) =k N, 51 (b). This concludes the proof
that M1 0 Mog cannot be specified by an SO tgd.

To conclude the proof of the theorem, we need to show that Miy o Moz cannot be
specified by an SO tgd together with some arbitrary source and target constraints. For
the sake of contradiction, assume that schema mapping Mj3 = (S1,S3,71,713,73) equals
the composition of M9 and Mos, where v is an arbitrary source constraint, v;3 is an SO
tgd and 3 is an arbitrary target constraint. Given that Mio o Mog cannot be specified
by an SO tgd, we have that either v is not trivial or ~s is not trivial, where an arbitrary
constraint is said to be trivial if it allows all the possible instances. First assume that ~; is
not trivial, and let I; be an instance of S; such that I; does not satisfy v, (I3 is not allowed
by ~1). Let L be a fresh null value and I an instance of Sy defined as:

P2 = pl,

I
R = {(a,L) | there exists b € dom(I;) such that (a,b) € E™* or (b,a) € EM'},
sto= {(L, L)}

Furthermore, let I3 be an instance of Ss defined as V13 = PQIZ. It is easy to see that
(11,12) ): Yo, I ): Yo and (12,13) ): Y93, which implies that (11,13) € Mg 0 Mos. Thus,
given that Mjs is the composition of Mjs and Mas, we have that (I, I3) € Miz. We
conclude that I satisfies 1, which contradicts our initial assumption.

Now suppose that v3 is not trivial, and let I3 be an instance of Sz such that I3 does not
satisfy v3. Assume that 17, I are the empty instances of S; and So, respectively. It is easy to
see that ([1,[2) ): Y9, I l: Y9 and (IQ, Ig) l: Y03, which implies that ([1, Ig) € Mis0oMaos.
Thus, given that M3 is the composition of Mjs and Mays, we have that (I1,I3) € Mys,
and hence I3 satisfies 3, which contradicts our initial assumption. This concludes the proof
of the theorem. L]

4. SOURCE-TO-TARGET SO DEPENDENCIES

In Section Bl we showed that SO tgds, even with the assistance of arbitrary source con-
straints and arbitrary target constraints, cannot always be used to specify the composition
of mappings with target constraints, even if only key dependencies are allowed as target
constraints of the mappings being composed. In this paper, we define a richer class, called
source-to-target SO dependencies (st-SO dependencies). This class of dependencies is the
source-to-target restriction of the class SkKYCQ™ of dependencies introduced in [42]. We
show that st-SO dependencies (together with appropriate target constraints) are the right
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extension of SO tgds for the purpose of expressing the composition of standard schema
mappings. The definition of st-SO dependencies is exactly like the definition of SO tgds in
Definition 1] except that condition 3 is changed to:

(3) Each v; is a conjunction of
e relational atomic formulas of the form T'(t1,...,t;), where T is an f-ary relation
symbol of T and ¢y, ..., t; are terms based on Z; and f, and
e equality atoms of the form ¢t = t/, where t and ¢’ are terms based on Z; and f.

It is sometimes convenient to rewrite an st-SO dependency 3f (VZ1(p1 — 1) A --- A
VZn(pn — 1)) so that each conclusion v; is either a conjunction of relational atomic
formulas or a single equality of terms (this is possible because we can recursively replace
VZi(p; — (Y} A2)) by Va3 (i — 1) AVZi(p; — 1?) without changing the meaning). Let
® be the result of such a rewriting. If 1; is a conjunction of relational atomic formulas,
then we refer to VZ;(p; — 1;) as an SO tgd part of ®, and if ¢; is an equality ¢ = ¢/, then
we refer to VZ;(p; — ;) as an SO egd part of ®.

We adopt the same convention for the semantics of st-SO dependencies as was given
in Section 2] for SO tgds, by assuming the existence of a countably infinite universe that
includes the active domain. As with SO tgds, it can be shown that the universe can be
taken to be finite but “sufficiently large”.

We shall show that the composition of a finite number of standard schema mappings
can be specified by an st-SO dependency, together with t-egds and a weakly acyclic set of t-
tgds. It is convenient to give these second-order schema mappings a name. To emphasize the
similarity of these second-order schema mappings with the first-order case, we shall refer
to these second-order schema mappings as SO-standard. Thus, an SO-standard schema
mapping is one that is specified by an st-SO dependency, together with t-egds and a weakly
acyclic set of t-tgds.

Note that st-SO dependencies, like SO tgds, are closed under conjunction. That is, the
conjunction of two st-SO dependencies is equivalent to a single st-SO dependency. This is
why we define an SO-standard schema mapping to have only one st-SO dependency, not
several. Note also that every finite set of st-tgds can be expressed with an SO tgd, and so
with an st-SO dependency. In particular, every standard schema mapping is an SO-standard
schema mapping.

5. THE CHASE FOR ST-SO DEPENDENCIES

In [23], the well-known chase process is extended so that it applies to an SO tgd ®. If
we define an SO tgd part of an SO tgd as we did for st-SO dependencies, then the idea
of the chase with SO tgds is that each SO tgd part of ® is treated like a tgd (of course,
the conclusion contains Skolem functions rather than existential quantifiers). In deciding
whether the premise of the SO tgd part is instantiated in the instance being chased, two
terms are treated as equal precisely if they are syntactically identical. So a premise con-
taining the equality atom f(x) = g(y) automatically fails to hold over an instance, and a
premise containing the equality atom f(g(x)) = f(g(y)) automatically fails to hold over an
instance unless the instantiation of x equals the instantiation of y.

In this section, we discuss how the chase can be extended to apply to an st-SO depen-
dency. We note that in [42], a chase procedure for the dependencies studied there (which
are like ours but not necessarily source-to-target) was introduced. However, their chase was
not procedural, in that their chase procedure says to set terms ¢1 and ts to be equal when
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the dependencies logically imply that ¢ = t5. Because of our source-to-target restriction,
we are able to give an explicit, polynomial-time procedure for equating terms.

For clarity, we keep the discussion here informal; it is not hard to convert this into a
formal version. In chasing an instance I with an st-SO dependency ®, we chase first with
all of the SO egd parts of ®, and then we chase with all of the SO tgd parts of ®. We no
longer consider two terms to be equal precisely if they are syntactically identical, since an
SO egd part may force, say, f(0) and g(1) to be equal, even though f(0) and g(1) are not
syntactically identical.

Given a source instance I and an st-SO dependency @, we now describe how to chase
I with the SO egd parts of ®. Let D be the active domain of I (by our assumptions, D
consists of constants only). Let n be the maximal depth of nesting over all terms that
appear in ®. Let f consist of the function symbols that appear in ®. Let T be the set of
terms based on D and f that have depth of nesting at most n. This set T is sometimes
called the Herbrand universe (with respect to D and f) of depth n. It is straightforward
to see (by induction on depth) that the size of T is polynomial in the size of D, for a fixed
choice of ®. We note that if we define 7" to be the subset of T that consists of all terms
t(a), where t(z) is a subterm of ®, and a is the result of replacing members of = by values
in D, then we could work just as well with 7”7 as with T in defining the chase. However,
the proofs are easier to give using T instead of T".

We now define a function F' with domain the members of T'. The values F'(t) are stored
in a table that is updated repeatedly during the chase process. If a is a member of D, then
the initial value of F'(a) is a itself (in fact, the value of F'(a) will never change for members
a of D). If t is a member of T" that is not in D (so that ¢ is of the form f(¢1,...,tx) for some
function symbol f), then F'(¢) is initially taken to be a new null value. As we change F', we
shall maintain the invariant that if f(¢1,...,tz) and f(¢},...,t}) are members of T" where
F(t;) = F(t}), for 1 <1i <k, then F(f(t1,...,tx)) = F(f(t},...,t},)). This is certainly true
initially, since F' is initially one-to-one on members of T

Let N be the set of all of the new null values (the values initially assigned to F'(¢) when
t is not in D). We create an ordering < on D U N, where the members of D are an initial
segment of the ordering <, followed by the members of V.

We now begin chasing I with the SO egd parts of ®, to change the values of F'. Whenever
t is a member of T" such that we replace a current value of F'(t) by a new value during the
chase process, we will always replace the current value of F(¢) by a value that is lower in
the ordering <. If s1(71) = s2(¥2) is an equality in the premise of an SO egd part of @, then
the equality sj(e1) = so(€2) evaluates to “true” where &, and €5 consist of members of D,
precisely if the current value of F'(s1(€1)) equals the current value of F(s2(€2)). Each time
an equality t1(a) = to(b) is forced (because of an SO egd part with conclusion ¢ (%) = t2(¥)),
and the current value of F(t1(a)) does not equal the current value of F(t3(b)) we proceed
as follows. Let ¢; be the smaller of these two values and let ¢y be the larger of these two
values in our ordering <. If ¢ is a constant, then the chase fails and halts. Otherwise, for
every member s of T" where the current value of F(s) is cg, change the value so that the
new value of F(s) is ¢;. Note that under this change, the new value of F'(¢1(a)) and the
new value of F(t2(b)) are the same (namely, c;).

These changes in F' may propagate new changes in F', which we need to make in order to
maintain the invariant. Assume that as a result of our changes in F' so far, there are terms
f(ti,...,tx) and f(t],...,t}) in T where F(t;) = F(t,), for 1 <i <k, but F(f(t1,...,t))
and F(f(t},...,t})) are different. As before, let ¢; be the smaller of these two values and
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let ¢y be the larger of these two values in our ordering <. If ¢ is a constant, then the chase
fails and halts. Otherwise, for every member s of 7" where the current value of F(s) is ca,
change the value so that the new value of F'(s) is ¢;. Note that under this change, the new
value of F(f(t1,...,t;)) and the new value of F(f(t],...,t})) are the same (namely, ¢1).
Continue this process until no more changes occur. It is easy to see that we have maintained
our invariant. Continue chasing with SO egd parts until no more changes occur. Note that
at most as many changes can occur as the size of T', since every time a change occurs, there
are strictly fewer values of F'(t) as t ranges over T. This is the key reason why the chase
runs in polynomial time.

