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ABSTRACT. We design hypersequent calculus proof systems for the theories of Riesz spaces
and modal Riesz spaces and prove the key theorems: soundness, completeness and cut-
elimination. These are then used to obtain completely syntactic proofs of some interesting
results concerning the two theories. Most notably, we prove a novel result: the theory
of modal Riesz spaces is decidable. This work has applications in the field of logics of
probabilistic programs since modal Riesz spaces provide the algebraic semantics of the
Riesz modal logic underlying the probabilistic p-calculus.
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1. INTRODUCTION

Riesz spaces, also known as vector lattices, are real vector spaces equipped with a lattice
order (<) such that the vector space operations of addition and scalar multiplication are
compatible with the order in the following sense:

r<y=zx+z2z<y+z

r<y=rz<ry for every positive scalar r € R>o.

The simplest example of Riesz space is the linearly ordered set of real numbers (R, <)
itself. More generally, for a given set X, the space of all functions R with operations and
order defined pointwise is a Riesz space. If X carries some additional structure, such as
a topology or a o-algebra, then the spaces of continuous and measurable functions both
constitute Riesz subspaces of RX. For this reason, the study of Riesz spaces originated
at the intersection of functional analysis, algebra and measure theory and was pioneered
in the 1930’s by F. Riesz, G. Birkhoff, L. Kantorovich and H. Freudenthal among others.
Today, the study of Riesz spaces constitutes a well-established field of research. We refer
to [LZ71, JR77| as standard references.

The definition of Riesz spaces merges the notions of lattice order and that of real vector
spaces. The former is pervasive in logic and the latter is at the heart of probability theory
(e.g., convex combinations, linearity of the expected value operator, etc.) Dexter Kozen
was the first to observe in a series of seminal works (see, e.g., [Koz81, Koz85]) that, for
the above reasons, the theory of Riesz spaces provides a convenient mathematical setting
for the study and design of probabilistic logics. Probabilistic logics are formal languages
conceived to express correctness properties of probabilistic transition systems (e.g., Markov
chains, Markov decision processes, etc.) representing the formal semantics of computer
programs using probabilistic operations such as random bit generation. In a series of recent
works [Miol2b, MS13a, MS13b, Miol2a, Mioll, MS17, MFM17, Miol8, Miol4, FMM20],
following Kozen’s program, the second author has introduced a simple probabilistic modal
logic called Riesz Modal Logic. Importantly, once extended with fixed-point operators in the
style of the modal u-calculus [Koz83|, this logic is sufficiently expressive to interpret other
popular probabilistic logics for verification such as probabilistic CTL (see, e.g., chapter 8
in [BKO8| for an introduction to this logic). One key contribution from [MFM17, FMM20|
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is a duality theory which provides a bridge between the probabilisitic transition system
semantics of the Riesz modal logic and its algebraic semantics given in terms of so-called
modal Riesz spaces.

A modal Riesz space is a structure (V, <, {) such that (V, <) is a Riesz space and ¢ is a
unary operation ¢ : V' — V satisfying certain axioms (see Definition 2.16 for details). Terms
without variables in the signature of modal Riesz spaces are exactly terms of the Riesz modal
logic of [MFM17, FMM20|. As a consequence of the duality theory, two terms are equivalent
in the transition semantics if and only if they are provably equal in the equational theory
of modal Riesz spaces. This is a complete axiomatisation result (see [MFM17, FMM20]| for
details).

One drawback of equational axiomatisations, such as that of [MFM17, FMM20], is that
the underlying proof system of equational logic is not well-suited for proof search. It is indeed
often difficult to find proofs for even simple equalities. The source of this difficulty lies in the
transitivity rules of equational logic:

A=B B:C'T
A=C rans

For proving the equality A = C it is sometimes necessary to come up with an additional
term B and prove the two equalities A = B and B = C. Since B ranges over all possible
terms, the proof search endeavour faces an infinite branching in possibilities. It is therefore
desirable to design alternative proof systems that are better behaved from the point of view
of proof search, in the sense that the choices available during the proof construction process
are reduced to the bare minimum.

The mathematical field of structural proof theory (see [Bus98| for an overview), originated
with the seminal work of Gentzen on his sequent calculus proof system LK for classical
propositional logic [Gen34|, investigates such proof systems. The key technical result regarding
the sequent calculus, called the cut-elimination theorem, implies that when searching for a
proof of a statement, only certain terms need to be considered: the so-called sub-formula
property. This simplifies significantly, in practice, the proof search endeavour.

The original system LK of Gentzen has been extensively investigated and generalised.
For example, sequent calculi for several substructural logics, linear logic, many modal logics
and fixed-point temporal logics have been designed. One variant of sequent calculus, called
hyper-sequent calculus, originally introduced by Avron in [Avr87] and independently by
Pottinger in [Pot83], allows for the manipulation of non-empty lists of sequents (hence the
hyper adjective) rather than just sequents. The machinery of hyper-sequent calculi has been
then developed in several works (see, e.g., [CLR19, BCF03, CGTO08, Cial8, MOGO09, Cia01,
Lah13, BCF03]).

First Contribution: Proof Theory of Riesz Spaces. The first contribution of this work
is the design of a hypersequent calculus proof system HR. for the theory of Riesz spaces,
together with the proof of the cut-elimination theorem. From this we obtain new proofs,
based on purely syntactic methods, of well-known results such as the fact that the equational
theory of Riesz spaces is decidable and that the equational theory of Riesz spaces with real
(R) scalars is a conservative extension of the theory of Riesz spaces with rational (Q) scalars.
These results are presented in Section 3.

Our hypersequent calculus HR is based on, and extends, the hypersequent calculus GA
for the theory of lattice ordered Abelian groups of [MOGO05, MOGO09]. From a technical point
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of view, the difficulty in extending their work to Riesz spaces lies mostly in the design of
appropriate derivation rules for dealing with real (R) scalars. Our design choices have been
driven by the two main goals: prove the cut-elimination theorem and preserve as much as
possible the sub-formula property of the system. It is our belief that this type of rules might
be of general interest in the field of proof theory (see, e.g., [KPS13]) and can be potentially
re-used for designing proof systems for other quantitative logics.

Beside being the first structural proof system for Riesz spaces, a mathematically natural
and well studied class of structures, the hypersequent calculus proof system HR is the basis
for our second and most technically challenging contribution.

Second Contribution: Proof Theory of Modal Riesz Spaces. The second and more
technically challenging contribution of this work is the design of the hypersequent calculus
proof system HMR, together with the proof of the cut-elimination theorem, for the theory
of modal Riesz spaces or, equivalently (via the duality theory of [MFM17, FMM20|) for
the Riesz modal logic. To the best of our knowledge, this is the first sound, complete and
structural proof system for a probabilistic logic designed to express properties of probabilistic
transition systems. From the cut-elimination theorem for HMR we derive a new result: the
equational theory of modal Riesz spaces is decidable. Our proof is based on purely syntactical
methods and does not rely, as it is often the case in decidability results of modal logics, on
model theoretic properties (e.g., the finite model property) or on techniques from automata
theory. These results are presented in Section 4.

The hypersequent calculus HMR is based on and extends the hypersequent calculus HR
with new rules dealing with the additional connectives (¢ and 1) available in the signature
of modal Riesz spaces. While this extension might superficially seem simple, it introduces
significant complications in the proof of the cut-elimination theorem. The proof technique
adopted in [MOGO05, MOGO09] for proving the cut-elimination theorem of GA does not seem
to be applicable (as discussed in Section 4.1). We therefore follow a different approach based
on a technical result (the M-elimination theorem) which states that one of the rules (M) of
the system HMR can be safely removed from the system without affecting completeness. In
order to simplify as much as possible the exposition of our cut-elimination proof for HMR,
we prove the cut-elimination theorem for the system HR. also using the technique based on
the M-elimination theorem even though the cut-elimination theorem for HR could also be
obtained following the approach of [MOGO05, MOGO09|. This will serve as a preparatory work
for the more involved proof of cut-elimination for HMR.

Earlier Work. The content of this section is based on an earlier conference paper of the
two authors [LM19] where a restricted version of the present system HMR, without rules
dealing with real (R) scalars, has been introduced.

Third Contribution: Formalisation with the Coq Proof Assistant. All the defini-
tions, statements and proofs presented in this work have been formalised by the first author
using the Coq proof assistant and are freely available online [Luc20|. Since all proofs are
constructive, the formalisation provides algorithms for, e.g., performing the cut-elimination
procedure or for deciding the equational theory of modal Riesz spaces'. The Coq code has
been implemented during the process of peer-review of this article and, as such, it has not

IThe output of our decision procedure is a formula, in the first order theory of the real-closed field
(R, +, x). This theory is decidable [Tar51] and can be verified for satisfiability using external tools.


https://coq.inria.fr/
https://github.com/clucas26e4/riesz-logic

Vol. 18:1 PROOF THEORY OF RIESZ SPACES AND MODAL RIESZ SPACES 32:5

been scrutinised by the anonymous reviewers. It should be therefore taken as an external
addendum of the present article.

Organisation of this work. This paper is structured in the following main sections:

Section 2 - Technical Background: in this section we give the basic definitions and results
regarding Riesz spaces and modal Riesz spaces and fix some notational conventions.

Section 8 - Hypersequent Calculus for Riesz Spaces: this section is devoted to our hyper-
sequent calculus HR proof system for the theory of Riesz spaces. This section is
structured in several subsections, each presenting in details a result regarding HR.

Section 4 - Hypersequent Calculus for Modal Riesz Spaces: this section is devoted to our hy-
persequent calculus HMR proof system for the theory of modal Riesz spaces. The
structure of this section matches exactly that of Section 3. This should allow for an
easier comparison of the two systems and their technical differences.

Section 5 - Conclusions: some final remarks and directions for future work.

Finally, for convenience, we have included the rules of the proof system GA

from [MOGO05, MOGO09| in Appendix A.

2. TECHNICAL BACKGROUND

This section provides the necessary definitions and basic results regarding Riesz spaces (the
books [LZ71, JR77| are standard references) and modal Riesz spaces from [MFM17, FMM20],
which play a key role in the the duality theory of the Riesz modal logic.

2.1. Riesz Spaces. This section contains the basic definitions and results related to Riesz
spaces. We refer to [LZ71, JR77| for a comprehensive reference to the subject.

A Riesz space is an algebraic structure (R, 0, +, (r),cr, U, M) such that (R, 0, +, (7),er) is
a vector space over the reals, (R, L,M) is a lattice and the induced order (a < b < alb=a)
is compatible with addition and with the scalar multiplication, in the sense that: (i) for all
a,b,c€ R, if a <bthen a+c<b+c, and (ii) if @ > b and r € R>( is a non-negative real,
then ra > rb. Formally we have:

Definition 2.1 (Riesz Space). The language Lp of Riesz spaces is given by the (uncountable)
signature {0, +, (r)rer, U, M} where 0 is a constant, +, L and M are binary functions and r
is a unary function, for all » € R. A Riesz space is a Lg-algebra satisfying the set ARjess
of equational axioms of Figure 1. We use the standard abbreviations of —z for (—1)z and
z<yforxNy=uz.

Remark 2.2. Note how the compatibility axioms have been equivalently formalised in
Figure 1 as inequalities and not as implications by using (z My) and y as two general
terms automatically satisfying the hypothesis (z My) < y. Moreover the inequalities can be
rewritten as equations using the lattice operations (r <y < My = x) as follows:

e (xMy)+ 2z <y+ zcan be rewritten as ((zMy) +2)MN(y+ 2) = (zMNy) + z and
e r(xMy) <ry can be rewritten as r(x My) Nry = r(x My).

Hence, since Riesz space are axiomatised by a set of equations, the family of Riesz spaces is
a variety in the sense of universal algebra.
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(1) Axioms of real vector spaces:
e Additive group: z+ (y+2)=(z+y)+z, 2 +y=y+z,2+0=2,z—2 =0,
e Axioms of scalar multiplication: r1(rex) = (r1 - r2)z, lx =z, r(z + y) = (rz) + (ry),
(r1 +ro)x = (r1z) + (rex),
(2) Lattice axioms: (associativity) z U (yUz) = (zUy)Uz zMN(yMNz) = (zMNy) Nz,
(commutativity) z Uy =y Uz, zMy =y Mz, (absorption) zU (2My) =z, 2N (zUy) = 2.
(3) Compatibility axioms:
o (zMy)+z2z<y+z
e r(zxMy) < ry, for all scalars r > 0.

Figure 1: Set ARgjes, Of equational axioms of Riesz spaces.

Example 2.3. The real numbers R together with their standard linear order (<), expressed
by taking r; Mre = min(ry,r2) and 71 U re = max(r,r2), is a Riesz space. This is a
fundamental example also due to the following fact (see, e.g., [LvA07] for a proof): the real
numbers R is complete for the quasiequational theory of Riesz spaces. In particuliar, this
means that for any two terms A, B, we have that the equality A = B holds in all Riesz spaces
if and only if A = B holds in the Riesz space (R, <). This provides a practical method for
establishing if an equality is derivable from the axioms of Riesz spaces and since the first
order theory of the real numbers is decidable [Tar51], so is the equational theory of Riesz
spaces. For example, —(max(r1,72)) = min(—ry, —r2) holds universally in R and therefore
—(zUy) = (—z) M (—y) holds in all Riesz spaces.

Example 2.4. For a given set X, the set RX of functions f : X — R is a Riesz space
when all operations are defined pointwise: (rf)(z) = r(f(x)), (f +9)(z) = f(x) + g(x),
(fug)(z) = f(z)Ug(x), (fMg)(z) = f(z) N g(x). Thus, for instance, the space of
n-dimensional vectors R” is a Riesz space whose lattice order is not linear.

Convention 2.5. We use the capital letters A, B, C to range over terms built from a set of
variables ranged over by x,y, z. We write A[B/z] for the term, defined as expected, obtained
by substituting all occurrences of the variable z in the term A with the term B.

As observed in Remark 2.2, the family of Riesz spaces is a variety of algebras. This
means, by Birkhoff completeness theorem, that two terms A and B are equivalent in all
Riesz spaces if and only if the identity A = B can be derived using the familiar deductive
rules of equational logic, written as ARjes, - A = B.

Definition 2.6 (Deductive Rules of Equational Logic). Rules for deriving identities between
terms from a set A of equational axioms:

(A=B)c A A-B=A AFA=B
ArA=B » ara=ar™  Ara-"¥ AF C[A] = c[B] ™
AFA=B AFB=C AFA=B

rans subst

AFA=C A A[C/x] = B|C/x]
where A, B, C' are terms of the algebraic signature under consideration built from a countable
collection of variables and C[] is a context.

In what follows we denote with ARjes, - A < B the judgment Agjes, F A = AN B.

The following elementary facts (see, e.g., [LZ71, §2.12| for proofs) imply that, in the
theory of Riesz spaces, a proof system for deriving equalities can be equivalently seen as a
proof system for deriving equalities with 0 or inequalities.