Once F has stabilized, so that no more changes are caused by chasing with the SO egd
parts of ®, then chase I with the SO tgd parts of ®. If s1(y1) = s2(y2) is an equality in
the premise of an SO tgd part of ®, then the equality si(€;) = sa2(€2) evaluates to “true”
where €, and é; consist of members of I, precisely if F(s1(é1)) = F(s2(é2)). These chase
steps produce the target relation J that is taken to be the result of the chase (and we say
that the chase succeeds).

We have the following theorem about the chase process.

Theorem 5.1. Let ® be a fized st-SO dependency. The chase of a ground instance I with
® runs in time polynomial in the size of I. The chase fails precisely if there is no solution
for I with respect to ®. If the chase succeeds, then it produces a universal solution for I
with respect to P.

Proof. We first show that the chase of a ground instance I with ® runs in time polynomial
in the size of I (when ® is held fixed). It is straightforward to show by induction on depth
that the size of T' is polynomial in the size of D. As we noted, during the chase with the
SO egd parts, there are at most as many changes in the current value of F' as the size of
T. So only polynomially many changes occur in the values of F'. For each such change,
there is only a polynomial amount of work: the time needed to chase each SO egd part
and update F if needed along with the time to check the invariant and update F if needed.
Finally, since the SO tgd parts are source-to-target, it follows easily that the final portion
of the chase, that is, chasing with the SO tgd parts, can also be done in polynomial time.
Therefore, the entire chase can be carried out in polynomial time.

Assume for now that there is J such that (I,.J) = ®. If the existentially quantified
function symbols of ® are given by f, then let f° denote the instantiation of f that shows
that (I,J) = ®. For each member ¢ of T, let t° be the value obtained by replacing the
function symbols f by f°. By induction on the steps in the chase process, we can show
that at all points during the chase process, if the current value of F'(t1) equals the current
value of F(t3), then necessarily t) = t9. Thus, whenever we set two values F(t;) and F(t)
equal during the process of chasing with the SO egd parts, we are forced to do so. This is
clear when two values are made equal because of the conclusion of an SO egd part. It is
also true when two values are made equal because of maintaining the invariant, because the
invariant is needed for the functions in f° to be well-defined. For example, assume that f°
and ¢° are unary functions in fO. If f%(a) = b, then necessarily ¢°(f°(a)) = ¢°(b), and this
is reflected by the requirement of the invariant that F(g(f(a)) = F(g(b)). Since the only
time we make two values equal in the table for F' is when we are forced to, it follows that
if the chase process fails for I (because we try to set two constants to be equal), then there
is no solution for I with respect to ®. We now consider the other case, where the chase
succeeds for 1.
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Assume that the chase succeeds for I. Let n be the maximal depth of nesting of
function symbols in ®. Use (the final values of) the table for F' to define our functions f°
on the Herbrand universe of depth n — 1. For example, if a is in the active domain D, and
F(f(a)) = ¢, then let f%(a) = c. Similarly, if @ and b are in D, and F(h(g(a),b)) = d, then
let h%(¢°(a),b) = d. The invariant insures that the functions in f° are well-defined on the
Herbrand universe of depth n — 1 (and the table then gives us the values of all members of
the Herbrand universe of depth n). Our semantics requires the functions in f° to be defined
not just on the Herbrand universe of depth n — 1, but on the entire universe. If f is a k-ary
function symbol in f, and if cy,..., ¢, are values such that fO(ci,...,c;) is not already
determined by the rules we have given, then let fO(ci,...,c;) be arbitrary. The key point
is that ® refers only to terms in the Herbrand universe of depth n, so what happens outside
of the Herbrand universe of depth n is irrelevant, as far as satisfaction of ® is concerned.
The chase with the SO egd parts force equalities among the values of the functions so that
I (together with the choice of the functions) satisfies the SO egd parts of ®. If J is the
result of the chase, then the chase with the SO tgd parts force (I, .J) to satisfy the SO tgd
parts of ®. Hence, J is a solution for I with respect to @, as desired.

It is also clear that if J’ is an arbitrary solution for I with respect to ®, then up to a
replacement (not necessarily one-to-one) of nulls in J by other values (nulls or constants),
every tuple of every relation that appears in J must appear in the corresponding relation
of J' (since tuples are produced in the chase only if needed, and equalities are forced in the
chase only if needed). But this means that there is a homomorphism from J into J’, so J
is a universal solution, as desired. ]

Because there is a polynomial-time chase for st-SO dependencies, there is also a polyno-
mial-time chase for SO-standard schema mappings: first, chase with the st-SO dependency,
and then with the target dependencies. The reason that chasing with the target dependen-
cies requires only polynomial time is that the number of steps in this chase is polynomial,
because of the weak acyclicity assumption (Theorem 3.9 of [22]). We therefore can extend
Theorem Bl to apply to SO-standard schema mappings. We state this in the following
corollary.

Corollary 5.1. Let M be an SO-standard schema mapping. The chase of a ground instance
I with M runs in time polynomial in the size of I. The chase fails precisely if there is no
solution for I with respect to M. If the chase succeeds, then it produces a universal solution
for I with respect to M.

Note that in particular, Corollary [5.0] tells us that there is a polynomial-time algorithm for
determining, given a source instance I, whether there is a solution for I, and if so, producing
a universal solution for I.

As shown in [22], we can use a universal solution to obtain the certain answers to
unions of conjunctive queries in polynomial time. We now recall the definition of the
certain answers. Let M = (S, T, X) be a schema mapping, and let ¢ be a k-ary query
posed against the target schema T. Denote by ¢(J) the result of evaluating ¢ on a target
instance J. If I is a source instance, then the certain answers of q on I with respect to
M, denoted by certainag(q, I), are the k-tuples ¢ such that, for every solution J of I with
respect to M, we have that ¢ € ¢(J). It should be noticed that if a source instance [
does not have any solution with respect to the mapping M, then certainp(q,I) = D*
(recall that D is the countably infinite domain from which the entries of tuples are taken),
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as every k-tuple trivially satisfies the previous condition. In this case, we use the special
symbol T to indicate that every k-tuple belongs to certainag(q,I), that is, we say that
certainag(q, I) = T. If U is a universal solution for I with respect to M, and ¢ is a union
of conjunctive queries, then it is shown in [22] that certainp(q,I) equals ¢(U);, which is
the result of evaluating ¢ on U and then keeping only those tuples formed entirely of values
from I (that is, tuples that do not contain nulls). The equality certaina(q,I) = q(U),
holds for arbitrarily specified schema mappings M (as long as such a universal solution U
exists). Corollary 5.1l therefore has the following corollary, which is analogous to the same
corollary in [23] for mappings specified by SO tgds.

Corollary 5.2. Let M be an SO-standard schema mapping. Let ¢ be a union of conjunc-
tive queries over the target schema T. Then for every ground instance I over S, the set
certainag(q, I) can be computed in polynomial time (in the size of T).

Proof. Assume that the arity of query ¢ is k, where k& > 0. Then the polynomial-time
algorithm to compute certainag(q, I) works as follows. It first checks (using the polynomial-
time algorithm of Corollary [5.1]) whether I has a solution with respect to M. If not, then
certainpg(q,I) = D*, and the algorithm returns symbol T to indicate that every tuple with
k elements belongs to certainag(q, I). Otherwise I has at least one solution with respect to
M, and the algorithm computes a universal solution U for I as in Corollary b1l and then
it returns ¢(U); (recall that, as discussed above, certaina (g, 1) = q(U))). U]

6. A PoOSITIVE RESULT: SO-STANDARD SCHEMA MAPPINGS ARE THE NEEDED CLASS

In this section, we show that SO-standard schema mappings (those specified by an st-SO
dependency, along with target constraints consisting of t-egds and a weakly acyclic set of
t-tgds) exactly correspond to the composition of standard schema mappings.

6.1. Using SO-standard schema mappings to define compositions. Before we show
that the composition of an arbitrary number of standard schema mappings is equivalent to
an SO-standard schema mapping, we first show that target constraints are needed (that is,
st-SO dependencies by themselves are not enough). In fact, the next proposition says that
st-SO dependencies, without target constraints, are not capable of specifying even schema
mappings specified by st-tgds and a set of key dependencies.

Proposition 6.1. There exists a schema mapping Mis = (S1,S2, X12, X2), where X153 is a
set of st-tgds and Yo is a set of key dependencies, such that Mio cannot be specified by an
st-SO dependency.

As we shall see, we get an easy proof of Proposition by using the following simple
proposition, which is analogous to the same result for st-tgds [19].

Proposition 6.2. Let 015 be an st-SO dependency, let I be a source instance, and let J be
a target instance. If (I,J) = o012 and J C J', then (I,J") | o12.

Proof of Proposition [61. Let S; = {S(-,-)}, Se ={T'(-,-)} and X135 = {S(z,y) — T(x,y)},
and assume that Yo consists of the single key dependency T'(z,y) A T(x,z) — y = z. By
way of contradiction, assume that Mjs can be specified by an st-SO dependency o1o. Let
I ={5(1,2)}, J={T(1,2)} and J' = {T(1,2),7(1,3)}. Given that (I,J) E X12 U 3o,
and o019 specifies Mi2, we have that (I,J) | o12. So by Proposition [6.2, we have that
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(I1,J") = o12. Since 012 specifies Mia, we therefore have that (I,J’) | X12 U 3g. But this
is a contradiction, since J' (£ Y. U]

Let M1 and Mog be standard schema mappings. The previous negative result implies that
st-SO dependencies by themselves cannot necessarily specify the composition Mo 0 Mos.
Our next theorem, which we shall prove shortly, implies that M50 Mog is equivalent to an
SO-standard schema mapping Mis. In fact, it says that we can take the target constraints
of M3 to be the set X3 of target constraints of Ms3. Intuitively, this theorem tells us that
st-SO dependencies are expressive enough to capture the intermediate target constraints in
a composition.

Theorem 6.3. Let Mis = (S1,S9,%19,39) and Mas = (Sg,Ss,Xo3,23) be standard
schema mappings (so that Y19, o3 are sets of st-tgds, and X; (i = 2,3) is the union of a
set of t-egds and a weakly acyclic set of t-tgds). Then there exists an st-SO dependency o13
such that the mapping Mys = (S1,Ss3, 013, X3) is equivalent to the composition Mis o Mas.

In Section [6.2] we show that the composition of SO-standard schema mappings is also an
SO-standard schema mapping. By combining this result with Theorem (and using the
simple fact, noted earlier, that every standard schema mapping is an SO-standard schema
mapping), we obtain our desired result, namely, that the composition of a finite number of
standard schema mappings is equivalent to an SO-standard schema mapping.

It is straightforward to show that Theorem [6.3]is a consequence of the following propo-
sition.

Proposition 6.4. Let Mqo be a standard schema mapping, and let Mas be an st-tgd map-
ping (no target constraints). Then the composition Mis o Mas can be specified by an st-SO
dependency.

As pointed out in Section [ the class of st-SO dependencies corresponds to the source-
to-target restriction of the class of Sk¥CQ™ dependencies introduced in [42]. In fact, The-
orem and Proposition were essentially established in [42] (see Theorems 6 and 9
and the paragraph after Theorem 10 in [42]), but they are restated and clarified here for
the sake of completeness. We also show here how Proposition is proved, which is a
straightforward adaptation of the proofs of Theorems 6 and 9 in [42], and the comments in
the paragraph after Theorem 10 to handle a weakly acyclic set of target tgds.

We now demonstrate, by example, how an st-SO dependency o3 is obtained from Mo
and M3 in Proposition (it will be clear how to extend from the example to the general
case). Assume that S; = {A(-,-), B(-)}, Sa ={C(-,-),D(-,-)}, S3 = {E(-,-)}. Furthermore,
suppose that 1o consists of the following st-tgds:

Az,y) — C(z,y),
B(z) — yC(z,y), (6.1)
Yo consists of the following t-tgds:

C(z,y) NC(y,z) — C(z,2),
C(x,y) — 3FzD(z,z2), (6.2)
C(x,x) — D(x,z),
D(z,y) — D(y,x),
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and Xo3 consists of the st-tgd:
D(z,y) — 3JzE(z,y,2). (6.3)
To obtain o3, we first Skolemize each dependency in 315, 35 and Yoz to obtain the sets
E(312), £(X2) and E(X93) of dependencies, respectively. So we replace (G.1]), (6:2)) and (6.3))
by:
B(x) C(z, f(x)),
C(z,y) D(z, g(z,y)),
D(z,y) — E(z,y,h(z,y)),
respectively. Then for predicates C' and D, we introduce functions fo, go, fp and gp,

where fco, go have the same arity as C, and where fp, gp have the same arity as D, and
we define 013 as:

_)
_)

3f393h3fc39c3fpgp ¥,
where f, g and h are the Skolem functions introduced above and W is a conjunction of a
set of dependencies defined as follows. As predicate C' cannot be mentioned in V¥, functions
fc and go are used to replace it: the equality fo(a) = go(a) is used to indicate that C(a)
holds. Thus, the first two conjuncts of ¥ are generated from £(X;2) by replacing C(z) by
fe(@) = go(2):
Alz,y) — felz,y) =ge(z,y),
B(x) — fe(z, f(z)) = gc(z, f(2)). (6.4)
Similarly, functions fp and gp are used to replace predicate D, and the dependencies in
E(39) are used to generate the following conjuncts of W:

dom(z) A dom(y) A dom(z) A fo(z,y) = g (x,y) A foly, 2) = go(y, 2) = fo(z,2) = go(z,x), (6.5)
dom(z) A dom(y) A fe(x,y) = go(@,y) = fo(@,9(z,y)) = gp(w,9(x,y)), (6.6)

dom(x) A fo(x, ) = go(z,z) = fp(x,x) = gp(x, ), (6.7)

dom(z) Adom(y) A fo(x,y) = gp(z,y) = fp(y, =) = gp(y, 2), (6.8)

where dom(+) is a formula that defines the domain of the instances of Sy, that is, dom(z) is

Jy A(z,y) V 3z A(z,2) V B(x). This predicate is included in the previous dependencies to
satisfy the safety condition of st-SO dependencies, namely, that every variable mentioned
in a term has to be mentioned in a source predicate. We then use the standard approach
for eliminating disjunctions in a premise (for example, ¢ V @2 — ¥ can be replaced by the
two formulas @1 — 1 and w9 — ).

Notice that if an equality fo(a, f(a)) = go(a, f(a)) can be inferred by using de-
pendency (6.4]), then we know that C(a, f(a)) holds. Thus, since D(a,g(a, f(a))) can
be obtained from C(a, f(a)) and the dependency C(z,y) — D(z,g(x,y)), it should be
possible to infer that fp(a,g(a, f(a))) = gp(a,g(a, f(a))) holds by using the fact that
fela, f(a)) = go(a, f(a)) holds and the dependencies in W. However, if dom(f(a)) does not
hold, then fc(a, f(a)) = go(a, f(a)) does not satisfy the premise of dependency (6.6]) and,
therefore, fp(a,g(a, f(a))) = gp(a,g(a, f(a))) cannot be inferred by using this dependency.
To overcome this limitation, we also instantiate the above four dependencies with the terms
that appear in the tuples that are generated by repeatedly applying the formulas in £(35).
More precisely, it is possible to infer that only terms of the form x and f(y) need to be
considered for the case of predicate C' and, thus, dependencies (6.5]), ([6.6) and (G71) are
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instantiated with all the possible combinations of these types of terms. For example, the
following is one of the conjuncts of ¥ generated from formula (6.35):

dom(z) A dom(y) A dom(z) A
fe(f(@),y) = go(f(@),9) A fely, [(2) = gc(y, f(2)) —
fa(f(2), f(@)) = go(f(2), f (@),

while the following dependency is one of the conjuncts of ¥ generated from formula ([6.7):

dom(z) A dom(y) A fo(f(x), f(y) = go(f(2), f(y)) A
f(x) = fy) = fo(f (@), f(y) = gp(f(x), f(y)). (6.9)

Notice that in the previous dependency we have included the equality f(x) = f(y), as it
can be the case that f(a) = f(b) holds for distinct elements a and b. Similarly, it is possible

to infer that only terms of the form z, f(y), 9(z,y), g(z, f(v)), 9(f(),y) and g(f(z), f(y))
need to be considered for the case of predicate D. Thus, dependency (6.8)) is instantiated

with all the possible combinations of these types of terms. For example, the following is
one of the conjuncts of W generated by this process:

dom(z) A dom(y) A dom(z) A fp(f(x),9(f (), 2)) = gp(f(x), 9(f(y),2)) —
folg(f (), 2), f(x)) = gp(9(f (), 2), f (x))-
)

Finally, the last conjuncts of ¥ are generated from dependency D(x,y) — E(x,y, h(z,y))
as above. For example, the following are two of these conjuncts:
dom(z) A dom(y) A fp(x,y) = gp(x,y) = E(x,y, h(z,y)),
dom(z) A dom(y) A dom(z) A fo(f(x),9(f (), f(2))) = gp(f(x),9(f (), f(2))) —
E(f(x),9(f(y), f(2)), h(f(x),9(f (W), f(2))))-

It is important to notice that the weak acyclicity of s guarantees that the above process
terminates. That is, we need only consider terms up to a certain fixed depth of nesting. In
particular, in the above example, we need to consider only terms where the nesting depth
of functions is at most 2.

Example 6.1. We conclude this section by showing why weak acyclicity is necessary to
guarantee the termination of the above process. Assume that Mis = (S1, S, X192, %) and
M23 == (82,83,223), where Sl = {A(,)}, 82 = {B(,)}, Sg = {C(,)}, 212 consists of
the following st-tgd:

Az,y) — B(z,y),
Y9 comnsists of the following t-tgd:

B(z,y) — 3zB(y,z), (6.10)

and Yo3 consists of the st-tgd:

B(z,y) — C(z,y).

Notice that Mg is not a standard schema mapping, as o is not weakly acyclic.
In order to obtain an st-SO dependency o3 that specifies the composition of M5 and
Mg, the above process first Skolemizes each dependency in Y19, X9 and o3 to obtain the
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sets £(X12), £(X2) and E£(X93) of dependencies, respectively. In particular, the t-tgd (610])
is replaced by the dependency:

B(z,y) — B(y,h(z,y)). (6.11)

Then binary functions fp and gp are introduced, and o3 is defined as Fhdfpdgp ¥, where
¥ is a conjunction of a set of dependencies defined as follows. The first conjunct of ¥ is
generated from £(312) by replacing B(z,y) by fr(z,y) = g(z,y):

Then functions fp and gp are used to eliminate predicate B from £(39). In particular, the
following conjunct is included in W:

dom(z) Adom(y) A fp(x,y) = gB(w,y) — fey, M=,y)) = gB(y, h(z,y)), (6.13)

where dom(+) is a formula that defines the domain of the instances of Sy, that is, dom(z) is
Ju A(z,u) V Jv A(v,z). As mentioned above, predicate dom(-) is included in the previous
dependency to satisfy the safety condition of st-SO dependencies.