Vol. 18:1 PROOF THEORY OF RIESZ SPACES AND MODAL RIESZ SPACES 32:7

Proposition 2.7. The following assertions hold:
° ARieszl_A:B ~ -ARieszl_A_B:O;
¢ ARiesu FA=B & (-ARiesz F A< B and Agjes, F B < A)

Convention 2.8. From now on, in the rest of this paper, it will be convenient to take the
derived negation operation (—A) = (—1)A as part of the signature and restrict all scalars r
to be strictly positive (r > 0). The scalar 0 € R can be removed by rewriting (0)A as 0.

Definition 2.9. A term A is in negation normal form (NNF) if the operator (—) is only
applied to variables.

For example, the term (—x) M (—y) is in NNF, while the term —(z U y) is not.

Lemma 2.10. Every term A can be rewritten to an equivalent term in NNF.

=

Proof. Negation can be pushed towards the variables by the following rewritings: —(—A) =
—(rd) =r(-A), —(A+B)=(-A)+(-B), —(AuUB) = (-A)N(—B) and —(AN B)
(—A) U (—B) (see Lemma 2.14|7] below).

L1

Negation can be defined on terms in NNF as follows.

Definition 2.11. Given a term A in NNF, the term Zis defined as follows: T = —z, —x =z,
rA=rA, A+ B=A+B, AUB=ANB, ANB=AUB.

The following are basic facts regarding negation of NNF terms.

Proposition 2.12. For any term A in NNF, the term A is also in NNF and it holds that
-ARiesz FA=-A.

Proof. We prove the result by straightforward induction on A. See Lemma 2.14[7] below for
the L and M cases. []

Proposition 2.13. For any terms A, B in NNF, it holds that A|B/z] = A[B/x].

2.1.1. Technical lemmas regarding Riesz spaces. We now list some useful facts that will be
used throughout the paper. The following are useful derived operators frequently used in the
theory of Riesz spaces:

Symbol | Terminology Definition
AT The positive part | AUO

A~ The negative part | (—A) L0
|A] The absolute value | AT + A~

Lemma 2.14. The following equations hold:

(1) For all A and r >0, r(A™) = (r4)".

(2) For all A,B, A+ B < 2(AU B)

(8) For all A, B, if A< B then B~ < A™.

(4) For all A,B, (A+B)”" <A™+ B™.

(5) For all >0, 0 < A if and only if 0 < rA.

(6) For all A, A =0 if and only if —A = 0.

(7) For all A,B, —(AUB)=(-A)N(-B) and —(ANB) = (-A) U
(8) For all A,B,C, AU(BNC)=(AuB)N(AUC) and AN(BUC)
(9) For all A,B,C, A+ (BUC) = (A+B)U(A+C) and A+ (BNC)

(=B).
=(ANB)U(ANC).
=(A+B)N(A+C).
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e (10) For all A, 0 < AU (—A).

Most notably, observe that Riesz spaces are distributive lattices (Lemma 2.14[8|), that
sum distributes over lattice operations (Lemma 2.14[9]) and that the least upper bound of
any element with its negation is always positive (Lemma 2.14[10]).

Proof. As mentioned in Example 2.3, the Riesz space R is complete for the quasiequational
theory of Riesz spaces. This means that a universally quantified Horn clause A\, ; ARjess I
A; = B; = ARiesz B A = B holds in all Riesz spaces if and only if it holds in the Riesz
space (R, <). It is then straightforward to check the validity of all equations and equational
implications in R. L]

Lemma 2.15. For all A, B, AUB >0 if and only if A~ B~ =0.

Proof. For all A, B we have:
0N(AuB) = (Ano)u(BMNoO)
= —((=4)u(=0) M ((=B)U(-0)))
= —(A"nB7)
Hence 0 M (AU B) = 0 if and only if —(A~ M B~) = 0 if and only (by Lemma 2.14[6])

(A~ M B~) =0. The proof is complete recalling that 0 < A U B means, by definition, that
0=0M(AuU B). [

2.2. Modal Riesz Spaces. This section contains the basic definitions and results related
to modal Riesz spaces, as introduced in [MFM17, FMM20].

The language of modal Riesz spaces extends that of Riesz spaces with two symbols: a
constant 1 and a unary operator Q.

Definition 2.16 (Modal Riesz Space). The language E% of modal Riesz spaces is LrU{1,0}
where Lp is the language of Riesz spaces as specified in Definition 2.1. A modal Riesz space
is a E%—algebra satisfying the set A%, of axioms of Figure 2.

Riesz

Axioms of Riesz spaces see Figure 1
+
Positivity of 1: 0<1
Linearity of ¢: O(r1A+reB) = riQ(A) + r20(B)
Positivity of ¢: OO A)>0

1-decreasing property of O: O(1) <1

Figure 2: Set A%iesz of equational axioms of modal Riesz spaces.

Example 2.17. Every Riesz space R can be made into a modal Riesz space by interpreting
1 with any positive element and by interpreting ¢ as the identity function (Q(z) = x) or the
constant 0 function ¢(z) = 0.

Example 2.18. The Riesz space (R, <) of linearly ordered real numbers becomes a modal
Riesz space by interpreting 1 with the number 1, and ¢ by any linear (due to the linearity
axiom) function = — 7z for a scalar € R such that » > 0 (due to the positivity axiom) and
r <1 (due to the 1-decreasing axiom).
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Example 2.19. Generalising the previous example, the Riesz space R™ (with operations
defined pointwise, see Example 2.4) becomes a modal Riesz space by interpreting 1 with the
constant 1 vector and ¢ by a linear (due to the linearity axiom) map M : R™ — R", thus
representable as a square matrix,

1 Tl T2 cc Tin

1 To1 T292 tt Top
1=1. 0= ) ) )

1 "m,1 Tn,2 **° Tnn

such that all entries r; ; are non-strictly positive (due to the positivity axiom) and where
all the rows sum up to a value < 1, i.e., for all 1 < i < n it holds that Z§:1 ri; <1 (due
to the 1-decreasing axiom). Such matrices are known as sub-stochastic matrices. Each
sub-stochastic matrix M can be regarded as a probabilistic transition system (also referred
to as Markov chain) whose set S of states is S = {s1,..., s,} and whose transition function
a2 S — DSL(S), defined as:
T (s:)(s5) = 7

assigns to each state s; € S a sub-probability? distribution 7p7(s;) € D<!(S) specifying the
probability of reaching s; from s;, for any s;,s; € S.

For a concrete example, consider the modal Riesz space R? with ¢ interpreted by the

matrix M defined as:
11
M= (i; 2).
3 0
This modal Riesz space can be identified with the Markov chain having state space S =
2) =

{s1, 52} and transition function 7, defined by: Tps(s1) = (s1 +— 1,59 = %) and Tp/(s
(51 1,59+ 0):

=

Eo—— &

Wl

From the state s; the computation progresses to s; itself with probability %, to s9 with
probability 3 and it halts with probability & (i.e., with the remaining probability 1 — (3 + 1))
From the state so the computation progresses to s; with probability % and it halts with

probability % .

Example 2.20 (Transition Semantics). Carrying on the previous example, given any Markov
chain (S, 7pr) (i.e., equivalently, a modal Riesz space on R™ with ¢ interpreted by a sub-
stochastic matrix M), each closed (i.e., without variables) modal Riesz term A is interpreted
as a function [A] =S — R (i.e., a vector in R™). This interpretation is inductively defined
as:

[00(si) =0 [1l(si) =1
[rAl(si) = - ([Al(s0))  [A+ B](si) = [A](s) + [B](s:)

2A sub-probability distribution on a set S is a function d : S — [0, 1] such that >o.d(s) < 1.
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[AU B](si) = max{[A](s:), [B](si)}  [AM Bl(si) = min{[A](s:), [B](si)}
[0A](si) = > (rar(si)(s5) - [A](s;))
j=1
for all s; € S. The semantics [A] of a closed term A can be understood as a (real-valued)
quantitative property of states of Markov chains and [Q A] denotes the expected value of
[A] after a transition step. This fact provides the motivation for the study of modal Riesz
spaces in [MFM17, FMM20| in the context of logics for probabilistic programs.
Consider for example the Markov chain of the previous example:

wl—=

D,

=

and the modal Riesz terms ¢1 and {((1). They are interpreted as the two functions on
S = {s1, 59} illustrated as vectors below:

[01] = @ and  [0(01)] = (28)

The term ¢1 assigns to each state s; € {s1, s2} the probability of making a computational
step from s; to any other state (and thus not halting). Similarly, the term ¢{1 is the vector
assigning to each state s; the probability of making two consecutive computational steps
from s;. More complex terms can express sophisticated real-valued properties of Markov
chains [MFM17, FMM20]. Importantly, in [FMM20] the transition semantics® is proved to
be sound and complete with respect to the equational theory of modal Riesz spaces: two
modal Riesz terms A and B are provably equal from the axioms of modal Riesz spaces if
and only if [A] = [B] when interpreted in all possible Markov chains. We refer to [FMM20)|
for further details and comparisons with other logics having a real-valued semantics such
as [SP11, KLMP13, MS17, Koz85, MMO07| among others.

Example 2.21. Consider the equality ¢(z Uy) = O(x) U O(y). Does it hold in all modal
Riesz spaces? In other words, does A%iesz FO(xUy) = O(x) UO(y)? The answer is negative.
Take as example the modal Riesz space R? with:

=) o= 9)

and let a = (1,0) and b = (0,1). One verifies that ¢(aUb) = (1,0) while ¢(a) UO(b) = (2,0).
This example shows that unhke the theory of Riesz spaces (cf Example 2.3), the theory of
modal Riesz spaces cannot be generated by a linear model, i.e. a model where either a < b
or b < a for all a and b. Indeed, in any linear model, the equality O(z Uy) = O(z) U O(y)
clearly holds while it does not hold in the example above.

Remark 2.22. The choice of using the ¢ symbol for the unary operation of modal Riesz
spaces might suggest the existence of a distinct De Morgan dual operator Lx = — — x. This

3In fact, a generalised topological semantics is required for completeness, where Markov chains have state
spaces endowed with a compact Hausdorff topology. The examples above have finite state spaces, and are
thus trivially compact Hausdorff.
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is not the case since, due to linearity, Ox = Qx, i.e., ¢ is self dual. While using a different
symbol such as (o) might have been a better choice, we decided to stick to ¢ for backwards
compatibility with previous works on modal Riesz spaces [MFM17, FMM20, LM19|. Another
source of potential ambiguity lines in the “modal” adjective itself. Of course other axioms
for ¢ can be conceived (e.g., O(z Uy) = O(x) U O(y) instead of our O(z +y) = O(z) + O(y),
see, e.g., [DMS18|). Therefore different notions of modal Riesz spaces can be investigated,
just like many types of classical modal logic exist (K, S4, S5, etc). Once again, our choice of
terminology is motivated by backwards compatibility with previous works.

We now expand the definitions and properties related to terms in negation normal form
to modal Riesz spaces.

Definition 2.23. A term A is in negation normal form (NNF) if the operator (—) is only
applied to variables and the constant 1.

Lemma 2.24. Every term A can be rewritten to an equivalent term in NNF.

Proof. Negation can be pushed towards the variables by the following rewritings: —Q(A)
O(—A) (see Lemma 2.10 for the other operators).

I

Negation can be defined on terms in NNF as follows.

Definition 2.25. Given a term A in NNF, we expand the operator A as follows: 0A = (A,
1=-1,-1=1.

The following are basic facts regarding negation of NNF terms.

Proposition 2.26. For any term A in NNF, the term A is also in NNF and it holds that
-ARiesz FA=-A

Proposition 2.27. For any terms A, B in NNF, it holds that A|B/z] = A[B/x].

3. HYPERSEQUENT CALCULUS FOR RIESZ SPACES

In this section we introduce the hypersequent calculus HR for the equational theory of Riesz
spaces.

In what follows we proceed with a sequence of syntactical definitions and notational
conventions necessary to present the rules of the system. We use the letters A, B, C' to range
over Riesz terms in negation normal form (NNF, see Definition 2.9) built from a countable
set of variables x, y, z and negated variables T, 7, Z. The scalars appearing in these terms
are all strictly positive and are ranged over by the letters r,s,t € Ryg. From now on, the
term scalar should always be understood as strictly positive scalar.

Definition 3.1. A weighted term is a formal expression r.A where » € R<g and A is a term.

Given a weighted term r.A and a scalar s we denote with s.(r.A) the weighted term
(sr).A. Thus we have defined (strictly positive) scalar multiplication on weighted terms.

We use the greek letters I'; A, ©, Y to range over possibly empty finite multisets of
weighted terms. We often write these multisets as lists but they should always be understood
as being taken modulo reordering of their elements. As usual, we write I',; A for the
concatenation of I and A.

We adopt the following notation:
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e Given a sequence 7= (ry,...ry) of scalars and a term A, we denote with 7.A the multiset
[r1.A,...,r.A]l. When 7 is empty, the multiset 7. A is also empty.

e Given a multiset I' = [r;. Ay, ..., r,.Ay] and a scalar s > 0, we denote with s.I" the multiset
[s.11.41,. .., 870 Ay).

e Given a sequence § = (s1,...5y) of scalars and a multiset I', we denote with §.I" the
multiset s1.I°,...,s,.I.

e Given two sequences 7 = (r1,...7,) and § = (s1,...8y) of scalars, we denote 7§ the
concatenation of the two sequences, i.e. the sequence (r1,...7n,S1,...5m).

e Given a sequence § = (s1,...sy,) of scalars and a scalar r, we denote (r5) the sequence
(rs1,...7rsp).

e Given two sequences 7 = (ry,...r,) and § = (s1,...5sy,) of scalars, we denote 75 the
sequence 7185 ...;7,S.

e Given a sequence § = (s, ...sy,) of scalars, we denote ) § the sum of all scalars in 3, i.e.

n
the scalar > s;.
i=1

Definition 3.2. A sequent is a formal expression of the form F T'.
If I' = (), the corresponding empty sequent is simply written as .

Definition 3.3. A hypersequent is a non-empty finite multiset of sequents, written as
FTq|...|FT,.

We use the letter G, H to range over hypersequents. Note that, under these notational
conventions, the expression - I' could either denote the sequent F T itself or the hypersequent
[F T'] containing only one sequent. The context will always determine which of these two
interpretations is intended.

We now describe how sequents and hypersequents can be interpreted by Riesz terms. This
means that HR. is a structural proof system, i.e., by manipulating sequents and hypersequents
it in fact deals with terms of a certain specific form.

Definition 3.4 (Interpretation). We interpret weighted terms (r.A), sequents - I'" and
hypersequents G as the Riesz terms (r.A), (- I') and (G), respectively, as follows:

| Syntax Term interpretation (_)
Weighted terms | r. A rdA
Sequents Fri Ay ... rp Ay (r1-Aq) + -+ (rn-4Ay)
Hypersequents |+ T'|...|F T, FTypu---U(-Th)

Hence a weighted term is simply interpreted as the term scalar-multiplied by the weight.
A sequent is interpreted as sum () and a hypersequent is interpreted as a join of sums

(>0
Example 3.5. The interpretation of the hypersequent:
Flz,2.(yMz) | F2.(3TMy)
is the Riesz term:
(lz +2(yMz)) U (23zMy)).