It should be noticed if (a,b) is a tuple in A, one can infer that fg(a,b) = gg(a,b) holds
by considering dependency (612, and then one can infer that fz(b, h(a,b)) = gp(b, h(a,b))
holds by considering dependency (613]). By definition of o13, this implies that B(b, h(a,b))
holds, from which one concludes that B(h(a,b), (b, h(a,b))) also holds (from dependency
(611)). Thus, in this case it should be possible to infer that

fB(h(a7 b), h(b7 h(a7 b)) = gB(h(aa b), h(b, h(a7 b))) (6'14)
holds from the dependencies in W. However, if dom(h(a,b)) does not hold, then one cannot
infer equality (6.14]) from dependency (6.13]) and the fact that fz(b, h(a,b)) = gp(b, h(a,b))
holds. This forces one to instantiate dependency (G.I3]) with the terms that appear in
the tuples that are generated by repeatedly applying (G.II)). In particular, the follow-

ing dependency is included as a conjunct of ¥ to be able to infer (614]) from equality
fB(b,h(a,b)) = gp(b,h(a,b)):

dom(‘r) A dom(y) A fB(xa h(l’,y)) = gB(-T, h(‘ray)) —
fB(h(‘Ta y)7 h(‘ra h(.ﬁl’, y))) = gB(h’(x7 y)7 h(.ﬁl’, h(ﬂ?, y)))
The previous dependencies are used to deal with the terms where the nesting depth of
functions is at most 2. But given that Y9 is not weakly acyclic, one also needs to deal

with the terms where the nesting depth of functions is 3, which forces one to include the
following dependency as a conjunct of W:

dom(‘r) A dom(y) A fB(h’(x7 y)7 h(.ﬁl’, h(‘ra y))) = gB(h’(x7 y)7 h(.ﬁl’, h(‘ra y))) —
fB(h(xa h(l’, y))7 h(h(l’, y)a h(l’, h(l’, y)))) = gB(h(xa h(l’, y))7 h(h(l’, y)7 h(l’, h(l’, y))))
It is not difficult to see that the process does not terminate in this case, as from the preceding
dependency one needs to generate a formula to deal with the terms where the nesting depth

of functions is 4, which in turn has to be used to generate a dependency to deal with nesting
depth 5, and so on. O
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6.2. Composability of SO-standard schema mappings. The next theorem implies
that the composition of SO-standard schema mappings is an SO-standard schema mapping.
This is the final step we need to show that the composition of a finite number of standard
schema mappings is given by an SO-standard schema mapping.

Theorem 6.5. For every pair Mys = (S1,S2,012,%2) and Mas = (Sa,Ss,023,%3) of
schema mappings, where o192, o3 are st-SO dependencies and 3; (i = 2,3) is the union of a
set of t-egds and a weakly acyclic set of t-tgds, there exists an st-SO dependency o135 such that
the schema mapping Mis = (S1,S3,013, X3) is equivalent to the composition Mg o Mas.

Note that, just as in Theorem[6.3], the set Y3 used in Mg is also used in My3. Theorem
was essentially established in [42] (see Theorems 6 and 9 and the paragraph after The-
orem 10 in [42]), since the class of st-SO dependencies corresponds to the source-to-target
restriction of the class of SkYCQ~ dependencies introduced in [42].

As pointed out in Section [6.1] the previous result is fundamental to showing that SO-
standard schema mappings can define the composition of standard schema mappings, since
from the combination of this result with Theorem [6.3] (and using the simple fact that every
standard schema mapping is an SO-standard schema mapping), we obtain the following
theorem as a consequence.

Theorem 6.6. The composition of a finite number of standard schema mappings is equiv-
alent to an SO-standard schema mapping.

6.3. SO-standard schema mappings are exactly the needed class. We have intro-
duced st-SO dependencies (and SO-standard schema mappings) because of Theorem
In this section, we show that SO-standard schema mappings are exactly the needed class,
since the converse of Theorem also holds. Specifically, we have the following theorem.

Theorem 6.7. Every SO-standard schema mapping is equivalent to the composition of a
finite number of standard schema mappings.

This is proven by showing the following:

Theorem 6.8. Every schema mapping M = (S, T, o), where og is an st-SO dependency,
is equivalent to the composition of a finite number of schema mappings, each specified by
st-tgds and t-egds.

Note that, somewhat surprisingly, we do not need to make use of a weakly acyclic set
of t-tgds (or any t-tgds at all) in Theorem In particular, let M15 and Mss be as in
Proposition (where the specification of M1, may make use of a weakly acyclic set of t-
tgds). By Proposition [6.4] the composition is given by a schema mapping M3 specified by
an st-SO dependency; furthermore, by Theorem [6.8], we know that M3 is the composition
of a finite number of schema mappings, each specified by st-tgds and t-egds (no t-tgds). So
M5 0 Maz needs no t-tgds to specify it, even though M1 makes use of t-tgds.

We now show how Theorem follows from Theorem Let M = (S, T,04, X¢) be
an SO-standard schema mapping (where oy is an st-SO dependency, and ¥; is the union
of a set of t-egds and a weakly acyclic set of t-tgds). Let M’ = (S, T, o), where we
discard ¥; from M. By Theorem [6.8, where the role of M is played by M’, we know
that there are schema mappings My, ..., M, each specified by st-tgds and t-egds, such
that M’ = Mj o --- 0o M. Assume that My = (S, T,04,T)), with T} consisting only
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of t-egds. Let M} = (S',T,04,T; UX;). Then My,..., My_1, Mj, are standard schema
mappings (M), is a standard schema mapping, since its only t-tgds are those in ¥). Since
(S,T,05) = Mjo---0My, it follows easily that (S, T, o, X¢) = Mjo---0 M1 oM.
Thus, M =Mjo---0oMp_4 O./\/l;g.

We now demonstrate, by example, how Theorem is proved (again, it will be clear
how to extend from the example to the general case). Our proof is an extension of the proof
of Theorem 8.2 in [23], that every SO tgd specifies the composition of a finite number of
st-tgd mappings.

Assume that S = {S(:)}, T = {T(-,)}, X1 = 0 and oy is the following st-SO depen-

dency:
Af3g[Va (S(x) = T(f(9(x)), 9(f(2)))) AVaVy (S(x) ASy) A flz) = f(y) = g(z) = g(y))].
Next we construct schema mappings Mis = (S1,S2, X192, X2), Mag = (Se, S3, Xo3, X3) and
M34 == (83,84,234) such that (1) Sl = S, (2) S4 = T, (3) 212, 223 and 234 are sets of
st-tgds, (4) Yo and X3 are set of t-egds, and (5) the mapping specified by o4 is equivalent
to Mqg 0 Mgz o Msy.

Define Sy as {R1(-), Fi(+,+),G1(-,+)} and X192 to consist of the following st-tgds:

S(z) — Ri(z),

S(x) — JyFi(z,y),

S(x) — FyGi(z,y).
Intuitively, we take R; to copy S, we take Fj(z,y) to encode f(x) = y, and we take
Gi(z,y) to encode g(x) = y. In particular, the second and third dependencies have the
effect of guaranteeing that f(x) and g(x) are defined for every element x in S, respectively.

Given that 12 cannot guarantee that F} and G each define a single image for every
element in S, we let ¥y consist of the following t-egds:

Fi(z,y) N Fi(z,z) — y=-z,

G1($7y)AG1(x7Z) - Y=z,
which guarantee that F; and G encode functions. In the same way, define S as {Ra(),
F5(-,+),Ga(+,+)} and X3 to consist of the following st-tgds:

Ri(x) — Ra(x),

Fi(z,y) — Fa(z,y),
Gi(z,y) — Ga(z,y),
Fi(x,y) — 3J2Ga(y,z),
Gi(z,y) — 3FzF(y,=2).

Intuitively, we take Ry to copy Ri, Fy to copy Fi, and G9 to copy G1, and we include the
fourth dependency to guarantee that g(y) is defined for all y in the range of f, and we
include the fifth dependency to guarantee that f(y) is defined for all y in the range of g.
Also as in the previous case, we include in Y3 two t-egds that guarantee that F5 and Go
are indeed functions:

Fg(ﬂf,y)/\Fg(ﬂf,Z) — Y=z,
Gg(x,y)/\GQ(l',Z) - Y=z
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Given that at this point, we have predicates that encode the values of all the terms that
are used in o4, we also include in X3 dependencies that encode the conjuncts of o4 of the
form VZ (¢ — t1 = t3). Thus, in this case we include in X3 the following t-egd that encodes
the conjunct Vavy (S(z) A S(y) A f(x) = f(y) = g(x) = g(y)):

Ro(z) A Ro(y) A Fo(x, 2) A Fa(y, 2) A Ga(z,u) A Ga(y,v) — u =v.

Finally, we use Ry, F5 and G2 to encode the remaining conjuncts of oy, which indicate
how to populate the target relations of os. Thus, we define X34 to consist of the following
st-tgd:

Ro(x) A Ga(x,y1) A Fa(yi,y2) A Fa(x, 21) A Ga(z1, 22) = T'(y2, 22).

This concludes the demonstration by example of how to prove Theorem This demon-
stration gives, as a special case (when the st-SO dependency is unnested) the following
lemma (where we note also the number of schema mappings that are composed).

Lemma 6.9. Every schema mapping M = (S, T,o04), where og is an unnested st-SO
dependency, is equivalent to the composition of two schema mappings, each specified by
st-tgds and t-egds.

We note that Theorem follows immediately from Lemma and the fact, as we show
later, that every st-SO dependency is equivalent to an unnested st-SO dependency, There-
fore, we really needed to prove only Lemma [6.9 (the unnested case) rather than the general
case that we dealt with in proving Theorem

7. COLLAPSING RESULTS: NESTING IS NOT NECESSARY

Recall that we say that an st-SO dependency or SO tgd is unnested if its depth of nesting
is at most 1. Thus, an unnested st-SO dependency or SO tgd can contain terms like f(x),
but not terms like f(g(x)). In this section, we present collapsing results about the depth of
nesting of function symbols in st-SO dependencies and SO tgds. Specifically, we prove the
following two theorems.

Theorem 7.1. Fvery st-SO dependency is equivalent to an unnested st-SO dependency.
Theorem 7.2. Fvery SO tgd is equivalent to an unnested SO tgd

These two results, especially the second one, are the most technically difficult results
in the paper. Both results are surprising, since the “obvious” way to try to denest, which
we now describe, does not work. Consider for example the SO tgd

3f3gvavy(P(z,y) A (f9(z)) = y) = Qz,y)) (7.1)
The “obvious” way to denest (Z.I]) is to introduce a new variable z and rewrite (7)) as
Af3gVavyvz(P(z,y) A (9(x) = 2) A (f(2) = y) = Q(,y)) (7.2)

However, the formula (7.2]) is not an SO tgd, since it violates the safety condition (because
the variable z does not appear in P(z,y), the only relational atomic formula in the premise
of ([Z2)).

It should be mentioned that in [38], Libkin and Sirangelo introduce the second-order
language of Skolemized STDs (SkSTDs), and study some of its fundamental properties. In
particular, it is shown in [38] that this language is closed under composition if the premises
of SkSTDs are restricted to be conjunctive queries. Interestingly, this fragment of SkSTDs
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is similar to the language of SO tgds but does not allow nesting of functions, which may lead
one to think that Theorem can be deduced from the results in [38]. However, no safety
condition is imposed on the premises of SkSTDs in [38] and, thus, nesting of functions is
not needed in this language as it can be eliminated in the “obvious” way shown above. In
fact, dependency (2] is a valid constraint according to [3§].

Before giving the proofs of Theorems[TIland[.2, we present and discuss some corollaries
of these theorems.

Corollary 7.1. The composition of a finite number of st-tgd mappings can be specified by
an unnested SO tgd.

This is a strengthening of the result (Theorem 8.1 in [23]) that the composition of a
finite number of st-tgd mappings can be specified by an SO tgd (thus, Corollary [l says
that we can replace “SO tgd” in Theorem 8.1 in [23] by “unnested SO tgd”). Corollary [Tl
follows immediately from the result we just cited (Theorem 8.1 in [23]) and our Theorem [T.2
It was not even known before that the composition of two st-tgd mappings can be specified
by an unnested SO tgd. Thus, although it was shown in [23] that each unnested SO tgd
specifies the composition of some pair of st-tgd mappings, the converse was not shown.
In fact, for the composition of two st-tgd mappings, the composition construction in [23]
produces an SO tgd whose depth of nesting can be 2, not 1.

We feel that nested dependencies are difficult to understand (just think about an equal-
ity like f(g(x),h(f(z,y))) = g(f(x,h(y)))), and probably also difficult to use in practice.
On the other hand, unnested dependencies seem to be more natural and readable. For
example, it is easy to see that the “nested mappings” in [25] can be expressed by unnested
SO tgds. Corollary [Z.1] tells us that unnested SO tgds are also expressive enough to specify
the composition of an arbitrary number of st-tgd mappings.

Theorem has as another corollary the following collapsing result about the number
of compositions of st-tgd mappings.

Corollary 7.2. The composition of a finite number of st-tgd mappings is equivalent to the
composition of two st-tgd mappings.

This follows from Corollary [[.I] and the fact (which is a special case of Theorem 8.4 of
[23]) that a schema mapping specified by an unnested SO tgd is equivalent to the compo-
sition of two st-tgd mappings.

The next two corollaries follow from Theorem [Z1] just as Corollaries [l and follow
from Theorem

Corollary 7.3. The composition of a finite number of standard schema mappings can be
specified by an unnested st-SO dependency, along with t-egds and a weakly acyclic set of
t-tgds.

Corollary 7.4. The composition of a finite number of standard schema mappings is equiv-
alent to the composition of two standard schema mappings.

In fact, it follows from Corollary and Lemma that we can slightly strengthen
Corollary [Z.4] as follows.

Corollary 7.5. The composition of a finite number of standard schema mappings is equiv-
alent to the composition M; o My of two standard schema mappings M7 and Ms, where
the target constraints of M; are only t-egds (no t-tgds).
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Corollary [T4] has a direct, almost trivial proof that does not use our heavy machinery,
as we now show. Let Mja, Mag, ..., Mj_1 be standard schema mappings. Define M/,
to have source schema the same as Miq, target schema equal to the union of the target
schemas of Mo, ..., Mj_91_1, and constraints equal to the union of the constraints of
Mia, ..., Mi_ok—1. Because all of the schemas are disjoint, it is easy to see that M, is
a standard schema mapping (note that the st-tgds of Mas, ..., My_o,_1 are now being
treated as t-tgds of M/,). Then it is clear that

/
M120M230...0Mk_1k=M120Mk_1k.

In contrast to Corollary [.4] the reason that Corollary is quite unexpected is that there
is no obvious way to deal with all of the st-tgds in the intermediate schema mappings.

Corollary [Z.3] unlike Corollary [7.4] does not seem to have a simple direct proof that
avoids the machinery of Theorem [(Il This is because our construction of the composition
of two standard schema mappings produces an st-SO dependency whose nesting depth can
be arbitrarily large.

Based on our collapsing results, there are two alternative ways to deal with the compo-
sition of multiple st-tgd mappings. First, by Corollary [ZI], we can replace this composition
by a single schema mapping, specified by an unnested SO tgd. Second, by Corollary [7.2],
we can replace the composition by the composition of only two st-tgd mappings. Similarly,
by using Corollaries [(.3] and [4] we have two alternative ways to deal with the composition
of a large number of standard schema mappings.

We now provide the proofs of Theorems [(.1] and

Proof of Theorem [71] In this proof, we use the following terminology. Given a term ¢,
recursively define the set of non-atomic sub-terms of ¢, denoted by non-atomic(¢), and the
list of variables of t, denoted by list-var(t), as follows: (1) if ¢ = z, where z is a variable,
then non-atomic(t) = 0 and list-var(t) = [z]; (2) if t = f(t1,t2,...,t,), where ty, to, ..., ty
are terms, then

non-atomic(t) = {f(t1,...,tn)} U U non-atomic(t;)
i=1
and list-var(t) = list-var[ty]-list-var|[ta]-. . .-list-var[t, ], where L;- Ly is the result of appending

Lo to Ly. For example, if t = f(x,h(z,y,g(x))), then non-atomic(t) = {f(x, h(z,y,g(x))),
h(z,y,9(x)),g(x)} and list-var(f(x, h(z,y,9(x)))) = [z, z,y,z]. Moreover, consider a term
replacement skel(-) that describes the skeleton of a term. For example, if t = f(x, g(y)), then
skel(t) is f(-,g(-)), as this shows what are the functions that have been included in ¢ and
how they have been nested in this term[] More precisely, recursively define skel(-) as follows:
(1) skel(z) = _ for every variable x, and (2) skel(f(t1,...,t,)) = f(skel(¢1),...,skel(t,)),
for every n-ary symbol f and terms ti, ..., t,. For example, skel(f(z,h(z,y,g(z)))) =
f(h( - g(2)). Finally, by considering function skel(-), define a second term replacement
&(+) as follows:

t if ¢ is a variable
£(t) = { (7.3)

Eskel(t) (T15 -+ -y zn)  if £ is a non-atomic term and list-var(t) = [x1, ..., 2]

1t should be noticed that a similar term replacement was used in [I7] to eliminate function expressions
from a logic program. However, the term replacement used in [I7] considers only terms without nesting of
function symbols.
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For examplev if t = f(:Ev h(Z, y,g(:ﬂ))), then g(t) = gf(_,h(_,_,g(_))) (:Ev ZY, :E)

Given an st-SO dependency o from a source schema S to a target schema T, next we
show how to construct an unnested st-SO dependency ¢* from S to T such that ¢ and o*
are equivalent. Let t1, ..., t; be the non-atomic terms ¢ such that there exists an atomic
formula mentioned in o of the form either ¢t = ¢ or ' = ¢ or R(t1,...,ti—i,t,tit1,---,tk)
(where k is the arity of R and i € {1,...,k}), let H(o) = {t1,...,t¢}, and let ST (o) be the
set of all non-atomic sub-terms of t1, ..., ty, that is, ST (o) = Ule non-atomic(t;). Then
define Z(0) as the following set of function symbols:

E(J) = {gskol(t) | le ST(J)}
For example, if ¢ is the following st-SO dependency:

3f3g [VaVy S(z,y) = T(z, f(z,9(y)), 9(f(y,9(2))))],
then H(o) is the set {f(z,9(v)),9(f(y,g(x)))}. Thus, given that non-atomic(f(x,g(y))) =

{f(z,9(y)), 9(y)} and non-atomic(g(f(y,9(z)))) = {9(f(y,9(x))), f(y,9(z)), g(x)}, we have
that ST (o) = {f(x,9(¥)),9(y), 9(f(y,9(x))), f(y,9(x)), g(x)}, and

2(0) = & o &0 Sotrand
Note that two members of ST (), namely g(y) and g(x), have the same skeleton g(-), as
do f(z,g9(y)) and f(y,g(z)), which have the same skeleton f(_,g(_)). The set Z(c) plays a
fundamental role in the definition of the st-SO dependency o*. More precisely, assume that
Z(0) ={x1,x2s---»Xm}.- Then o* is defined as:
Ixadxz - Ixm ¥,

where V¥ is defined as the conjunction of the following dependencies. For every conjunct
VZ (¢ — 1) of o, the st-SO dependency o* contains a conjunct VZ(¢' — '), where (1)
¢ is obtained from ¢ by replacing every non-atomic term ¢ € ST (o) by £(¢), and (2) ¢/
is obtained from 1 by replacing every non-atomic term ¢t € ST (o) by £(t). Furthermore,
for every pair of (non-necessarily distinct) terms ¢,¢' € ST (o), if t = f(t1,...,t,) and
t'= f(t),...,t,), the following procedure is executed to obtain a set I';  of dependencies,
and then ATy is included as a conjunct of o*. First, replace each occurrence of a variable
in ¢t by a fresh variable to obtain a term s = f(s1,...,s,), and replace each occurrence of

a variable in ¢ by a fresh variable to obtain a term s’ = f(s,...,s],) (in particular, s and

ren
s’ have no variables in common). Assume that z, ..., x, is the set of variables mentioned
in s, s’. Second, as in the proof of Proposition [6.4] let dom(-) be a formula that defines the
domain of the instances of S. Finally, let I'; ; be a set of dependencies obtained from the

dependency:

var vy | ( /:\1 dom(a)) 1

by repeatedly using the equivalences:

((aVB)Ay) =6 = ((aAr) =8 ABAY) = 9), (7.5)
(Jza) = 8 = Ve(a—p) if z is not mentioned in 3, (7.6)

(ss) — £(s;->> Lo =] @

7j=1

until all the disjunctions and existential quantifications in the left-hand side of (Z4]) have
been eliminated.