The hypersequent calculus HR is a deductive system for deriving hypersequents whose
interpretation is positive, i.e., the hypersequents G' such that Agjes, - 0 < (G). The
rules of HR are presented in Figure 3 and are very similar to the rules of the system GA
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Axiom:
FINIT
Structural rules:
G G|FT|+T
W -
G|+T G|FT
G|FTy, Ty G|FT1 G|FTq N
G|FTy|FTy G|FTy, Ty
G|kFrT G|FT
_ ———— ID ;= i
alrr * Gl T.rmss DXmi=Xs

Logical rules:
G|FT 0 G|FT,7AT7.B G| THET,(s7).A
G|FT,70 G|FI,7.(A+ B) G| THET,7.(sA)

G|FT.FA|FD7B  G|FT.7A G|FT.7B
G|FT,7(AUB) G|FTI,7(ANB)

CAN rule:

G|FT,5A,74 B
W CAN,Z’I"Z = 252

Figure 3: Inference rules of HR.

of [MOGO05, MOGO09] (see Appendix A) where the main difference is the use of weighted
terms in sequents. We write byr G if the hypersequent G is derivable in the system HR.

The axiom INIT allows for the derivation of (), the hypersequent containing only
the empty sequent, thus it corresponds to the positivity of the constant 0. The C rule
(contraction) allows treating hypersequents as (always non-empty) sets of sequents. The
M (mix) and S (split) rules are as in the system GA of [MOG05, MOGO09|. We instead
adopted the rule ID, in place of the axiom ID-ax of GA (see Appendix A). While the two are
equivalent (i.e., mutually derivable) in presence of the other rules, the formulation of ID as a
rule is convenient in the statement of the M-elimination theorem later on. The T rule is
novel, and can be seen as a real-valued variant of C (contraction) rule in that the weight of a
sequent in the hypersequent can be multiplied by an arbitrary positive real number. Finally,
note that the logical rules are all presented using the syntactic sugaring . A described above.
For example, one valid instance of the rule (+4) is the following:

FT,2.3y,2.x, %.3y, %w
_l’_
FT,2.(3y + ), 3(3y + )
This effectively allows us to apply the rule to several terms in the sequent at the same time.
This feature adds some flexibility in the process of derivation construction and simplifies

some proofs, but it is not strictly required. All our results hold even in a variant of the HR
system where rules are allowed to act on only one term at the time.

Convention 3.6. We often have to use the same rule multiple times when building a
derivation. For convenience, we may write the rule only once with the number of times the
rule is used as exponent, as follows:

G

_ 2
alrriraw
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If the number of times a rule is used is not known, we use a wildcard as exponent, as in the
following example where the weakening rule is used to remove all sequents appearing in G:

T
G|+T

W*

Remark 3.7. On the one hand, we could have introduced appropriate exchange (i.e.,
reordering) rules and defined sequents and hypersequents as lists, rather than multisets. In
the opposite direction, we could have defined hypersequents as (non-empty) sets and dispose
of the rules (C). Our choice is motivated by a balance between readability and fine control
over the derivation steps in the proofs.

Remark 3.8. Note that the following CUT rule

G|FT,7A G|FTy 54
G|FT1,Ts

CUT, S #=3%

is equivalent (i.e., mutually derivability) to the CAN rule in the HR hypersequent calculus:

G|FT,7A G|FTs,5A4

G|+TD1, a7 A GA
AN. S 7=Y5
G|FT,Ts CAN.  m=25

Figure 4: Derivability of the CUT rule.

= INIT e INIT
m Lem*ma 3.21 FFATA Lemina 3.21
G|+FT,7A5A G\l—é’.A,f’.ZW G|FT,7A5A GH—E’.A,FZW
— cuT — CcuT
G|FT,FATA G|FI,7A A
G|H“,F.(A+Z)+ G||—F,F.(Z+A)+
G|FI,T cut
G|FT|FT
G|FT

Figure 5: Derivability of the CAN rule.

Our choice (following [MOG09, MOGO05|) of presenting the system HR using the CAN
rule, rather than the equivalent CUT rule, is just motivated by elegance and technical
convenience.
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Example 3.9. Example of derivation of the hypersequent + 1.((23: +2y) U (y+ E)) which
consists of only one sequent.

C INI”{D
F2y,2y
F2.x,2.y,27, 2y
F2x,27y|F2y,2%
F2x,2y|F1ly 1%
F22,275|F1.(y+7)
F2.2,1.2y | F 1.(y + 7)
122,127 |- 1.(y + 7)
F1.22+2y) | F1.(y+7)
F1.(2z+2y) U (y+ 7))
In what follows we say that an hypersequent G has a CAN-free derivation (resp., M-free,
T-free, etc.) if it has a derivation that never uses the rule CAN (resp., rule M, rule T, etc.).

T (multiplication by 2)

+
X
X

3.1. Main results regarding the system HR. We are now ready to state the main
results regarding the hypersequent calculus HR. Each theorem will be proven in a separate
subsection of this section.

Recall that we write ARjesz - A > B if the inequality A > B is derivable in equational
logic from the axioms of Riesz spaces and that we write byrG if the hypersequent G is
derivable in the HR proof system.

Our first technical result states that the system HR can derive all and only those
hypersequents G such that Agjes; - (G]) > 0.

Theorem 3.10 (Soundness). For every hypersequent G,
>grG =  ARiesz F (G) > 0.

Theorem 3.11 (Completeness). For every hypersequent G,
ARiesz - (G) >0 = >urG.

Our next theorem states that all the logical rules of the hypersequent calculus HR. are
CAN-free invertible. This means that if an hypersequent G having the shape of the conclusion
of a logical rule is derivable with a CAN-free derivation, then also the premises of that logical
rule are derivable by CAN-free derivations. So, for example, in the case of the (M) rule, if
the hypersequent

G|FT,7.(ANB)
has a CAN-free derivation, then also
G|FT,FA and G|FT,7.B
have CAN-free derivations.
Theorem 3.12 (CAN-free Invertibility). All the logical rules are CAN-free invertible.

The invertibility theorem is very important for proof search. When trying to derive a
hypersequent G (without CAN applications) it is always possible to systematically apply
the logical rules and reduce the problem of deriving G (without CAN applications) to the
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problem of deriving a number of hypersequents G, ... G, where no logical symbols appear.
We call such reduced hypersequents without logical symbols atomic hypersequents.

G1 Gn

Logical rules

G
Figure 6: Systematic application of the logical rules to reduce the logical complexity.

As we will discuss later (Theorem 3.18), this procedure of simplification will lead to an
algorithm for deciding if an arbitrary hypersequent G is derivable in HR or not.

The three theorems above are adaptations of similar results for the hypersequent calculus
GA of [MOG09, MOGO5]| for the theory of lattice ordered abelian groups.

The following theorem, instead, appears to be novel. It is stated in the context of our
system HR but a similar result can be proved for GA too.

Theorem 3.13 (M-elimination). If a hypersequent has a CAN-free derivation, then it has a
CAN-free and M-free derivation.

Our motivation for proving the above result is mostly technical. Indeed it allows us to
prove our main theorem (Theorem 3.14 below) in a rather simple way (different from that
of [MOG09, MOGO5]). However note how the M-elimination theorem is also useful from the
point of view of proof search since it reduces the space of derivation trees to be explored.

We are now ready to state our main result regarding the system HR.

Theorem 3.14 (CAN elimination). If a hypersequent G has a derivation, then it has a
CAN-free derivation.

Proof sketch. The CAN rule has the following form:
G|FT,5A,7A
G|FT

We show how to eliminate one application of the CAN rule. Namely, we prove that if
the premise G | - T',5.A, 7. A has a CAN-free derivation then the conclusion G | - T" also has
a CAN-free derivation. This of course implies the statement of the CAN-elimination theorem
by using a simple inductive argument on the number of CAN’s applications in a derivation.

As a preliminary step, we first invoke the M-elimination Theorem 3.13 on the derivation
of G | FT,5.A,7.A to remove possible occurrences of the M rule. In other words, we can
assume that the derivation of G | - T',5. A, #.A does not contain applications of the M rule.
This is important since the M rule is problematic to deal with in our inductive proof because
its two premises can generally break the symmetry between the weights of A and A in the
hypersequent. For instance, the induction hypothesis could not be used on the premises of
the following instance of the M rule since the condition Y 7= ) §is not satisfied in either
of the two premises:

CAN, S 7=Y5

G|FT,54 G|FFA
G|FT,5A,7A
Hence, in what follows we assume that the the derivation of G | T, 5.4, 7. A is M-free
and the proof proceeds by induction on the structure of A.
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The base case in when A = x, i.e., when A is atomic. Proving this case is relatively
straightforward, once the critical case regarding the M rule can be ignored, as explained
above.

For the inductive case, when A is a complex term we invoke the invertibility theorem.
For example, if A = B + C, the invertibility theorem states that G | T, 5.B, 5.C,7.B,7.C
must also have a CAN-free derivation (and also M-free by application of the M-elimination
Theorem 3.13). We then note that, since B and C both have lower complexity than A, it
follows from two applications of the inductive hypothesis that G | - T" has a M-free CAN-free
derivation, as desired. []

Remark 3.15. Note, with reference to Remark 3.8, that Theorems 3.13 and 3.14 together
imply also a CUT-elimination theorem.

The CAN rule is not analytical, meaning that in its premise there is a term not appearing
(even as a subterm) in the conclusion. This is why the above CAN-elimination is of key
importance, especially in the context of proof search.

However there is another rule of HR which is not analytical: the T rule. The follow-
ing theorem shows that also the T rule is admissible if the scalars appearing in the end
hypersequent G are all rational numbers.

Theorem 3.16 (Rational T-elimination). If a hypersequent G with only rational numbers
has a CAN-free derivation, then it has also a CAN-free and T-free derivation.

It can be shown, however, that if G contains irrational numbers, it is generally not
possible to eliminate both rules CAN and T at the same time.

Proposition 3.17. The system HR without the CAN and T rules is incomplete.

As mentioned earlier, using the invertibility theorem, it is possible to reduce the problem
of deriving an hypersequent G to the problem of deriving a number Gy, ... G,, of atomic (i.e.,
without logical symbols) hypersequents. This leads us to the following result.

Theorem 3.18 (Decidability). There is an algorithm to decide whether or not a hypersequent
has a derivation.

We remark that the above statement follows easily by the soundness Theorem 3.10 and
the completeness Theorems 3.11 and the known fact that the equational theory of Riesz
spaces is decidable (see Example 2.3). Interestingly, however, we present an alternative proof
that will be adaptable, in Section 4.8, to obtain a decidability result for the system HMR.
The proof is based on considering a generalization of the concept of derivation where the
scalars appearing in the hypersequents can be variables, rather than numerical constants.

For instance, the derivation

C INIT

FI,rx,rx
is valid for any r € R+ and, similarly, the derivation

= INIT

FT,rz szt

ID,r=s+1t

is valid for any values of reals (r, s, t) € Rio such that » = s +t. Lastly, the hypersequent
containing two scalar-variables «, § and two concrete scalars s and ¢

F(a? - B).x, s T, t.T
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is derivable for any assignment of concrete assignments 71,72 € R to « and 8 such that
(r1)?2 —ro > 0 and (r1)? — ro = s +t. Hence a hypersequent can be interpreted as describing
the set of possible assignments to these real-valued variables that result in a valid concrete
(i.e., where all scalars are numbers and not variables) derivation.

The main idea behind the proof of Theorem 3.18 is that it is possible, given an arbitrary
hypersequent G, to construct (automatically) a formula in the first order theory of the real
closed field (FO(R, +, x, <)) describing the set of valid assignments. Since this theory is
decidable and has quantifier elimination [Tar51], it is possible to verify if this set is nonempty
and extract a valid assignment to variables.

3.2. Relations with the calculus GA and l-ordered Abelian groups. As mentioned
earlier, our hypersequent calculus system HR for the theory of Riesz spaces is an extension of
the system GA of [MOGO09, MOGO5] for the theory of lattice-ordered Abelian groups (laG).
The equational theory (Aj.q) of lattice-ordered Abelian groups can be defined by removing,
from the signature of Riesz spaces, the scalar multiplication operations and, accordingly, the
equational axioms regarding scalar multiplication. Integer scalars (e.g., —3z) can still be
used as a short hand for repeated sums (e.g., —(z + z + x)). The system HR stripped out of
scalars is essentially identical to the system GA.

From our Rational T-elimination Theorem 3.16 we obtain as a corollary the fact that
the theory of Riesz spaces is a proof-theoretic conservative extension of the theory of
lattice-ordered Abelian groups.

Proposition 3.19. Let A be a term in the signature of lattice-ordered Abelian groups (i.e.,
a Riesz term where all scalars are natural numbers). Then

ARieszl_AZO@.AlaG}_AZO.

Proof. The (<) direction is trivial, since ARgjes, is an extension of Aj,g (using the same
equalities as in Lemma 2.10, we can push the negation towards variables using the axioms of
lattice-ordered Abelian groups).

For the other direction, assume ARjesz = A > 0. Then, by the completeness theorem, the
hypersequent - A has a HR derivation. Then, by the CAN-elimination and the rational
T-elimination theorems, - A has a CAN-free and T-free derivation. This is essentially (the
trivial translation details are omitted) translatable to a GA derivation of - A. Since the
system GA is sound and complete with respect to A, we deduce that A, - A > 0 as
desired. []

Similarly, we could define the theory of Riesz spaces over rationals (Ag-Riesz), defined
just as Riesz spaces but over the field Q of rational numbers instead of the field R of reals.
Again, from 3.16, we get the following conservativity result.

Proposition 3.20. Let A be a term in the signature of Riesz spaces over rationals. Then
ARiesz F A >0 & AQ—Riesz FA>DO.

Both conservativity results are known as folklore in the theory of Riesz spaces. It is
perhaps interesting, however, that here we obtain them in a completely syntactical (proof
theoretic) way.

Compared to the proof method used in [MOG09, MOGO5] to prove the CAN-elimination
theorem, our approach is novel in that our proof is based on the M-elimination theorem. We
remark here that a proof of all the theorems stated in this section could have been obtained
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without using the M-elimination theorem, and instead following the proof structure adopted
in [MOGO09, MOGO5]. The proof technique based on the M-elimination theorem will be
however of great value in proving the CAN elimination of the system HMR in Section 4.

3.3. Some technical lemmas. Before embarking in the proofs of the theorems stated in
Section 3, we prove in this section a few useful routine lemmas that will be used often.
Our first lemma states that the following variant of the ID rule (see Figure 3) where
general terms A are considered rather than just variables, is admissible in the proof system
HR.
G|FT
G|FT,7A5A

ID, Y7 =3§

Formally, we prove the admissibility of a slightly more general rule which can act on several
sequents of the hypersequent at the same time.

Lemma 3.21. For all terms A, numbers n > 0, and vectors 7; and s;, for 1 <1i <n, such

that Y71 =Y 8,
n

if >HR [l— Fi]?:l then >HR [l— Fi, ’I”_;A, 8_;2] i=1

Proof. We prove the result by induction on A.