28 M. ARENAS, R. FAGIN, AND A. NASH

Example 7.6. Let us give the intuition behind the definition of ¢* through an example.
Assume that ¢ is the following st-SO dependency:

3730 e (A(e) > (T S0 A SG0) = ) A Ve (Blo) > U ati@))) |00

Then we have that ST(J) = {f(g(x)), 9(517), g(f(:E)), f($)} and E(U) = {gf(g(_)% gg(_)vé.g(f(_))y
& f(_)}. Intuitively, () and ;) are used to represent functions f and g, respectively, and
$5(g() and Ey(p()) are used to represent the composition functions (g o f) and (f o g),
respectively, thus eliminating the nesting of functions from . More precisely, the st-SO
dependency o* is defined as:

19039091 Fr0) ¥

where W is defined as the conjunction of the following dependencies. First, given that
Va (A(z) = (T'(z, f(g(x)))A f(x) = g(x))) and Vz (B(z) — U(z,g(f(x)))) are the conjuncts
of o, the following dependencies are conjuncts of W:

Va (A(x) = (T(2, €590 (€) AEp) (@) = &gy (),

Va (B(x) — Uz, §gep)) (@)))-
Furthermore, for every pair ¢, of (non-necessarily distinct) terms from ST (o), if either
t=f(t1) and t' = f(t}) or t = g(t1) and t' = g(t}), then the following conjuncts are included
in W. Assume that t = ¢ = f(g(z)). First, each occurrence of a variable in these terms is
replaced by a fresh variable, generating the terms s = f(g(u)) and s’ = f(g(v)). Second,
given that the source schema consists of the unary predicates A and B, formula dom(x) is
defined as A(x) V B(z) (that is, dom(z) holds if z is in the domain of a source instance).
Finally, assuming that s; = g(u) and s} = g(v), let a be the following dependency:

VuVv [dom(u) Adom(v) A&(s1) = E(s)) — £(s) = 5(3’)},

that is, « is:

Vaidy [(A(a) VB) A (AW) V B0)) Ay (1) = &0y (8) = Eray (1) = sf(g(_»(v)] |

Then the set I'; ; consists of the following dependencies:

Vulv | A(u) A A(V) A gy (1) = () (V) = Ep(g0) (1) = Epg()) (V)

Vuvv | A(u) A B(v) A&y (u) = &) (v) = Epg0) (1) = Ep(g()(v)

Vuvo | B(u) A A(v) Ay (u) = &) (v) = pg0) (1) = Ep(g() ()

Vulv | B(u) A B(v) A&gy(u) = E()(v) = Epg0)) (1) = Epig( (@) |

and each one of these four dependencies is a conjunct of ¢*. It is important to notice that
these dependencies make explicit some properties that are implicit in . Given that f and
g are function symbols in o, we know that if g(u) = g(v), then f(g(u)) = f(g(v)). But
this property does not immediately hold for £y, ) and £,y and, thus, we have to include
the above four conjuncts into o* to enforce it. It should also be noticed that the formula
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dom(-) is included in the previous dependencies to satisfy the safety condition of st-SO
dependencies, namely that every variable mentioned in a term has to be mentioned in a
source predicate.

To give more intuition about the definition of dependency o*, we also consider the case
t = f(g(x)) and ¢’ = f(x). As above, we start by replacing each occurrence of a variable
in these terms by a fresh variable, generating the terms s = f(s1) and s’ = f(s)), where
s1 = g(u) and s§ = v. Then we define a dependency £ as:

B = VYuWv [(A(u) V B(u)) A (A(v) V B(v)) Ay )(u) =v — &gy (u) = Epy(v) |,

and, therefore, in this case the set I'; ; consists of the following dependencies:

Yu¥Vv A(u) AN A(U) A fg(_)(u) =v — ff(g(_))(u) = ff(_) (1)) ,

YuVv A(u) VAN B(U) VAN fg(_)(u) =0V — éf(g(_))(u) = ff(_) (’U) s

YuVv B(u) VAN A(U) A ég(_)(u) =v — ff(g(_))(u) = ff(_) (’U) R

Yu¥Vv B(u) AN B(U) A fg(_) (u) =v — §f(g(_))(u) = ff(_) (1)) .

As in the previous case, each one of the dependencies of I'y ;s is a conjunct of o*. It is
important to notice that these dependencies make explicit the fact that in o, if g(u) = v,
then f(g(u)) = f(v).

For the st-SO dependency (7.7)), we took dom(u) to be A(u)V B(u). We then made use
of (A to eliminate the disjunction in A(u)V B(u). If the left-hand side of the first conjunct
of (Z1) had been P(z,y) instead of A(z), we would have taken dom(u) to be JwP(u,w) V
JwP(w,u) V B(u). We then would have made use not only of (ZHl), but also (7)), to
eliminate the disjunctions and existential quantifiers in JwP(u, w) V JwP(w,u) V B(u).

O

We now prove that o < ¢*, that is, that o and ¢* are equivalent.

(=) If (I,J) | o, then it is straightforward to prove that (I,.J) = o* (the interpreta-
tion of each function symbol in Z(o) is defined from the corresponding composition of the
interpretations of the function symbols from o).

(<) Assume that Z(o) = {x1,---,Xm} and that (I, J) = o* with the instantiations x¢,
oo X2 of X1, .., Xm. Moreover, assume that fi, ..., f; are the function symbols mentioned
in o. To show that (I,J) |= o, we first need to define from X9, ..., X%, the instantiations
1Y, ..., f2 of function symbols fi, ..., fs, and then we have to show that (I,.J) satisfies all
the conjuncts of o with these instantiations.

Given that (I, J) = o*, we have by definition of satisfaction for st-SO dependencies that
there exists a countably infinite universd] U such that (1) U is the union of dom(I)Udom(J)
and a set of nulls, and (2) (U;I,J) satisfies 0* in the standard second-order logic sense.
Assume that L is a fresh null value (L ¢ U) and that the arity of function symbol f; is
ki (1 <i < ). Then the domain of each one of the functions fy, ..., f? is defined to be
U U{L}, and for every (ay,...,ax,) € (UU{L}¥ we define f2(a1,...,ay,) as follows. If
there exist f;(t1,...,tr,) € ST (o) and tuples by, ..., by, such that for every i € {1,...,k;}:

2As noted earlier, the universe can even be taken to be finite, but we do not need this.
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e t; is a variable, b; = (a;) and a; € dom([); or
e t; is a non-atomic term, a; = {gkel(ti)(l_)i) and b; C dom(I) (that is, every element mentioned
in b; is in dom([));
then f2(ay,...,ay,) is defined as égkel(fi(tl,...,tki))(61""’Bki)' Otherwise, f?(aq,...,a,) is
defined as L (in particular, if a; = L for some i € {1,...,k;}, then f2(a1,...,ax,) = L1).
Before showing that all the conjuncts of o are satisfied by (I, J) under the instantiations
. f? of function symbols fi, ..., fr, we need to show that these functions are well
defined. That is, we have to show that if by using the above definition, one has different
ways of assigning a value to fio(al, ...,ag,), then all these ways assign the same value to
fio(al, ...,ak,). In order to prove this, we need to consider several cases. In this proof,
we consider only one of these cases, as the other ones can be handled in the same way.
Assume that for ¢ € {1,...,¢} and elements ay, ..., ax, from U U {L}, it holds that (1)
filti, ... tg,) € ST(0), (2) a; = {gkel(ti)(l_)i) and b; C dom(I), for every i € {1,...,k;}, (3)
fi(s1,...,8x,) € ST(0), and (4) a; = 5soke1(si)(5i) and ¢; C dom(I), for every i € {1,...,k;}.
Then we have to prove that:

ggkcl(fi(tl,...,tki))(617 T 76161) = Ssokel(fi(sl,...,ski))(617 oo Chy)- (7.8)

Given a tuple = (z1,...,xp) of variables, let dom(z) be a shorthand for dom(z1) A--- A
dom(zp). By definition of o* and the fact that (I, J) = o*, we have that (I,.J) satisfies the
following instantiated dependency:

<:/i1d0m(bi)> A (Zdom(ci)> A <:/i1§skel(ti)(bi) = §skel(si)(0i)> —

Eokel(fi(troont,)) (1o -+ k) = Eael(fi(s1 i) (Lo -+ 5 By )
Thus, we conclude that (8] holds, since for every i € {1,...,k;}, it holds that {gkel(ti)(l_)i) =
a; = 521{61(81_)(62-), b; € dom(I) and & C dom([).
Now we move to the proof that all the conjuncts of o are satisfied by (I,.J) under
the instantiations flo, cen fgo of function symbols f1, ..., fs. In this proof, we need the
following claim, where we use the following terminology. Given a non-atomic term ¢ =

fi(t1,...,tg,) based on variables z1, ..., z} and function symbols fi, ..., fr, and given a
variable substitution p: {x1,..., 25} — (U U{L}), the evaluation of p over t is recursively

defined as p(t) = f2(p(t1), ..., p(ty,))-

Claim 7.7. Let t € ST (o) such that list-var(t) = [x1,...,2x|. Then for every variable
substitution p : {z1,..., 2} — dom(I), it holds that p(t) = gsokel(t) (p(z1),...,p(xK)).