If A is a variable, we simply use the ID rule n times.

If A =0, we use the 0 rule n times.

If A =sB, we use the x rule 2n times and conclude with the induction hypothesis.

If A= B+ C, we use the + rule 2n times and conclude with the induction hypothesis.
For the case A = B C or A= BUC, we first use the I rule 2" — 1 times — one time on
the conclusion, then again on the two premises, then on the four premises and so forth
until we used the M-rule for all sequents — and then the LI rule n times on each premise
and the W rule n times on each premise to remove the sequents with both B and C' in
them. We can then conclude with the induction hypothesis.

FTil,
(- T3, 7.B,5.BIY o | [-T:,7:.C,5.Cl" iy
- T4 7.B,5.BI¥ | [FT4,7.B,5.ClF | [FT4,7.C 5Bl | [FTi7.C5.Cl

- Ty, 7.B,5.(BUC), | [FT4,7.C, 5. (BUC) !y

[H?

W’I’L
un

[~ T3, 7.(BNC), 5.(BUC) i,

Note that the premises obtained after applying the M-rule can have a different shape
than the displayed premise in the derivation above, where B and C were chosen. Indeed,
the general shape of the premise can be any combination of B and C appearing in the
sequents. []

The next result states that derivability in the HR system is preserved by substitution of
terms for variables.

Lemma 3.22. For all hypersequents G and terms A, if >grG then >grG[A/x].
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Proof. We prove the result by induction on the derivation of G. Most cases are quite
straightforward, we simply use the induction hypothesis on the premises and then use the
same rule. For instance, if the derivation finishes with

G|FD.7BC
G|FL,7(B+0)

by induction hypothesis byrG[A/z] | F T'[A/x],7.B[A/x],7.C[A/x] so

G|A/z] | F T[A/x],7.B[A/z|,7.C[A/x]
G[A/z] | FT[A/x],7.(B + C)[A/x]

The only tricky case is when the ID rule is used on the variable x, where we conclude using
Lemma 3.21. []

The next lemma states that the logical rules are invertible using the CAN rule, meaning
that if the conclusion is derivable, then the premises are also derivable. The difference with
Theorem 3.12 is that the derivations of the premises introduce a CAN rule.

Lemma 3.23. All logical rules are invertible.

Proof. We simply use the CAN rule to introduce the operators. We will show the two most
interesting cases, the other cases are trivial.

e The M rule: we assume that G | F I', 7.(A N B) is derivable. The derivation of G | F T', 7. A
is then:

E H\ETLemma?)Ql
I—iAFA _w
FrATA|FTAT.B .
G|FT,7(ANB) I—F.A,f’.(AUB)M
G|FT,7A 7. (ANB),7.(AU B)
CAN

G|FT,F.A

The derivation of G | - I', 7. B is similar.
e The U rule: we assume that G | FI',7.(AU B) is derivable. The derivation of G | - T',7.A |
FI',7.B is then:

E H\ETLemma?)Ql
FirA A . I
G|+FT,7(AUB) G|F7ATFA|FT, B " G|I—FAF§U—F,F.BH
G|+, 7 (AUB)|FT,7B G|k rAr(AFlB)|I—F7BM
G|FI,7.AT.(AUB),7.(AN B)|FFrB

GIFL.FAFT.7 CAN
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where II is the following derivation:

. INIT
————= 5 - -— Lemma 3.21 ———— Lemma 3.21
7 A 7.B,7.B,T S +7.B,7.B W
FrAFB|F7B,7A }—F.A,FEH—FB,FEH
G|FT,7.(AUB) W F7A 7B | F 7B, 7. (ANB) W
G|F7AFB|FT,7(AUB) G|F7AFB|F7.B,7.(ANB) N

G|+ #A,#B|+T,7B,7(AUB),7.(ANB)
G|F7AFB|FT,7.B

CAN
[l

Remark 3.24. The proof of invertibility does not introduce any new T rule, so if the
conclusion of a logical rule has a T-free derivation then the premises also have T-free
derivations.

The next lemmas state that CAN-free derivability in the HR system is preserved by
scalar multiplication.

Lemma 3.25. Let 7 € Rxq be a non-empty vector and G a hypersequent. If >gp\camG |
F I then DHR\{CAN}G | FT.

Proof. We simply use the C, T and S rules :

G|+l )
GIFrTl| | ral >
GIFT| . |FT _
G|FT O

Lemma 3.26. Let 7 € Ry be a vector and G a hypersequent. If >gp\fcamG | F T then
DHR\{CAN}G ‘ L.

Proof. We reason by induction on the size of 7.
If the size of 7is 0: Since F 7.I' =, we simply use the W rule until we can use the INIT
rule:
C INIT
L W*
G|+
If the size of ¥ is 1: we can use the T rule:
1
G | F ’I“1.F

Otherwise: Let (r1,...,7p4+1) = 7. We can invoke the inductive hypothesis and conclude
as follows:

G|+T GlF (rne) T .
G|Fr.I,...,r,T G|Frpql N
GlFr.D, . rp D rp T ]

The above lemmas have two useful corollaries.

Corollary 3.27. If bgp\(camG | = 1,7 A8 A and >gp\camG | = T,7.B,5.B then
DHR\{CAN}G ‘ + F,’F.A, 5.B.
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Proof. If ¥ = () or §= (), the result is trivial. Otherwise

GIFI7rAFA G|FIEBSB
G F 7T, (i) A, (75).A bemma 3.26 oo 50 B, (55).B -owma 326
G| F 7L, 5T, (77).A, (37).A, (79).B, (35).B

G| F 7L, (7).4, (75).B | 51, (57).A, (59).B

G|F 7L, (77).A, (75).B|FT,7.A &8 Lemma23_25
G“_RF'A7§'B“_F7F-A,§.BC emma 3.25
G|FT,7A 5B .

Corollary 3.28. If bpg (camG | F 7AZAT | b 7B,&B,T | b 7.A5B,T, then
DHR\{CAN}G | F7.A5AT | +7.B,5B,T.

Proof. If 7= () or §= (), the result is trivial. Otherwise
G|FT,7A5A|FT,7B,5B | FT,F.A,5B
GIFT,FA5A|FT,7B,5.B | F 7L, 5L, (iF.) A, (79).A, (37).B, (35).B
GIFT,FAZA|FI,7B,5.B | F 7T, (7).A, (75).A | F 5.L, (37).B, (35).B

Lemma 3.26

GIFI.FASA[FT. 7B SB[ F L, (7).A,(7%).A| F [.7.B.5B Lem?; 3:25
G|FT,FASA[FT,7B,5B|FT,7A5A[FT,7B,5B emma 3.25
GFT,7A,3A|FT,7.B,5.8B C

0

3.4. Soundness — Proof of Theorem 3.10. We need to prove that if there exists a
HR derivation of a hypersequent G then (G) > 0 is derivable in equational logic (written
ARiesz F (G) > 0). This is done in a straightforward way by showing that each deduction
rule of the system HR is sound. The desired result then follows immediately by induction
on the derivation of G.

e For the rule

= INIT

The semantics of the hypersequent consisting only of the empty sequent is (F) = 0 and
therefore () > 0, as desired.
e For the rule

G
GIFT

W

the hypothesis is (G) > 0 so
(G[FT) = (G (TD

(AVARNYS

e For the C,ID, +,0, x and CAN rules, it is immediate to observe that the interpretation of
the only premise and the interpretation of its conclusion are equal, therefore the result is
trivial.
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e For the rule
G|FT, Ty

G|FTy|FDy
the hypothesis is (G | FI'1,I's)) > 0 so according to Lemma 2.15, (G)~ M (- I'1,T2) ™ = 0.
Our goal is to prove that (G | F T'y | F I'y) > 0. Again, using Lemma 2.15, we equivalently
need to prove that

(]GD_ M (]'— Iy ’ F FQD_ =0.

The above expression is of the form A~ M B~, and since A~ > 0 always holds for every
A (see Section 2.1.1), it is clear that (G)~ M (- T'; | F T'2)~ > 0. It remains therefore to
show that (G)~ M (T | F T'e)~ < 0. This is done as follows:

(]GD_l_l(“— Iy | I_FQD_ < (]GD_|_|2.(]|— Iy | l_FQD_ since (]l— I | I_PQD_ >0
= (G- n2((FT)u(ET))~ Lemma 2.14[1]
< (G) M ((FTy)+ (F o))~ Lemma 2.14[2-3]
= (G)~ M ((F T, T2))~

I
o

e For the rule
G|FTy G|FTy

G|FT,Ty

the hypothesis is
(G|FTy) >0
(G|FTy) >0
so according to Lemma 2.15,
(G NIy~ =0
(G)" M (FT)™ =0

Following the same reasoning of the previous case (S rule) our goal is to show that
(G)~ M (FTy,Ty)~ < 0. This is done as follows:

(G)~ M (F T, T2)™ (G)™ M ((F Ta) + (F T2))~
(G)~ M ((FT1)~ + (- T2)7) Lemma 2.14[4|
(G)~ M (FTy)~ + (G)~ N (- Te)~ distributivity of M over +

INIA I

e For the rule
G|kFrT

G|FT
the hypothesis is (G | F r.I') > 0 so using Lemma 2.15, we have
G nr.(FT))” =(G) Nn((FrI))” =0

By the same reasoning as for the S rule’s case, our goal is to show that (G)~ M (- T')~ <0.
To do so, we need to distinguish between two cases: whether or not r > 1.
If r > 1, then
G- n(FT)- < (G) Nr(-T)~
=0



32:24 C. Lucas aAND M. Mio Vol. 18:1

Otherwise, Lemma 2.14[5] states that (G)~ M (- I')~ < 0 if and only if r.((G)~ N (-
I')~) <0, which is proven as follows:

r.((G)-n(=T)7)

Al
=
=

7
<>
%
g=

\

In both cases (G)~ M (FT)~ <0.

e For the rule
G|FI,7A|FT,7.B

G|FTI,7.(AU B)

the hypothesisis (G | FI',7.A|FT,7.B) > 0. So :

(G| FT,7.(AU B)) (G)u(F T, 7. (AU B))
(G)u(F T, 7A)u (- T,7B) distributivity of LI over +

VAN

0
e For the rule
G|FT,7A G|+T,7.B
G|FT,7(ANB)
the hypothesis is
(G| I,rAET) >0
G| I,7BFT) >0
So
G|FT,7.(ANB) = (G)U(-T,7.(ANB))
= (G)u((-T,7A)n(r,7.B)) M distributes over +
= (GJuT,7A)N{(G)u(-T,7B)) U distributes over N
> 0

3.5. Completeness — Proof of Theorem 3.11. In order to prove Theorem 3.11 we first
prove an equivalent result (Lemma 3.29 below) stating that if ARpjes, = A = B then the
hypersequents - 7.4, 7.B and - r.B,r.A are both derivable for all » > 0. The advantage of
this formulation is that it allows for a simpler proof by induction.

From Lemma 3.29 one indeed obtains Theorem 3.11 as a corollary.

Proof of Theorem 3.11. Recall that Agjes, F (G) > 0 is a shorthand for Agjes, = 0 = (G) MO0.
Hence, from the hypothesis Agies; F (G) > 0 we can deduce, by using Lemma 3.29, that
>pr F 1.(0M(G)), 1.0 is provable.

From this we can show that bgrG by invoking Lemma 3.23. Indeed, if Gis FT'y | ... |
F T, then (G) = (FTy)U...U (- Ty) and
(1) by using the invertibility of the 0 rule, F 1.(0 M1 ((F ') U ... U (- ') is derivable,
(2) by using the invertibility of the M rule, - 1.((- I'1) U ... U (F T',,)) is derivable,

(3) by using the invertibility of the U rule n — 1 times, = 1.(F I'y) | ... | = 1.(F ') is
derivable,

(4) and finally, by using the invertibility of the + rule and x rule, = T'; | ... | F T, is
derivable. ]

Lemma 3.29. If Apjes, - A = B then - r.A,r.B and - r.B,r.A are provable for all r > 0.



Vol. 18:1 PROOF THEORY OF RIESZ SPACES AND MODAL RIESZ SPACES 32:25

Proof. We prove this result by induction on the derivation, in equational logic (see Defini-
tion 2.6) of ARjes, - A = B.

e If the derivation finishes with

ARiesz FA=A refl
we can conclude with Lemma 3.21.
e If the derivation finishes with
ARiess - B=A
-ARiesz FA=B

y1

then the induction hypothesis allows us to conclude.
e If the derivation finishes with
ARieSZ FA=C ARiesz HC =B
-ARiesz FA=DB

trans

then the induction hypothesis is
>R F A, r.C
>R - .C, 1. A
>gr Fr.C, 7. B
>gr F B, .C
for all 7,7" > 0. We will show that >gr F 7.4, 7.B for all , the other one is similar.

Fr.ArC FrC,r.B
Fr.A,r.B,r.C,r.C
Fr.Ar.B

CAN

e If the derivation finishes with
ARiesz FA=DB
ARiesz F A[C/z] = B[C/x

] subst

we conclude using the induction hypothesis and Lemma 3.22.
e If the derivation finishes with
ARiesz FA=B
ARiesz C[A] - C[B]

ctxt

we prove the result by induction on C. For instance, if C' = sC’ with s > 0, then the
induction hypothesis is byggr F r.C’'[A], 7.C’[B] and ppgr F r.C’'[B], r.C'[A] for all r > 0 so

e [t now remains to consider the cases when the derivation finishes with one of the axioms
of Figure 1. We only show the nontrivial cases.
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— If the derivation finishes with

ax
ARiesz F (11 +r2)x = ma + rox

then
= INIT
F(r1 4+ ro)r.x, rir.@, ror. T
Fr.((r1 +re)x), r.mT, r.areT
For.((r +r2)x), r.(rT + roxT)
and
= INIT

Forira, ror.x, (1 + ro)r.T

Fororx, roex, r.((r1 + r2)T)
For.(rz +rox),r.((r1 + r2)T)

— If the derivation finishes with

ax
ARiesz F (s(zTy)) Msy = s(zTTy)
then
e INIT
— ID
Frsy,rsy
Frsy,rs.@ | Frsy,rsy
— INIT Frsyrs(zUy
= Lemma 3.21 yors.( 9

Fr(s(zMy)),rs@Uy) For.sy, r.s(T UT) |i|<
Fr.((s(xMy)) Nsy),r.s(@Uy)

and

= INIT

Frsny)r(s@Uy) —
Fr(s(zny)),r((s@uy) U (sy))

Lemma 3.21
- W

Vol. 18:1

[

Remark 3.30. By inspecting the proof of Lemma 3.29 it is possible to verify that the T
rule is never used in the construction of bgr(G. This, together with the similar Remark 3.24
regarding Lemma 3.23, implies that the T rule is never used in the proof of the completeness

Theorem 3.11. From this we get the following corollary.

Corollary 3.31. The T rule is admissible in the system HR.

It turns out, however, that there is no hope of eliminating both the T rule and the CAN

rule from the HR system.