Proof. By induction on the depth of nesting of functions in ¢.

e Base case: If the depth of nesting of functions in ¢ is 1, then ¢t = f;(z1,...,z;) and k = k;.
Then we have that p(fi(z1,...,2x)) = f2(p(z1),...,p(xx)). But given that p(z;) €
dom(I) for every j € {1,...,k}, we have by definition of f? that f2(p(z1),...,p(xx)) =
{gkol(fi(mhm’xk))(p(:nl), ..., p(xg)). Thus, we conclude that p(t) = £Sokel(t) (p(z1),...,p(xk)).

e Inductive step: Assume that the depth of nesting of functions in t is p, and that the
property holds for every term with depth of nesting of functions smaller than p. In this
case, we have that ¢t = fi(t1,...,t,). Thus, we have that p(t) = f2(p(t1),...,p(t,))-
If ¢; is a variable, then we have that p(t;) € dom([) since p : {z1,...,xx} — dom([).
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On the other hand, if ¢; is a non-atomic term such that list-var(t;) = [u1,...,u,] (with
[u1,...,uq) asub-list of [x1,...,zx], that is, [ug,. .., uy| consisting of consecutive elements
of [x1,...,xk]), then given that the depth of nesting of functions in ¢; is smaller than

p, we have by induction hypothesis that p(t;) = fgkel(ti)(p(u1)7 ..., p(uq)). Thus, given
that p : {z1,..., 2} — dom([), we have by definition of f that f2(p(t1),...,p(t,)) =
é‘gkol(fi(tl,...,tki))(p(xl)v s 7p(xk)) and, therefore, p(t) = 521(01@) (P(xl), cee 7/7(9%)). This
concludes the proof of the claim. L]

We finally have all the necessary ingredients to prove that (I,.J) | 0. More precisely, we
show next that all the conjuncts of o are satisfied by (I, .J) under the instantiations f_, ...,
f? of function symbols fi, ..., fr. Let

v"131 o Vﬂ?kvyl o vym ((10(1'17 o Tl Y1y - - - 7ym) — 1/’(5517 o 71'16)) (79)
be a conjunct of o, and let p be a variable substitution with domain {z1, ..., 2k, y1,.-.,Ym}
and range contained in dom([), and assume that I = o(p(z1),...,p(xk), p(y1)s- -, P(Ym))
with the instantiations f?, ..., f2. Next we show that J | 1 (p(x1),...,p(zx)). Assume

that

\V/ﬂfl o kaVyl o \v/ym ((10/(:1717 s Ty Yty - 7ym) - ¢/($1, s 733]6))
is the conjunct of o* obtained from (T9) by replacing every non-atomic term ¢ € ST (o)
by &(t). Then given that the range of p is contained in dom([), we have by Claim [I.7] and
definition of o* that I = ¢'(p(x1),...,p(xk), p(¥1),- -, p(ym)) With the instantiations x?{,
..., X2 of the function symbols x1, ..., xm (recall that Z(c) = {x1,...,Xm}). Thus, we
conclude that J = ¢/(p(z1), ..., p(x))) with the instantiations X9, ..., X%, (as (I, J) satisfies
the conjuncts of o* with these instantiations). Therefore, again by Claim [[.7] and definition
of 0%, we have that J = ¢(p(z1),. .., p(xx)) with the instantiations f7, ..., f, which was
to be shown. This concludes the proof of the theorem. L]

We now move to the proof of Theorem The following lemma will be used in this proof.

Lemma 7.3. For every SO tgd o of nesting depth 2, there exists an unnested SO tgd o*
that is equivalent to o.

Proof. In this proof, we extensively used the terminology defined in the proof of Theorem
[CIl Besides, we say that a term ¢ is an i-term if the depth of nesting of function symbols
in ¢ is 4. For example, f(z,y) is a 1-term while g(f(x,y), z) is a 2-term.

Let o be an SO tgd from a source schema S to a target schema T. Assume that the
depth of nesting of function symbols in every term mentioned in ¢ is at most 2, and that
fi, ..., f¢ are the function symbols mentioned in . Then define a set © of dependencies as
follows. For every conjunct « of o, we include the following dependencies as elements of ©.
Assume that tq, ..., t,, are the 1-terms ¢ for which there exists a 2-term ¢’ mentioned in «
such that ¢ € non-atomic(t’). For example, if « is the following dependency:

Vavy (S(z,y) A flx) = g(f(x), f(y) = T(f(9(x, 2)))), (7.10)

then f(z), f(y) and g(z,z) are the only 1-terms satisfying the preceding condition. Fur-
thermore, for every i € {1,...,m}, define T; as the set {z, f1(Z1),..., fe(Z¢)} of terms,
where: (1) x is a variable, (2) each z; (1 < j < /) is a tuple of pairwise distinct variables,
(3) for every j € {1,...,¢}, we have that = is not mentioned in Z;, and (4) for every pair j,
k of distinct values in {1, ..., ¢}, we have that z; and Zj;, do not have variables in common.
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Besides, assume that for every pair i, j of distinct values in {1,...,m}, we have that T;
and T; do not have variables in common, and for every ¢ € {1,...,m}, we have that T; and
a do not have variables in common. For example, assuming that t; = f(z), t2 = f(y) and
ts = g(x,z) for the case of conjunct ([.I0]), we have that:

Ty = {u, f(uz), g(us, ua)},

T = A{us, f(us), g(ur,us)},

T3 = {ug, f(uwi0), g(ur1,u12)},
satisfy the preceding conditions.

Assume that « is VZ (¢ — ). Then for every s1 € T4, ..., Sy, € Ty, define dependency
031,...,sm as:

Vavy: .- 'VynK(Z\ldom(yi)) A <Z\1£(tj) = £(Sj)> A 90’> — w’]

where ¢ is defined as in the proof of Theorem [T1] (see (T3))), y1, ..., yn are the variables
mentioned in the terms si, ..., s;,, and ¢, ¥’ are obtained from ¢ and 1), respectively, by
replacing as follows the 1-terms and 2-terms of these formulas. Every 1-term ¢ mentioned in
¢ (resp. 1) is replaced by £(t) in ¢ (resp. ¢'). Furthermore, every 2-term t = f(t},...,t})
mentioned in ¢ (resp. 1) is replaced by §(f(t7,...,t})) in ¢’ (resp. ¢'), where ] (1 <i < p)
is defined as follows. If ¢} is a 1-term, and so ¢} is t; for some j in {1,...,m}, then let ¢/ be
s;. If t is a variable v, then let ¢! be v.

Finally, for each dependency 0, . .., let O,
from 6, . s, by repeatedly using the equivalences:

((aVB)Ay) =6 = ((aAr) =8 ABAY) = 9),
(Jzxa) =8 = Ve(a—p) if z is not mentioned in /3,

be a set of dependencies obtained

Sm

until all the disjunctions and existential quantifications in the left-hand side of 0, . s, have
been eliminated. Then all the dependencies in Oy, are included in ©.

-ySm

Example 7.8. Let us give the intuition behind the definition of © through an example.
Assume that « is the following conjunct of SO tgd o:

Vavy (S(z,y) A f(x) = g(f(x), f(y) = T(f(g(x, x)))).

Then, as mentioned above, we have that t; = f(z), t2 = f(y), ts = g(z,x) are the 1-terms
t for which there exists a 2-term ¢’ in « such that ¢ € non-atomic(¢'). Furthermore, as also
mentioned above, we can assume that:

Ty = A{uy, f(u2),g(us,us)},
Ty = {us, f(us), g(ur,us)},
T3 = {ug, f(ui0), g(urr, ui2)}-

Then for every s1 € T1, so € Ty and s3 € T3, we have to compute the formula 0y, s, s,, and
then to include all the dependencies of Oy, 4, s, as elements of ©. Assume that s; = uq,
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sy = g(uy,ug) and s3 = f(u19). Then b5, s, s, is the following dependency:

VaVyVui VurVugVuig [(S(m, y) Adom(uq) A dom(uz) A dom(ug) A dom(uig) A
Er() (@) = w A& (y) = &gy (ur us) A gy (@, ) = 5 (ur0) A
§r0)(@) = fg(-,g<_7_>>(u1’U7’US)> = T(€s(s() (w0)) |-

We note that equalities &z () = u1, {5 (y) = &g (ur,ug) and g (@, x) = &5y (u10)
correspond to &(t1) = £(s1), &(t2) = £(s2) and &(t3) = &(s3) in the definition of dependency
Os, 55,55, Tespectively. Furthermore, we note that equality §f(_)(x) = §g(_7g(_7_))(u1,U7,u8)
is generated as follows from equality f(x) = g(f(x), f(y)) in . The l-term f(z) in the
left-hand side of this equality is replaced by &(f(z)) = & )(z) in O 555, and the 2-
term g(f(x), f(y)) is replaced by &(g(u1, g(u7,ug))) = &g g(,)) (U1, ur, ug) in Oy, 5, 5, (since
t1 = f(x), s1 = w1, t2 = f(y) and s2 = g(ur,ug)). Finally, we note that T'(&sz())(u10))
is obtained by replacing the 2-term f(g(x,x)) by &(f(f(u10))) = () (u10) (since t3 =
g(z,z) and s3 = f(u)).

Given that dom(x) = JuS(z,u) V JvS(v,x) in this case, we have that the following
dependency is one of the elements of O, 4, s,:

VaoVyVu VurVugVug V21 V27 VgV [(S(m, y) AN S(ur,z1) ANS(z7,u7) A S(zg,ug) A
S(u10,210) A€y (@) = ur Ap ) (y) = gy (ur,us) Ay () = Ep)(u10) A

§r) (@) =§g<_,g(_,_>>(U1=U7=U8)> = T(&(p())(u10)) |-

As in the proof of Theorem [L.T] function symbols §y( ), §,(_ ) are used to represent functions
[ and g, respectively, and £y 4(_ ), §f(f()) are used to represent functions g(, g(y, z)) and
f(f(x)), respectively, thus eliminating the nesting of functions from «. It is important to
notice that the preceding dependency makes explicit some properties that are implicit in a.
Given that f and g are function symbols in «, we know that if f(z) = w1, f(y) = g(ur,us),
9(z,x) = f(wo), f(z) = g(f(2), f(y)) and T(f(g(x,))) hold, then f(z) = g(u1, g(uz, us))
and T'(f(f(u10))) also hold. But this property is not immediately true for £, _,(_ ) and
§r(r())» and, thus, we have to include the preceding dependency in © to enforce it. O

Assume that x1, ..., xx are the function symbols mentioned in ©. Then unnested SO
tgd o* is defined as:

Ele”’HXk(/\G)-

Next we show that ¢ and o* are equivalent.