Lemma 3.32. Let r1 and ro be two irrational numbers that are incommensurable (so there

is no q € Q such that qr1 = r2). Then the atomic hypersequent G
Frix | FreT

does not have a CAN-free and T-free derivation.
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Proof. This is a corollary of the next Lemma 3.33. The idea is that in the HR system
without the T rule and the CAN rule, the only way to derive G is by applying the structural
rules S, C, W, M and the ID rule. Each of these rules can be seen as adding up the sequents
in G or multiplying them up by a positive natural number scalar. Since r; and ry are
incommensurable, it is not possible to construct a derivation. L]

Lemma 3.33. For all atomic hypersequents G, built using the variables and negated variables
T1,T1,...,Tk, Tk, Of the form

FTy| ... | F Ty
where I'; = 75 1.21, ..., Ty k-Tk, 5i,1.T1, -, S5, k-Zi ke, Lthe following are equivalent:

(1) G has a CAN-free and T-free derivation.

(2) there exist natural numbers ny, ...,ny, € N, one for each sequent in G, such that:
o there exists i € [1..m] such that n; # 0, i.e., the numbers are not all 0’s, and
e for every variable and covariable (x;,T;) pair, it holds that

m

doni(Y o7y =D () Fy)
=1

i=1
i.e., the scaled (by the numbers ny ...ny,) sum of the coefficients in front of the variable
x;j is equal to the scaled sum of the coefficients in from of the covariable ;.
Proof. We prove (1) = (2) by induction on the derivation of G. We show only the M case,
the other cases being trivial:
e If the derivation finishes with
FTy ... |FTy BTy |FTY,
FTp | ... |F T, T,

M

by induction hypothesis, there are nq,...,n, € N and nf,...,n, € N such that :

— there exists ¢ € [1..m] such that n; # 0.

— for every variable and covariable (z;,T;) pair, it holds that >, n;. > 7i; = >, ni. > i .
— there exists ¢ € [1..m] such that n] # 0.

— for every variable and covariable (z;, ;) pair, it holds that

m—1 m—1
/ 7o / 7 / 3 .+ / g .
Ni- 2 Tig T - ) Tm,j = Ni- 2 56 T m- ) Smyj

=0 i=0

If n,, = 0 then nq, ..., n,—1, 0 satisfies the property.

Otherwise if n), = 0 then nf,...,n/,_,,0 satisfies the property.
Otherwise, ny,.n} + nl,.ni, ny.nh +nl no, .npmnl, 1 +nl, npm_1,nm.nl,
property.

The other way ((2) = (1)) is more straightforward. If there exist natural numbers ny, ..., ny, €

N, one for each sequent in G, such that:

o there exists i € [1..m] such that n; # 0 and
e for every variable and covariable (z;,Z;) pair, it holds that

satisfies the

m m

S (> Fg) =Y )8y

i=1 i=1
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then we can use the W rule to remove the sequents corresponding to the numbers n; = 0,
and use the C rule n; — 1 times then the S rule n; — 1 times on the ith sequent to multiply
it by n;. If we assume that there is a natural number [ such that n; = 0 for all ¢ > [ and
n; # 0 for all ¢ <[, then the CAN-free T-free derivation is:

FINIT
ID*
ST Vil
FTy™ | L BT i
Ty | O
FTy ] ... | T
where I'" stands for T, ..., T. L]
n

3.6. CAN-free Invertibility — Proof of Theorem 3.12. In this section, we go through
the details of the proof of Theorem 3.12.

It is technically convenient, in order to carry out the inductive argument, to prove a
slightly stronger result, expressed as the invertibility of more general logical rules that can
act on the same term on different sequents of the hypersequent, at the same time. The
generalised rules are the following:

Logical rules:
['_ Fi]?:l [l_ Fia FlAv’F;B]zL:l [l_ Pia (SFZ)AKL:l %
[FTi, 7.0, ~ [FTaf(A+ B, [y m(sA),

[F Ty, 7.(AuB), Ty, 7.(ANB)L,

Figure 7: Generalised logical rules

We conceptually divide the logical rules in three categories:

e The rules with only one premise and that do not change the number of sequents — the
0,4, x rules.

e The rule with two premises — the M rule.

e The rule with only one premise but that adds one sequent to the hypersequent — the LI
rule.

Because of the similarities of the rules in each of these categories, we just prove the CAN-free
invertibility of one rule in each category by means of a sequence of lemmas.

Lemma 3.34. If [ T';,7.(A U B)]"; has a CAN-free derivation then [ T';,7.A |
I, 7.B]?_, has a CAN-free derivation.

Proof. By induction on the derivation of [ I';,7.(AU B)|"_;. Most cases are easy except
the cases for when the derivation ends with a M rule or a M rule so we will only show those
cases.
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e If the derivation finishes with
G’FFl,T_’l(ALlB) G‘FFQ,FQ(AUB)
G | FIq,T, 7?1(14 (] B), FQ(A L B)
with G = [~ T, 7.(AU B)]ly and G’ = [~ T, 7.A | = Ty, 7. B]"_5 then by induction
hypothesis on the CAN-free derivations of the premises we have that
>ar\(cAN}G | FT1,71.A | FT,71.B

and
DHR\{CAN}G, ‘ + FQ,'FQ.A ‘ + FQ,'FQ.B
are derivable by CAN-free derivations. We want to prove that both
DHR\{CAN}G/ ‘ + Fl,Fl.A ‘ F FQ,FQ.B
and
DHR\{CAN}G/ ‘ = FQ,FQ.A ‘ = F1,771.B
are CAN-free derivable, as this will allow us to conclude by application of the M rule:
GIFTyuiA|FTosB GIETLAAIFT BB GlFTaRnAlFTLAB Gl R A|FTBB

G ‘ = Fhf'l.A ‘ = F17F27’7’1.B, 7"3.3 / G ‘ = F277'§.A ‘ = F17F27F1.B,T3.B M
G| FT1,Ty,7™.A,73.A | FT1,T9,7.B,73.B ’

If 71 = 0 or 75 = (), those two hypersequents are derivable using the C rule then the W
rule.
Otherwise, by using the W rule, Lemma 3.26 and the M rule, we have
PHR\{CAN}G | F T1, 71 A | Do, 7. B | 7.1, 71.Tg, (P172) A, (7172) B
and
DHR\{CAN}G/ ‘ F FQ,FQ.A ‘ F Fl,Fl.B | F ’FQ.Fl, FI.FQ, (771772)14, (771772)3
We can then conclude using the S rule, Lemma 3.25 and the C rule.
e If the derivation finishes with
G’ FI‘l,Fl.(AI_IB),iC G‘ |‘F1,F1.<A|_|B),§.D -
G | = Fl,Fl.(A (] B), g(C M D)
with G = [+ T, 7i.(AU B)|, and G’ = [ I';,7.A | F Ty, 7.B]",, then by induction
hypothesis on the CAN-free derivations of the premises we have that
DHR\{CAN}G/ ‘ F Fl,Fl.A, §.C ‘ F Fl,Fl.B, 5.C

and
DHR\{CAN}G, | FT4,7.A,8D | +T11,7.B,5.D
so by using the W rule and the M rule, we can derive
DHR\{CAN}G/ | -11,7m.A4,5C | FT1,7m.B,s.D | -T11,1'1,7.A,7.B,5.C,5.D
and
DHR\{CAN}G/ | FT,7M.A,8D | +T1,7.B,5.C | +T1,T1,7m.4,7.B,5.C,5.D
and then with the S rule and the C rule
DHR\{CAN}G/ | -11,7m.A4,5C | FT1,7m.B,5.D

and
DHR\{CAN}G/ | Ty, ’FLA, 5D | Ty, Fl.B, 5.C
We can then conclude with the M rule. ]
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Lemma 3.35. If [ I, 7i.(A+ B)|_, has a CAN-free derivation then [~ T';, 7. A, 7. B]?"
has a CAN-free derivation.
Proof. Straightforward induction on the derivation of [~ I';, 7j.(A + B)]?"_,. For instance if
the derivation finishes with

G|FTI1,T9,7.(A+ B),7.(A+ B)
with G = [F Iy, 7.(A+ B)]?_ 5 and G' = [ I';, 7. A, 7. B]"_5, then by induction hypothesis
on the CAN-free derivations of the premises we have that

DHR\{CAN}GI | F Pl,Fl.A,Fl.B
and
PHR\{CAN}G' | T2, 7.4, 72.B

SO
G'|FT1,7f.A7.B G|+ Ta,i.A,%.B v

G |FT1,T,7.A,7.A,71.B,72.B []
Lemma 3.36. If [F I';,7;.(AN B)|?, has a CAN-free derivation then [F T';, 7. Al | and
[Ty, 7.B]}, have a CAN-free derivation.
Proof. A straightforward induction on the derivation of [ I';,7.(A M B)] . For instance if
the derivation finishes with

G“—Fl,’l?l(AﬂB) G||‘F2,772(A|_|B)

G ‘ + Fl,FQ,Fl.(A 1 B),FQ(A [l B)
with G = [ I', 7.(A 1 B)]"_5, then by induction hypothesis on the CAN-free derivations of
the premises we have that

>aR\{caN} - T, 75 Allg | F T, 7. A
and
>HR\{cAN} - T, 75 Allg | F T2, 7. A

SO
FTi, 7 Al g | F T, 7 A  [F T, 75 Al g | F T, A N

FTy, Al g | T, T, 7. A 1. A (]

3.7. M-elimination — Proof of Theorem 3.13. We need to show that for each hyperse-
quent G and sequents I" and A, if there exist CAN-free and M-free derivations dy of G | F T’
and dg of G | - A, then there exists also a CAN-free and M-free derivation of G | - T', A.

The idea behind the proof is to combine d; and do step-by-step. First we take the
derivation d; and we modify it into a CAN-free and M-free prederivation (i.e., an open
derivation) of

G| G|FT,A
where all the leaves in the prederivation are either terminated (by the INIT axiom) or
non-terminated and of the form:
G|FT.A

for some vector 7 of scalars. Then we use the derivation dy to construct a CAN-free and
M-free derivation of each

G|FFA
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hence completing the prederivation of
G| G|FT,A
into a full derivation. From this it is possible to obtain the desired CAN-free and M-free
derivation of G | F T, A using several times the C rule:
G| G|FT,A
G|FT,A

In what follows, the first step is formalized as Lemma 3.37 and the second step as
Lemma 3.38.

Lemma 3.37. Let dy be a CAN-free and M-free derivation of G | - T' and let A be a sequent.
Then there exists a CAN-free M-free prederivation of

G| G|FT,A.
where all non-terminated leaves are of the form G | F 7.A for some vector 7.

Proof. This is an instance of the slightly more general statement of Lemma 3.39 below where:
o [FT,)/'=GandT, =T.

1=
e;=0forl1<i<nandr,="r ]

Lemma 3.38. Let do be CAN-free and M-free derivation of G | = A. Then, for every vector
7, there exists a CAN-free and M-free derivation of

G|FTA
Proof. This is an instance of the slightly more general statement of Lemma 3.40 below where:

o A =Gand A, =A.
eim=1forl<i<mnandr,=r []

Lemma 3.39. Let di be a CAN-free and M-free derivation of [ I';]l, and let G be a
hypersequent and A be a sequent. Then for every sequence of vectors r;, there exists a
CAN-free M-free prederivation of

where all non-terminated leaves are of the form G| 7.A for some vector 7.
Proof. By straightforward induction on dj. ]

Lemma 3.40. If [ A;], has a CAN-free M-free derivation then for all v, there is a
CAN-free M-free derivation of [F 75.0;]7_.
Proof. By induction on the derivation of [F A;]7"_ ;. We show the only nontrivial case:
o If the derivation finishes with
=AY | F AL A
=AY | F AL F Ay

By induction hypothesis there is CAN-free derivation of
(=7 AL | F (r173).A1, (Fi73).A2
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If 11 = () or 75 = (), we have the empty sequent which is derivable. Otherwise,
=7 A s | (Fi72). A, (F172). A
F A | F (). A | F (rr3).A
F A, [ Frb [ Frad,  ommas2s O

3.8. CAN-elimination — Proof of Theorem 3.14. The CAN rule has the following form:

G|FT,7A5A
G|FT
We prove Theorem 3.14 by showing that if the hypersequent G | - I',7.4,5.A has a
M-free CAN-free derivation then the hypersequent G | - T also has a M-free CAN-free
derivation.
Our proof proceeds by induction on the complexity of the term A. The base case is
given by A = x (or equivalently A = T) for some variable . The following lemma proves
this base case.

Lemma 3.41. If there is a M-free CAN-free derivation of G | b T',7.x, 5T, where Y ¥ =>_§
then there exists a M-free CAN-free deriwation of G | +T.

CAN, S 7=3Y7

Proof. The statement follows as a special case of Lemma 3.42 below, a stronger version of
Lemma 3.41 that allows for a simpler proof by induction on the structure of the derivation
of G| F I, 7.z, 5%, where:

o Iy =Gand T, =T.

gzsi:;;:@forlgi<n.

e =7 s, =Fand 1, = =0. L]

For complex terms A, we proceed by using the CAN-free invertibility Theorem 3.12 as
follows:

e If A =x, we are in the base case of Lemma 3.41.

e If A =0, we can conclude with the CAN-free invertibility of the 0 rule and the M-elimination
theorem.

e If A= B+ O, since the + rule is CAN-free invertible, G | - I, #.B,#.C, 5.8, 5.C has a
M-free CAN-free derivation. Therefore we can have a M-free CAN-free derivation of the
hypersequent G | - I" by invoking the induction hypothesis twice, since the complexity of
B and C' is lower than that of B + C.

o If A =1'B, since the x rule is CAN-free invertible, G | + T, (+'7).B, (r'5).B has a M-
free CAN-free derivation. Therefore we can have a M-free CAN-free derivation of the
hypersequent G | - T' by invoking the inductive hypothesis on the simpler term B.

e If A = BUC, since the U rule is CAN-free invertible, G | + I',#.B,5. (BN C) | -
I,7.C,3.(BMC) has a M-free CAN-free derivation. Then, since the M rule is CAN-free
invertible, G | - I',7.B,5.B | - I',7.C, 5.C has a M-free CAN-free derivation. Therefore
we can have a M-free CAN-free derivation of the hypersequent G | - T'| F T" by invoking
the induction hypothesis twice on the simpler terms B and C.

We can then derive the hypersequent G | - T as:
G|FT|FT
G|FT
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e If A = B C, since the U rule is CAN-free invertible, G | + T',#(B N C),5B | -
I,7.(BMC),5.C has a M-free CAN-free derivation. Then, since the M rule is CAN-free
invertible, G | - I',7.B,5.B | - I',7.C, 5.C has a M-free CAN-free derivation. Therefore
we can have a M-free CAN-free derivation of the hypersequent G | +T'| F T" by invoking
the induction hypothesis twice on the simpler terms B and C.