(=) If(1,J) |= o, then it is straightforward to prove that (I, J) = o* (the interpretation
of each function symbol mentioned in © is defined from the corresponding composition of
the interpretations of the function symbols from o).

(«=) Assume that (I, J) = o* with the instantiations xJ, ..., x? of the function symbols
X1, - - Xk- To show that (I,.J) = o, we first need to define from x9, ..., x? the instanti-
ations fP, ..., f{ of the function symbols fi, ..., fs, and then we have to show that (I,.J)
satisfies all the conjuncts of ¢ with these instantiations.
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Let FT(I) be the set of all pairs (f;,a) such that (1) i € {1,...,¢}, (2) a is a tuple of
elements from dom(/), and (3) the length of a is the same as the arity of function symbol
fi- Furthermore, let < be an arbitrary linear order over F7 (I), and define D7 (J) as the
set of elements a € dom(J) such that a € dom(I) or a = 5?01_(_7___7_)(&) for some i € {1,...,¢}

and tuple a of elements from dom(I). The sets F7T(I) and DT (J) are used to define a
substitution s, which in turn is used to define the interpretations of function symbols fi,
.+, fe. More precisely, for every a € DT (J), define:

B (L,a) if a € dom(I)
SO=\ 0B i a dom(D) and (f3.5) = min{(fe.?) € FT(D) | €, (@) = a}

Note that in the second case in the definition of x(a), the set over which the min is taken
is nonempty, because a € DT(J ) and a & dom(T).

Define the instantiations f7, ..., f of function symbols fi, ..., fr as follows. Given that
(I,J) = o*, we have by definition of satisfaction for SO tgds that there exists a countably
infinite unlverseﬁ U such that (1) U is the union of dom(/) U dom(J) and a set of nulls,
and (2) (U;1,J) satisfies o* in the standard second-order logic sense. Assume that L is a
fresh null value (L ¢ U) and that the arity of function symbol f; is k; (1 < ¢ < ). Then
the domain of each one of the functions f7, ..., f? is defined to be U U {L}, and for every
(a,...,ay,) € (UU{L})*, we define:

ﬁ%(wl wk.)(l_’l’ ...y by,) if for every i € {1,...,k;}, it holds that

flar,.. . ap) = a; € DT(J) and k(a;) = (w;, b;)
L otherwise

Notice that if a; = L in the definition above, for some i € {1,...,k;}, then f2(a1,...,a,) =
1.

Next we show that (1, .J) satisfied] every conjunct of o with the instantiations f7, ...,
f? of function symbols fi, ..., fr. But before doing this, we give an example that shows
how the strategy of the proof works.

Example 7.9. Consider again conjunct (Z.I0). To prove that (I,J) satisfies this conjunct
under the preceding definition of the functions in o, we have to prove that if:

I = S(a,b) A f(a) = g(f(a), (D)),
then J = T( (g9(a,a))). In order to prove this, we first need to figure out what the values
of %a), £°b), ¢°(f°(a), f ( )) and £°(¢%(a, a)) are. Given that a,b € dom(l), we have
that f%(a) = f ( ) and fO(b) = f?(_)(b). The definition of go(fo(a),fo(b)) depends on
whether §f(_ (a ) and ff(_)(b) belong to dom(7). Assume that 5?(_)(60 = a1 and f?(_)(b) = by,
where a; € dom(7I) and by € dom(I). Then by the preceding definition, we have to compute
r(ay) and x(by) in order to compute the value of ¢°(f%(a), f°(b)). We have that r(a;) =
(,a1) since a; € dom(I), and we assume for this example that x(b1) = (g(-,-), (¢1,c2)),
where ¢1,co € dom([). That is, we assume that 52(_7_)(61,62) = by and (g, (c1,¢2)) is the

3Again7 the universe can even be taken to be finite, but we do not need this.

“When we say that (I, J) satisfies a formula, we mean that (U; I, J) satisfies the formula. Similarly, when
we say that I satisfies a formula, we mean that (U;I) satisfies the formula, and likewise for J satisfying a
formula.
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smallest element (h,d) in FT(I), according to the linear order <, satisfying the condition
52(_ _)(d) = by. Thus, by the preceding definition, we have that:

P (f°(a), f20)) = ¢’(ar,b1) = 52(_7g(_7_))(a1701,02)-

Finally, we also need to know what the value of f°(¢%(a,a)) is. By the preceding definition,
we know that ¢%(a,a) = 52(_7_)(a,a). Assume that 52(_7_)(a, a) = dy with d; ¢ dom(I).
Then, as in the previous case, we need to compute x(d;) in order to compute f%(¢°(a,a)).
Assume for this example that x(dy) = (f(-),d2), where dy € dom([). That is, assume that
§5()(d2) = di and (f,dz) is the smallest element (h,d) in F7T(I), according to the linear
order <, satisfying the condition 52(_’.“7_)(&) = dy. Thus, by the preceding definition, we
have that:

(4 (a,a)) = fdr) = 5?0(,0(_))(612)- (7.11)

Therefore, from the previous discussion and the fact that that I = f(a) = g(f(a), f(b)), we
conclude that:

I = S(a,b) ANdom(a) A dom(cy) Adom(ca) A dom(da) A&sy(a) =ar A
Er)(0) = &gy (er,e2) Ny y(a,a) = 5y (d2) A s y(a) = €y g,y (a1, c1,c2).

Hence, given that we assume that (I,J) | o* and the following dependency is one of the
formulas 0, s, s, (see Example [.8)):

VaVyVui VurVugVug [(S(m, y) A dom(uq) A dom(uz) A dom(ug) A dom(uig) A
§r0) (@) = ur NEpy (y) = &gy (ur, ug) A gy (@, @) = E5()(Ur0) A
10 (@) = Eg(g(o (ur, ur, us)) = T(Es(s()(u0)) ]

we conclude that J = T(&pp))(d2)). But we know from (ZII) that f°(¢%(a,a)) =
f?(f(_))(dg) and, thus, we have that J |= T'(f(g(a,a))), which was to be shown. O

In general, we have to show that if VZ (¢(Z) — ¢ (Z)) is a conjunct of o and I = ¢(a)
with the instantiations fY, ..., f? of the function symbols fi, ..., fg, then J |= ¢ (a) with
these instantiations. It is straightforward but lengthy to generalize the strategy shown in
the previous example to this case. In particular, given that in the construction of o* we
consider all the possible cases for substitution x, the previous strategy can be applied in
general. This concludes the proof of the lemma. []

Proof of Theorem [7.4 The theorem is proved by induction on the nesting depth n of an
SO tgd. If n = 1, then the property trivially holds, and if n = 2, then the property holds
by Lemma Thus, let ¢ be an SO tgd from a source schema S to a target schema T,
and assume that the nesting depth of ¢ is n > 3. Moreover, assume that the theorem holds
for every SO tgd o’ of nesting depth n’ < n.

By Theorem 8.4 in [23], we know that there exist schema mappings Mj, My, M3, ...,
M, +1 such that o specifies MjoMgoMszo-- -0 M, 41 and every mapping M; (1 <i < n+1)
is specified by a set of st-tgds. For every i € {1,...,n+ 1}, let o; be an unnested SO tgd
that specifies M;. We know, by the definition of the algorithm Compose in [23], that there
exists an SO tgd o192 that specifies the composition of the schema mappings specified by o
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and o9 and whose nesting depth is at most 2. By Lemma [.3] we have that there exists an
unnested SO tgd o7, that is equivalent to o12. Thus, by considering again the definition
of the algorithm Compose in [23], we have that there exists an SO tgd o3 such that o3
specifies the composition of the schema mappings specified by o7, and 03 and whose nesting
depth is at most 2. Hence, by considering again Lemma [[3] we conclude that there exists
an unnested SO tgd o073 that specifies the composition of the schema mappings specified
by o}, and o3 and, thus, also specifies M; o My o M3. Finally, by considering again the
definition of algorithm Compose in [23], we have that there exists an SO tgd ¢’ such that:
(1) o' specifies the composition of the mappings specified by o753, 04, ..., opt1; and (2)
the depth of nesting of o’ is at most n — 1 (since o}3, 04, ..., op+1 are all unnested SO
tgds). Therefore, we conclude that there exists an SO tgd o that is equivalent to o and
whose depth of nesting is at most n — 1. But then by induction hypothesis, there exists an
unnested SO tgd o* that is equivalent to ¢’ and, hence, there exists an unnested SO tgd o*
that is equivalent to o. This concludes the proof of the theorem. L]

8. CONCLUDING REMARKS

We have investigated the question of what language is needed to specify the composition of
schema mappings with target constraints. In particular, we showed that st-SO dependencies
(along with appropriate target constraints) are exactly the right language for specifying the
composition of standard schema mappings (those specified by st-tgds, target egds, and
a weakly acyclic set of target tgds). By contrast, we showed that SO tgds, even with
arbitrary source and target constraints, are not rich enough to be able to specify in general
the composition of two standard schema mappings. In addition to their expressive power,
we also showed that st-SO dependencies enjoy other desirable properties. In particular,
they have a polynomial-time chase that generates a universal solution, which can be used
to find the certain answers to unions of conjunctive queries in polynomial time.

We proved the surprising result that SO tgds and st-SO dependencies can be denested:
that is, each such dependency is equivalent to another dependency of that type with no
nested function symbols. These denesting results can be used to “collapse” multiple com-
positions of schema mappings into the composition of two schema mappings of that type.
In particular, we obtain the unexpected result that the composition of an arbitrary number
of st-tgd mappings is equivalent to the composition of only two st-tgd mappings.

Our results gave us two ways to “simplify” the composition of an arbitrary number of st-
tgd mappings. First, we could replace the composition by a single schema mapping, specified
by an unnested SO tgd. Second, we could replace the composition by the composition of
only two st-tgd schema mappings. A similar comment applies to the composition of an
arbitrary number of standard schema mappings.
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