We can then derive the hypersequent G | - T as:

G|FT|FT
G|FT
This concludes the proof of Theorem 3.14. []

We now prove Lemma 3.42, the stronger version of Lemma 3.41.
Lemma 3.42. If there is a CAN-free and M-free derivation of the hypersequent
[l— T, 77%..%', s_;f]?:l

then for all rz and sz, with 1 < i < n, such that Y r; — > & = Er_i - Zsz, there is a
CAN-free, M-free derivation of
n
= P 7“Z z, s, x}
=1
Proof. By induction on the derivation of [+ I';, 7.2, §;.7];_,. Most cases are trivial, we just
describe the most interesting one.

e If the derivation finishes with:
[Ty, 7., §. ]Z>2 | = T1,¢

_» e I])7 d,b — d’/;b/
(=T, 752, 85T | 11, (50 5)-%((1;17’;0’).5 2.(a@b) = 2. )

with 7 = b cand 5] = b’ 7. We want to show that

'H \

vrmcany - Torba ] 1 T @), (@)@

We will now prove that S @— Y ¢ = S 7/1 + 3@ — (381 + Y d/) to be able to conclude

with the induction hypothesis.
dYoe->d Qo= - _a5-> 10
= (Zﬁ—Zﬁ)%—(ZE/—ZE)
= Q=Y dn+ O a-y a)
= Y rm+Ya-O si+>.d

so by induction hypothesis, we have

-
!/

PHR\{CAN} [F PR xL> | T1, (@ 7).z, (d; s)).E

which is the result we want. []
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3.9. Rational T-elimination — Proof of Theorem 3.16. We need to prove that if a
hypersequent sequent G, with all scalars in Q, has a CAN-free derivation then it also has a
CAN-free and T-free derivation.

Firstly, we observe that we can restrict to the case of G being an atomic hypersequent.
Indeed, if G is not atomic, we can iteratively apply the logical rules (see Figure 6 on page 16)
and reduce G to a number of atomic hypersequents G1,...,G,. By the CAN-free invertibility
Theorem 3.12, G is CAN-free derivable if and only if all G; are CAN-free derivable.

Secondly, assume G is atomic and has a CAN-free derivation. Then, by application of
Lemma 3.43 below and using the same notation, there are 1, ..., ¢, in R>q such that

e there exists i € [1..m] such that ¢; # 0 and
o for every variable and covariable (x;,Z;) pair, it holds that

STu"m) =t 5y
=1 i=1

Since all coefficients are rational and the theory of linear arithmetic over R is an elementary
extension of that of linear arithmetic over Q [FR75], there are qi, ..., ¢m € Q>0 satisfying
the same property of ¢, ...,t,,. By multiplying all ¢; by the least common multiple of their
denominators, we get a solution k1, ..., k,, in N. So according to Lemma 3.33, GG has also a
CAN-free and T-free derivation. This concludes the proof.

We now state a similar result to Lemma 3.33 regarding derivations that use the T rule.
The only difference is that since the T rule can multiply a sequent by any strictly positive
real number, the coefficients in the statement are arbitrary positive real numbers instead of
natural numbers.

Lemma 3.43. For all atomic hypersequents G, built using the variables and negated variables
T1,T1,...,Tk, Tk, Of the form

FTy| ... | F Ty
where I'; = 75 1.21, ..., Ty Tk, 5;,1.T1, -, 55 k- Tk, the following are equivalent:

(1) G has a derivation.

(2) there exist numbers t1, ..., tm € R>q, one for each sequent in G, such that:
e there exists i € [1..m] such that t; # 0, i.e., the numbers are not all 0’s, and
o for every variable and covariable (x;,T;) pair, it holds that

Zt (D7) Zt (D)

e., the scaled (by the numbers ty . ..tn) sum of the coefficients in front of the variable
x; is equal to the scaled sum of the coefficients in from of the covariable ;.

Proof. We prove (1) = (2) by induction on the derivation of G. By using Theorem 3.14, we
can assume that the derivation of G is CAN-free. We will only deal with the case of T rule
since every other cases are exactly the same as in Lemma 3.33. If the derivation finishes with
FTy| .o | Frdy
FTy| ... |F Ty

then by induction hypothesis there are t1, ..., t,, € R such that :
o there exists i € [1..m] such that ¢; # 0.
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o for every variable and covariable (z;,Z;) pair, it holds that Z:T;Ol tio > Tijt+tm. > rimj =
YD DERE D DE e
S0 t1,...,tm_1, Tty satisfies the property.
The other way ((2) = (1)) is very similar to Lemma 3.33, only using the T rule instead
of the C and S rules. If there exist numbers ¢4, ..., t,, € R, one for each sequent in G, such
that:

e there exists 7 € [1..m] such that ¢; # 0 and
e for every variable and covariable (z;,7;) pair, it holds that

STu"m) =3t 5y)
i=1 =1

then we can use the W rule to remove the sequents corresponding to the numbers ¢; = 0, and
use the T rule on the ith sequent to multiply it by ¢;. If we assume that there is a natural
number [ such that t; = 0 for all ¢ > [ and ¢; # 0 for all 4 <[, then the CAN-free derivation
is:

FINIT .

2 T 7 I N

NV

FT | P
FTu| .. | T O

3.10. Decidability — Proof of Theorem 3.18. The previous results give us a simple
algorithm for deciding if a hypersequent G is derivable in the system HR. We do not claim
that this algorithm is optimal, and we merely prove that it has elementary complexity. It is
valuable, however, because it will be adaptable to the context of the more complex system

HMR.

The algorithm works in two steps:

(1) the problem of deciding if G is derivable is reduced to the problem of deciding if a finite
number of atomic hypersequents Gy, ..., G, are derivable.

(2) A decision procedure for atomic hypersequents is executed and it verifies if all hyperse-
quents computed at the first step are derivable.

The first step consists in applying recursively all possible logical rules to G until atomic
premises G, ..., Gy, are obtained (see Figure 6 on page 16). Indeed, the CAN-free invertibility
Theorem 3.12 guarantees that G is derivable if and only if all the atomic hypersequents
obtained in this way are derivable.

The second step can be performed using Lemma 3.43 which states that the hypersequent
G; is derivable if and only if there exists a sequence of real numbers ¢ € R>( satisfying the
system of (in)equations of Lemma 3.43. This can be expressed directly by a (existentially
quantified) formula in the first order theory of the real-closed field FO(R, +, x, <). It is well
known that this theory is decidable and admits quantifier elimination [Tar51, Gri88|. Thus
it is possible to decide if this formula is satifiable or not, that is, if the atomic hypersequent
G, is derivable or not.

The idea behind the above algorithm, reducing the problem of derivability to the problem
of verifying the satisfiability of formulas in the first order theory of the real-closed field, can
in fact be pushed forward. Not only we can decide if G is derivable or not, but we can return
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a formula ¢ € FO(R, 4, x, <) which describes the set of real-values assigned to the scalars in
G that admits a derivation. For example, as explained in Section 3.1, consider the following
simple hypersequent
Frox,rT
Not only this hypersequent is derivable for a fixed scalar r € R+, but the hypersequent
Fazxz aT

is derivable for any assignment of concrete scalars in r € R to the scalar-variable « such that
r > 0.

Similarly, the hypersequent containing the scalar-variable a and two concrete scalars s
and t

Fao.x, sz, t.T

is derivable for all concrete r € R assignments to a such that » > 0 and r = s + ¢.

Lastly, the hypersequent containing two scalar-variables «, 8 and two concrete scalars s
and t

F(a? - B).xz, s, t.T
is derivable for any assignment of concrete assignments r1,72 € R to o and f such that
(r1)? =7y >0and (r])? —re = s+ t.

Hence we can generally consider hypersequents having polynomials (over a set aq, ..., q
of scalar-variables) in place of concrete scalars.

We now describe an algorithm that takes a hypersequent G as input, having polynomials
Ry,..., R € Rlay, ..., o] over scalar-variables a,...,q; as coefficients in weighted terms
and returns a formula ¢g(aq,...,qo) € FO(R, +, x, <) with [ variables a1, ..., ag, such that
for all (s1,...,s;) € R such that for all ¢ € [1...k], R;(s1, ..., s;) > 0, we have:

¢c(s1,...,5) holds in R

=
Glsj/a;] is derivable.
where G[sj/c; ] denotes the concrete hypersequent obtained by instantiating the scalar-
variable o; with the real number s;.
The algorithm takes as input G and proceeds, again, in two steps:
(1) The algorithm returns

n
¢a = )\ ¢a, (3.1)
i=1
where G1,...,G, are the atomic hypersequents obtained by iteratively applying the
logical rules, and ¢, is the formula recursively computed by the algorithm on input Gj.
(2) if G is atomic then G has the shape

FTy | o | F T
where I'; = ﬁi,l.xl,...,R)M.mk,gi’l.xﬁ, ,glkﬁ (recall that the hypersequent I is a
specific instance of an atomic hypersequent where m = 1 and all vectors are empty). For

all I C [1...m], we then define
e A formula Z;(f1, ..., Bm) that states that for all i € I, 3; = 0.

Z1(B1, s Bm) = /\(Bi = 0)

iel
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e A formula NZ;(B1, ..., Bmn) that states that for all ¢ ¢ I, 0 < f3;.
NZi(B1, .y Bm) = [\ (0 < Bi) A =(8; = 0)
il
e A formula A;(f,..., Bm) that states that all the atoms cancel each other.
k

Ar(Bry s Bm) = NO_ B Rij = Zﬁzzgm)

§=0 i=1

e A formula ¢¢ ; that corresponds to ¢ where G’ is the hypersequent obtained on using
the W rule on all i-th sequents for ¢ € I, i.e. the leaf of the following prederivation:

T | o | F T
FTy| . |F D

with {k1,...,k} = [1..m]\I. Then
¢G,I - 3617 '~'7/Bm7 ZI(/Bl) )/Bm) A NZI(/Bl) )/B’m) A AI(Bl: 76777,)

The formula ¢ is then constructed as follow:

o=\ ¢dar

IC[1...m]

*

The following theorem states the correctness of the above described algorithm.

Theorem 3.44. Let G be a hypersequent having polynomials Ry, ..., Ry € Rlaq, ..., ]
over scalar-variables ay,...,q;. Let ¢pg(aq,...,qq) be the formula returned by the algo-
rithm described above on input G. Then, for all s1,...,8 € R such that for all i €
[1..k], Ri(s1,...,51) > 0, the following are equivalent:

(1) ¢c(s1,--.,8;) holds in R,
(2) G[sj/a ) is derivable in HR.

Proof. 1f G is atomic, the theorem is a direct corollary of Lemma 3.43. So assume G is not
atomic, i.e., the terms in G contain some logical connective. Given any vector of scalars
51,...,5 € R, by using the CAN-free invertibility Theorem 3.12, G[s;/c;] is derivable if and
only if all G;[s;j/a;] are derivable, where the hypersequents G; are the atomic hypersequents
obtainable from G by repeated applications of the logical rules, as show in Figure 6. Hence,
the set of scalars s1,...,5 € R that allows for a derivation of G is exactly the intersection of
the scalars that allow derivations of each G;. This is precisely the semantics of:

éa =\ da ]

=1

The size of the formula ¢g can be bounded by a double exponential in the number of
sequents and operators in GG, so the algorithm described previously is elementary.

Claim 3.45. Let G be a hypersequent having polynomials Ry, ..., R € Rla, ..., ;] of degree
at most d. Let p be the number of different variables appearing in the terms of G, ¢ the
number of sequents in G and o the total number of operators appearing in G. Then ¢¢ is
equivalent to a formula

HE,P(al,...,al,g)
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where P is a quantifier-free formula with at most X200t (1 + p) polynomials of degree at
most d + 1 and where the size of 5 is at most 23%2¢7

Idea of the proof. If G is atomic, we have
QSG: \/ 3,81,...,5(]72[(/81,...,5(1)/\NZ[(ﬁh...,ﬁq)/\A[(,Bl,...,,@g)

IC[L.q]

which, using basic identities of first order logic, is equivalent to

3617"%5(]’ \/ ZI(B:["“?/BQ)/\NZI(B:[?""BQ)AAI(Bl?"'?Bq)

IC[1..m]

so the upper bounds are satisfied.
If G is not atomic, then

n
o6 = |\
=1
where the G; are the atomic hypersequents obtainable from G by repeated applications of
the logical rules (see Figure 6). Since the G; are atomic, we have just shown that each ¢¢, is
equivalent to
3Bi, Pi(aa, .., g, Bi)

S0 ¢ is equivalent to

n
3B, s By \ Pilan, .., )
=1

and we need to obtain an upper bound on n and the size of all G;.

Each application of the M rule done to compute the G; increases n, and each application
of the U rule increases the size of the atomic hypersequents G; so we have to compute the
maximum number of times those rules are used.

Applications of the U rule can, potentially, duplicate the number of M connectives in
the hypersequent, and thus duplicate the steps needed. Moreover, since the M rule has two
premises on which the procedure is recursively iterated, each M operator can also double
the number of steps, and so we can bound the number of times the I rule is used by
9(# operators)2#t operators 1, thus the double exponential.

Some simplifications are then done to obtain the upper bounds given in the claim, which
are easier to manipulate. []

Corollary 3.46. The algorithm is in 3-ExpTime.
Proof. The reduction of

n
da = N\ ¢a,
i=1
into
n
Elﬁl» sy Bna /\ Pi(Oél, ceey O /81)
i=1
has a time complexity linear in n and the sum of the sizes of 6_;-, and thus is in 2-ExpTime
since those two values can be bounded by a double exponential in the size of G.
The algorithm decribed in |Gri88| to decide the existential fragment of the first order

theory of the real-closed field has a complexity of M (k:d)(o(’"”))2 where k is the number of
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polynomials in the formula, d the maximal degree of those polynomials, 2™ is an upper
bound for the absolute value of every coefficients in those polynomials and n the number of
variables of those polynomials.

By using this algorithm, the time complexity to decide whether or not the reduced ¢g

° x2(a+o)
is provable is smaller than M(Q"‘XQ(Q+ )(1 + p)(d + 1))@ ")? with the notations of
Claim 3.45, and so is in 3-ExpTime. Thus our algorithm is in 3-ExpTime. []

4. HYPERSEQUENT CALCULUS FOR MODAL RIESZ SPACES

In this section we extend the system HR into the hypersequent calculus HMR for the
equational theory of modal Riesz spaces. For that purpose we introduce to the system the
two new rules of Figure 8 each dealing with the additional operators (the 1 constant and the
unary ¢ modality) available in the syntax of modal Riesz spaces.

In the (O) rule, and in the rest of this section, the notation ¢I" stands for the sequence
r.0A, ..., 1. 0OA, when T' =7} . Ay, ...,r] . Ay,

G|FT

FD,71, 51
B R — A P>F
G|FT,71,81 LADILEDD

1, SF>%F S
DLEDD - o, 7.1, 5.1

Figure 8: Additional rules of HMR.

Definition 4.1 (System HMR). The hypersequent calculus proof system HMR consists of
the rules of Figure 3 (i.e., those of the hypersequent calculus HR) plus the rules of Figure 8.

The (1) rule is quite similar to the ID rule but it reflects the axiom 0 < 1 (see Figure 2)
of modal Riesz spaces, and thus the side condition expresses an inequality, rather than an
equality. Note that the seemlingly simpler variant of the 1-rule

G|+T
G|+FT,71

would not allow us to prove the CAN-elimination theorem. For instance the hypersequent
F 2.1,1.1 would not have a CAN-free derivation with this rule. The ¢ rule, as we will
show in the soundness and completeness theorems below (Theorem 4.5 and Theorem 4.6),
is remarkably capturing in one single rule all three axioms regarding the () modality (see
Figure 2).

Remark 4.2. Note how the ¢ rule imposes strong constraints on the shape of its (single)
premise and conclusion. First, both the conclusion and the premise are required to be
hypersequents consisting of exactly one sequent. Furthermore, in the conclusion, all terms,
except those of the form 1 and 1 need to be of the form QA for some term A. These
constraints determine the main difficulties when trying to adapt the proofs of Section 3 for
the system HMR, but they are necessary. Indeed, for example, the following two alternative
relaxed rules, while more natural looking, are in fact not sound:

G|FT,71,51 o T, r.A
G|For,7m1,51 ' T, .0A

2
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as Remark 4.7 below shows. Moreover, if we replace the ¢ rule with the rule:

FT

WOS

the system is not complete as the axiom {1 < 1 is no longer derivable.

The interpretation of HMR weighted terms, sequents and hypersequents is defined
exactly as in Definition 3.4 for the system HR. That is, a weighted term is the term scalar-
multiplied by the weight, a sequent is the sum of its weighted terms and a hypersequent is
the join of its sequents. Throughout this section we adopt similar notation to that introduced
in Section 3 for the system HR and we write bymr G if G is derivable using the rules of the
system HMR.

The ¢ rule has a very peculiar place in the system HMR.: a HMR . derivation can be
seen as a sequence of HR derivations separated by a ¢ rule. Some results on the system
HMR can then be proven by induction on the number of { rules appearing in a branch
of the derivations, which we call the modal depth of the derivation: the basic case is very
similar to a HR derivation — we just add the 1 rule and the proofs for the system HR can
be easily adapted to deal with this additionnal rule.

Definition 4.3 (Modal depth). The modal depth of a derivation is the maximal number of
¢ rules used in a branch of the derivation.

Remark 4.4. Note that the modal depth of a derivation is not necessarily the same as the
modal depth of the end hypersequent. Indeed, the derivation could introduce terms with
¢ operators by using the CAN rule, and thus can make the modal depth of the derivation
greater than the modal depth of the end hypersequent.

4.1. Main results regarding the systemm HMR. This section presents our main results
regarding the hypersequent calculus HMR and has the same pattern of Section 3.1 as we
have tried to follow the same lines of presentation and reasoning and, whenever possible, to
adapt the same proof techniques. We have been able to obtain variants of all the results
proved for the system HR. with the notable exception of the Rational T-elimination Theorem
(Theorem 3.16) which remains an open problem in the context of the system HMR(see
Section 4.9).

Our first two technical results about HMR, the soundness and completeness theorems,
state that the system HMR can derive all and only those hypersequents G such that
AL, (G) > 0.

Riesz

Theorem 4.5 (Soundness). For every hypersequent G,

Riesz

Theorem 4.6 (Completeness). For every hypersequent G,
.A%iesz [ (]G[) >0 = vgumrG.

Remark 4.7. The alternative rules considered in Remark 4.2 are unsound since the hyper-
sequent - 1.0(ZM7g), 1.0(x) U O(y) would be derivable (see below) while the hypersequent
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A%iesz F O(—z M —y) + (0(z) UO(y)) = 0 or, equivalently, A%iesz Fo(zUy) < O(x) UO(y)
would not (see Example 2.21).

c INIT

Figiy P - pINIT
i INIT F1z,1y, 1.z, 1y 1y, 1y

— 1 w
Fl1z, 1.2 Fly,lz|F1l7, 1y Fly,la|F 1y, ly -

Flz,la|F1zNy,ly Fly,lz|F1zNy,ly r|

Flznyg,la|Flzny,ly o
F1zng, Lo | F1.0@Ny), L.oy)
F1.0(zNy),1.0(z) | F 1.0z MNy),1.0(y)
F1.0zMy),1.0(z) U O(y)
r INI"{‘D
Fly,ly
17,17, 1.z, 1.y £ INIT
= INIT Fiz 17 1o 1 % ————ID
F D Z,1.7,1.2,1.0(y) 0o Fly,ly s
Flz,l.x o F1.7,19,1.0(x),1.0(y) F1y,1.0(y)
F17,1.0(z) 72 F19,1.0(#) [ F17,1.0(y) ° F15,1.0() | - 15,1.0(y) _
F1.z,1.0(x) | F1zNy, 1.0(y) Fl1y,1.0(x) | F1.2M7,1.0(y) -
F1zny, 1.0(z) | F1.2M7,1.0(y)
F1.@ny),1.0(z) ud(y) o
F1.0@NY), LO@) uo(y) 2

01

Our next theorem states that all logical rules already present in the system HR and the
¢ rule are CAN-free invertible.

Theorem 4.8 (CAN-free Invertibility). All the logical rules {0,+, x,U, 1,0} are CAN-free
invertible in HMR.

The proof of this result is obtained by induction of the structure of derivations and is
essentially identical to the one provided in Section 3.6. The new case represented by the ¢
rule presents no specific difficulties.

Remark 4.9. Note that, while the proof of CAN-free invertibility of the {) rule (Theorem 4.8
above) is not particularly difficult, the general invertibility property, i.e., that if the conclusion
of a ¢ rule is derivable (possibly using CAN rules) then also its premise is derivable, appears
to be quite nontrivial. We are able to prove this general form of invertibility only as a corollary
of the CAN elimination theorem (Theorem 4.12 below) for HMR. Note how this contrasts
with the case of the other logical rules already present in the system HR (0, +, x,LI,M})
whose general invertibility is straightforward to prove (see Lemma 3.23 and 4.16 below)
without invoking the CAN elimination theorem.

Note, instead, that the rule for the constant (1) is not CAN-free invertible in HMR. For
example, the conclusion of the following valid instance of the rule:

1, 2>0

= ool
wiN

F 1

Y

win| T
wl|

is derivable but its premise (whose semantics is (- 3.I) = 2(—1)) is, by the Soundness

theorem, not derivable.
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The importance of the invertibility theorem, in the context of the HR system (and
also similar systems which inspired our work, such as the system GA of [MOG09, MOGO5]),
stems from the fact that it allows us to reduce the logical complexity of terms in a given
hypersequent. This has allowed us to structure the proof of the CAN elimination theorem
(see Section 3.8) as follows:

e first prove the atomic CAN elimination result (Lemma 3.41),
e then use the CAN-free invertibility of the logical rules to reduce the complexity of arbitrary
hypersequents and CAN terms to atomic hypersequents and atomic terms.

This general proof technique is, however, not applicable in the context of the system
HMR. This is because it is not possible to just invoke the CAN-free invertibility of the
QO-rule to reduce the complexity of a term of the form (A in an arbitrary hypersequent due
to the very constrained shape of the {-rule (see Figure 8) which requires the hypersequent
to consist of only one sequent, and forces that only sequent to contain only 1 terms, 1 terms
and ¢ terms (i.e., terms whose outermost connective is a )

It is still possible, however, to reduce the logical complexity of terms in arbitrary
hypersequents when the outermost connective of these terms is in {0, +, x, LI, M} by applying
the invertibility of the associated rule. By systematically applying these simplification steps
to a complex hypersequent it is possible to obtain hypersequents having only atoms, 1 terms,
1 terms or ¢ terms. These simplified hypersequents are called basic.

Definition 4.10 (Basic Hypersequent). A hypersequent G is basic if it contains only atoms,
1 terms, 1 terms or ¢ terms.

The following technical result is of key importance.

Theorem 4.11 (M elimination). If a hypersequent has a CAN-free derivation, then it has a
CAN-free and M-free derivation.

In the context of the system HR, the M elimination theorem allows for a very simple
proof of CAN elimination for atomic CAN terms (Lemma 3.41). Similarly, in the context of
HMR, it will allow for a simple proof of a similar result regarding atomic CAN terms (see
Lemma 4.37).

However, compared to HR, where after being useful in proving Lemma 3.41, the M
elimination theorem is not really needed to complete the proof of CAN elimination, in the
context of HMR it appears to be of crucial importance. As already discussed above, in the
context of HMR, it is not possible to simplify the complexity of CAN terms of the form ¢ A
simply by invoking the CAN-free invertibility of the ¢ rule. To address this limitation, it is
possible to deal with the case of CAN terms being {-terms in a different way, by induction
on the structure of the derivation (in the style of the classic inductive proof techniques for
eliminating CUT applications in sequent calculi, see, e.g., [Bus98|). In this inductive proof,
however, there is a critically difficult case when the derivation ends with an M rule, as this
rule breaks the proviso > 7= )" § of the CAN rule. For instance, we do not know how to
deal with the following instance of the M rule:

G| FT1,2.04,3.0(A) G|FT2,3.04,2.0(4)
G| FTq,T9,2.04,3.0A,2.0(A),3.0(A)
G| FTy,Ty

CAN,2+3=2+3

since we cannot use the induction hypothesis on the two premises (because 2 # 3).
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The M elimination Theorem 4.11 is crucially important in eliminating this difficult case.
The rest of the CAN elimination proof can then be carried out without serious technical
difficulties. This is our main motivation for proving the M elimination theorem.

We can now state our main theorem regarding the system HMR.

Theorem 4.12 (CAN elimination). If a hypersequent G has a derivation, then it has a
CAN-free derivation.

Proof sketch. The full proof appears in Section 4.7. The CAN rule has the following form:
G|FT,5A,7A
G|FT

Following the same proof structure as in Theorem 3.14, we show how to eliminate one
application of the CAN rule. Namely, we prove that if the premise G | T, 5.A, 7. A, with
> 7= >_5, has a CAN-free derivation then the conclusion G | F T" also has a CAN-free
derivation. This of course implies the statement of the CAN-elimination theorem by using a
simple inductive argument on the number of applications of the CAN rule in a derivation.

As in Theorem 3.14, it is useful to first invoke the M-elimination Theorem 4.11 on the
derivation of G | F T, 5. A, 7. A to remove possible occurrences of the M rule. This is critical
since the M rule is problematic to deal with in our inductive proof because its two premises
can generally break the condition ) 7= )"5.

Hence, in what follows we assume that the derivation of G | - T', 5.4, 7. A is M-free and
the proof proceeds by double induction on the structure of A and the M-free derivation of
G|FT,5A FA.

The base cases are when A = z, i.e., when A is atomic, and when A = 1. Proving those
cases is relatively straightforward, once the critical case regarding the M rule can be ignored.

For the inductive case, when A is a complex term which is not a { term we invoke the
CAN-free invertibility theorem. For example, if A = B + C, the invertibility theorem states
that G | - T',5.B,5.C,7.B,7.B must also have a CAN-free derivation (and also M-free by
application of the M-elimination Theorem 4.11). We then note that, since B and C both
have lower complexity than A, it follows from two applications of the inductive hypothesis
that G | F T has a CAN-free derivation, as desired.

Finally, when A = OB for some B we prove the result by decreasing the complexity of
the derivation while keeping OB as the CAN term: we use the induction hypothesis on the
premises of the last rule used in the derivation — all cases are straightforward under the
hypothesis that the derivation is M-free. This simplification process is repeated until we
reach an application of the ¢ rule, necessarily (due to the constraints of the ¢ rule) of the
form:

CAN, Y 7=Y5

!

~

-T,7B,58,r.1,5.1 o
- O, 7.0B,5.0B,r.1,5.1
We can then use the induction hypothesis on the simpler term B. ]

Finally the algorithm introduced in the proof of Theorem 3.18 can be adapted to the
HMR system to prove the following theorem.

Theorem 4.13 (Decidability). There is an algorithm to decide whether or not a hypersequent
has a derivation.
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4.2. Some technical lemmas. All the lemmas presented in Section 3.3 in the context of
the system HR need to be adapted to the new system HMR. In most cases, as in for instance
Lemma 3.25, the proof is essentially identical and, for this reason, we omit it. In some cases,
however, like Lemma 3.21, the { rule makes the proof different and more complicated and,
for this reason, we discuss how to prove the new difficult aspects of the proof.
We first adapt Lemma 3.21 to the system HMR.
Lemma 4.14. For all A,7;,$; such that Y7 =Y §;, it holds that:
if >HMR [l— Fiwzl then >DHMR [l— Pz‘, f;A, S_;Z] ?:1.
Proof. Let d be a derivation of bpymr [ Fi]?zl. We prove the result by double induction on
(A,d). If Ais not a { term, we prove the result as in Lemma 3.21 - which decreases the
complexity of the term each time. Otherwise A = Q¢ B. We prove the result by induction on
the derivation d. We will only show three cases: the other cases are similar to the + case.

e If d finishes with

l—TlB _i
Fri.0(B), si.

e If d finishes with
- Ty, | FT4,5.C,5.D

- +
FTi)", | FT,5(C+ D)
then by induction hypothesis on the subderivation
>uMRI[- T, 75.0(B), 5.0(B) iy | - T1,5.C,5.D,71.0(B), 51.0(B)

SO

- T4, 75.0(B), 5.0(B)]f_y | FT1,5.C,5.D,71.0(B), 51.0(B)
- T4, 75.0(B), 5.0(B)]i—y | = T1,5.(C + D), 71.0(B), 51.0(B)
e If d finishes with

+

- Ty, 71,81 o
- Oy, 71,51

then by induction hypothesis on B

PHMR H F1,T_i.B, S_i.B,’F.l, 51

SO —
"Fl,TlleBT <>

FO(T),71.0(B), 51 ( ) 71,51 ]

The next lemma states that if G is provable then the hypersequent obtained by substi-
tuting an atom for a term in G is also provable.

Lemma 4.15. If>gpgrG then for all terms A, >gprG[A/ ).
Proof. Similar to the proof of Lemma 3.22. ]

The following lemma, which will be useful in the proof of the completeness theorem, states
that the rules {0,+, x, L, M}, are invertible in HMR, in the sense that if the conclusion of
one of these rules is derivable (possibly using CAN rules) then its premises are also derivable
(possibly using CAN rules).
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Lemma 4.16. All the logical rules {0,+, x,L, M} are invertible.
Proof. Similar to Lemma 3.23. ]

Remark 4.17. The proof of Lemma 4.16 does not introduce any new T rule, so if the
conclusion of one of the logical rules {0, +, x, LI, M} has a T-free derivation, then the premises
also have T-free derivations.

The next lemmas state that CAN-free derivability in the HMR system is preserved by
scalar multiplication.

Lemma 4.18. Let 7" € R>q be a non-empty vector and G a hypersequent. If >pgarr\{camyG |
F 7T then DHMR\{CAN}G | FT.

Proof. Similar to Lemma 3.25. []
Lemma 4.19. Let 7 € Rxo be a vector and G a hypersequent. If >ppr\(canyG | T then
DHMR\{CAN}G ‘ F L.

Proof. Similar to Lemma 3.26. ]

The above lemmas have two useful corollaries.

Corollary 4.20. If bgypr\fcamG | F T,7A,8A and >gyry\(camyG | - T,7.B,5.B then
>aMR\{canG | FT,7A,5B.

Proof. Similar to Corollary 3.27 []

Corollary 4.21. If bgyr\(camG | = 7ASAT | - 7.B,5B, T | - 7.A,5.B,T, then
DHMR\{CAN}G‘FTASAP‘FTB B

Proof. Similar to Corollary 3.28. ]

4.3. Soundness — Proof of Theorem 4.5. The proof is similar to the one for Theorem 3.10:
we prove that every rules is sound and then conclude by induction on the complexity of
derivations. Since the proofs of soundness for the rules already in HR are exactly the same
as for the system HR done in Section 3.4, we only prove the soundness of the new rules.

e For the rule

F .71 3
7’7 >
ST FL AT IOLESN

the hypothesis is (- I',7.1,5.1) > 0 so
(-or,71,51) = (FOT, Zr — Z §).1) by distributivity
(= o, ( ZT—ZE') O1) since 01 <1
= O T, Zr—Z?)l by linearity of ¢
= <>((]|— [, 7.1,5.1)) by distributivity
> 0 by the hypothesis and the monotonicity of ¢.

v
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e For the rule
G|FTD
G|FI,71,51
the hypothesis is (G | F T) > 0 so

LY r>>§

(G| +T,71,51) (G | F T) since Zf’zzgandogl

0

ALY

4.4. Completeness — Proof of Theorem 4.6. The proof follows the same pattern as in
Section 3.5: we first prove a similar result that admits a simple proof by induction on the
derivation of A%iesz F A = B and then we use it and the invertibility of the logical rules
(Lemma 4.16) to prove Theorem 4.6, as shown in Section 3.5.

Lemma 4.22. If A%iesz A= DB thenr.A,r.B and - r.B,r.A are provable in HMR for
all r > 0.

Proof. Since the other cases are proven in the exact same way as in Theorem 3.11, we will
only derive the new axioms.

e For the axiom 0 < 1.

£ INIT = INIT
R >
0 T %’T—O

Fr.(0M1)
- (0 1), 7.0

and
C Il\(I)IT
Fr.0
Fr0|Frl
Fr(out)

Fr.0,r.(0UT)

e For the axiom ¢(1) < 1.

= INIT = INIT

— 1 — 1
Frl,rl Frl,rl
% O
-

Fr.o(1),r.0(1) For1,r.0(1)
Fr.(0)n1),r.0(1)

and
— INIT

7

Frl,rl o
Fr.O(1),r.0(1) W
Fr.O),r.00) | Fr.o(1),r1 ¥

Fr.O(1),r(O(1)uT)
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e For the axiom Q(ri1x + roy) = mO(z) + r20(y).
C INIT )
Forirz, ror.y, rir.x, rory
Foroiz, ey, rir.x, rory

D
><2
+

For.(riz + roy), rirT, rory
Fr.O(rz 4 ray), rir.Q(@), rar.O(y)
Fr.0(rix +ry), rrid(@), rarad(y) x

Fr.O(riz + ray), r.(ri0O(@) + r20 (7))

2

and

= INIT

Forirz, ror.y, rir.x, rory
Forirx, ror.y, rorix, rroy
Forira, rory, r.(riT + r2y)
Frir.Q(x), rar.0(y), r.O(rT + roy)
FroriO(x), rre(y), r.0(mT + roy) x
Fr.(rid(x) + r20(y)), r.0(rmT + r2y)
e For the axiom 0 < (0 U x).

ID?
2

2

= H\(I)IT
Fr0
Fr0|Frae \I_lN
c INIT oy (0ux)
— 0 A O
Fr.0 Fr.o(0Uz) a
Fr.(0noOumz)) 0
Fr(0mnoOux)),r0
and _
= H\(I)IT
Fr0

Fro|Froonz v

Fr.(ouoOnz))
Fr.0,r.(0UO(0M7))

32:47

[

Remark 4.23. By inspecting the proof of Lemma 4.22 it is possible to verify that the
T rule is never used in the construction of >gymrG. This, together with the similar Re-
mark 4.17 regarding the Lemma 4.16, implies that the T rule is never used in the proof of

the completeness Theorem 4.6. From this we get the following corollary.

Corollary 4.24. The T rule is admissible in the system HMR.

As in the case of the system HR (see Lemma 3.32) there is no hope of eliminating both

the T rule and the CAN rule from the HMR system.

Lemma 4.25. Let r1 and ro be two irrational numbers that are incommensurable over QQ

(so there is no q € Q such that qr1 = r2). Then the atomic hypersequent G

Frix | FreT
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does not have a CAN-free and T-free derivation.

Proof. The proof is similar to that of Lemma 3.32 but Lemma 4.26 below takes the place of
Lemma 3.33. []

Lemma 4.26. For all basic hypersequents G, built using the variables and negated variables
T1,Z1,- .-, Tk, Tk, Of the form
T, 0AL P11, 81T o | F Doy O, P 1, 87 1
where I'; = 75 1.21, ..., Ty k-Tk, 5;1.T1, .., 8 k- Tk, the following are equivalent:
(1) G has a CAN-free and T-free derivation.
(2) there exist natural numbers ny, ...,ny, € N, one for each sequent in G, such that:

o there exists i € [1..m] such that n; # 0, i.e., the numbers are not all 0’s, and
o for every variable and covariable (x;,T;) pair, it holds that

m
> ) 7iy) ZmZ%
=1

i.e., the scaled (by the numbers ny ...ny,) sum of the coefficients in front of the variable
xj is equal to the scaled sum of the coefficients in from of the covariable T;, and

o> st_;z <3 nzzﬁl, i.e., there are more 1 than 1, and
e the hypersequent consisting of only one sequent
E A LA ()™M (7 1) (8 D)™ (8 D)

has a CAN-free and T-free derivation, where the notation I'™ means I, ..., T".
——

n times

Proof. We prove (1) = (2) by induction on the derivation of G. We show only the M case,
the other cases being simple. We write I', for I';, 0A;, r/;.1, ¢/;.1.
o If the derivation finishes with
S L Y S N Lo VRV
Fll | | - F m+1

by induction hypothesis, there are ny,...,n,, € N such that :

— there exists ¢ € [1..m] such that n; # 0.

— for every variable and covariable (z;,T;) pair, it holds that >, n;. > 7i; = >, ni. > i ;.

- Z?ll niy, s < Zzll ni Y '

— F AT LA (P )™M (1) (871 1)™ L (87 1) has a CAN-free and T-free

derivation.
and nf,...,n,, € N such that :

— there exists 7 € [1..m] such that n/ # 0.
— for every variable and covariable (z;,T;) pair, it holds that

m—1 m—1
’ - ’ - i / - ’ -
E n;. E Tij + My E Tm+l,j = E n;. E Sij T Ny - E Sm+1,j

o Zz L ”,ZS +nm25m+1<21 1 ”/ZT +”m27"m+1
- F Aqfl, ...,Am+1, (10", o (P gr 1) (81.1)™, .., (8'ma1.1)™ has a CAN-free and
T-free derivation.
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If ny, = 0 then ny, ..., ny,—1,0 satisfies the property.
Otherwise if n/, = 0 then nf,...,n, _;,0 satisfies the property.
Otherwise, ny,.n} + nl,.ni, npy.nh +nl, no, c.,npm.nl, 1 +nl, npm_1,nm.n
property.
The other way ((2) = (1)) is more straightforward. If there exist natural numbers ny, ..., ny, €
N, one for each sequent in GG, such that:

e there exists 7 € [1..m] such that n; # 0 and
o for every variable and covariable (z;,Z;) pair, it holds that

/

o, satisfies the

doni(Y o7y =D (Y Fy)
i=1 i=1

and
o X Y8 < ny Y and
o B AM AT (1) (1 1) (87 T)™ L (87 1) has a CAN-free and T-free
derivation.
then we can use the W rule to remove the sequents corresponding to the numbers n; = 0,
and use the C rule n; — 1 times then the S rule n; — 1 times on the ith sequent to multiply

it by n;. If we assume that there is a natural number [ such that n; = 0 for all ¢ > [ and
n; # 0 for all ¢ <[, then the CAN-free T-free derivation is:

(AL S )™ (A, 8 )™

F(<>A1,F:1.1,{1.I)m,...,(oAl,ﬁl.1i§,.Tznz 0 .
F (T, OAL, 1.1, s/ . 0)™ o (T, OA, /.1, /. 1)™ .
(T, OA, 1, . D)™ | | F (T, OA, 71, 8. 1) o
FTy,0AL, 11,81 | | Ty, QA 11, 8.1 i
Ty, 0AL, 711,811 | | F D, OAp, i 1, 8" 1
and we can conclude using the last condition that states that
(AL S )™ (AL § T
has a CAN-free and T-free derivation. []

4.5. CAN-free Invertibility — Proof of Theorem 4.8. The proofs presented in this
section follow the same pattern of those in Section 3.6: we will prove the CAN-free invertibility
of more general rules. The generalised non-modal rules are the same as those in Figure 7
from Section 3.6 and the generalised ¢ rule has the following shape:

kT, 7.1, 8.1,

[F Oy, 7.1, 85.1]7

Remark 4.27. The generalized { rule is unsound, the hypersequent - 1.0(ZMg), 1.0(x)UO(y)
is derivable using this rule (see Remark 4.7, a similar derivation can be used to derive the
hypersequent). Yet, even if the generalized ¢ rule is not sound, it still enjoys CAN-free
invertibility.
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We will prove that those rules are CAN-free invertible by induction on the derivation of
the conclusion. The proof steps dealing with the rules already present in HR are the same
as in Section 3.6. In what follows we just show the details of the proof steps associated with
the new cases associated with the {-rule and 1-rule of HMR.

Lemma 4.28. If [F T';,7.(A U B))y has a CAN-free derivation then [F T';,7.A |
I, 7.B]?_, has a CAN-free derivation.

Proof. By induction on the derivation.
o If the derivation finishes with
FTy, M. (AUB)y | T, 7.(AUB)
kT 7.(AUB)~, | FT1,7.(AUB), 71,81
then by induction hypothesis on the CAN-free derivation of the premise we have that
MR\ {cAN}F Ti, 7 A | E Ty, 7. Bliy | F Tq, 7. A | F Ty, 71.B

SO
G’ | H Fl,Fl.A | H Fl,Fl.B

G |+Ty,7.A,71,81 | +T,7.B,7.1,51
with G' = [F T, 7. A | B Ty, 7. B,
e If the derivation finishes with an application of the { rule, the shape of the conclusion is
FOT, 71,51

*

with 71 = ) so the hypersequent
FOry,r.A, 71,81 | = Oy, m.B, 71,51 =+ OI'y, 71,81 | - OT'y, 71,51
is CAN-free derivable using the C rule. L]

Lemma 4.29. If [ T';,7(A+ B)|?_, has a CAN-free derivation then |- T';, 75 A, 7B has
a CAN-free derivation.

Proof. By induction on the derivation.
o If the derivation finishes with
FT,7.(A+ B)y | FT1,7.(A+ B)
kT 7.(A+ B)~, | FT1,7.(A+ B),71,51
then by induction hypothesis on the CAN-free derivation of the premise we have that

umr\{caN}[F Ti, 7. A, 7. Bl o | =T, 71.A,71.B

SO
FT, 7. A m5.B), | -1, 7.A,7.B

[+ Ty, 7.A, 7.Bl"y | FT1,7.A,7.B,7.1,51 !
e If the derivation finishes with an application of the { rule, the shape of the conclusion is
Oy, 71,81
with 71 = () so the hypersequent - OI'1,77.4,71.B,7.1,5.1 = {I'1, 7.1, 5.1 is derivable. []

Lemma 4.30. IfF T';,7.(AN B)|" has a CAN-free derivation then [ I';, 7. Al and
[F T, 7.B] have CAN-free derivations.

Proof. By induction on the derivation. We will only show that bpmg\{caN) F Ty, A,
the other case is similar.
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e If the derivation finishes with
“— Fz,f;<A M B)]?:Q ’ - Fl,Fl.(A 1 B)
FTIy, . (AN B))r, | -, m.(AN B), 1, 51

then by induction hypothesis on the CAN-free derivation of the premise we have that
>aMR\{cAN}F Do, 7 Al | T, 7. A

SO
FTy, A, | FT, 7. A

F Ty, 7. Alr, | F T, 7.A 71,81 !
e If the derivation finishes with an application of the ¢ rule, the shape of the conclusion is
FOT, 71,51
with 77 = () so the hypersequent - OI'1,71.4,7.1,5.1 = F OI', 7.1, 5.1 is derivable. ]

Lemma 4.31. If [~ OL';, 7.1, 5;.1]"_, has a CAN-free derivation then [ I';, 7.1, 8;.1]", has
a CAN-free derivation.

Proof. By induction on the derivation. Since the hypersequent under consideration is basic,
we do not need to deal with any logical rule beside the {-rule, which leads immediately to
the desired result, and the 1-rule. The cases regarding the structural rules and the 1-rule are
very simple. For instance, if the derivation finishes with the W rule:

[ OTy, 7.1, 5.1]7,
I+ oLy, 7.1, 81", | F Oy, 71.1,51.1

then by induction hypothesis

>aMR\{can}[F Ti, 7.1, 5. 1)1,

SO

[F Ty, 7.1, 8.1]" W
FT;,7.1,810, | F Ty, 7.1, 5.1

[

4.6. M-elimination — Proof of Theorem 4.11. Following the same pattern of Section 3.7,
we need to show that for each hypersequent G and sequents I and A, if there exist CAN-free
and M-free derivations d; of G | F I" and dy of G | = A, then there also exists a CAN-free
and M-free derivation of G | FT', A.

The general idea presented in Section 3.7 is to combine the derivations d; and ds in
a sequential way, first constructing a prederivation dj of G| G |+ T, A (using d;) whose
leaves are either axioms or hypersequents of the form G | F #.A, and then by completing
this prederivation into a derivation (using dz). Finally, G| G | F I, A can be easily turned
into a derivation of G | - I', A as desired.

However, this technique cannot be directly applied in the context of the system HMR
due to the constraints imposed on the shape of the hypersequent by the ¢ rule. Indeed an
application of the ¢ rule in dy acting on some hypersequent of the form

oI, 51,61
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cannot turned into an application of the { rule on
G|F7A O, 51,1

because this hypersequent cannot be the conclusion of a { rule as it does not satisfy the
constraints. To deal with the ¢ rule, we will expand the construction of Section 3.7 by
induction on the modal depth of the derivation dj.

Indeed, when constructing the prederivation d} inductively from dj, we stop at the
applications of the {-rule. Hence, the inductive procedure takes the derivation d; and
produces a CAN-free and M-free prederivation d of

G| G|FT,A
where all the leaves in the prederivation are either:
(1) terminated, or
(2) non-terminated and having the shape

G|FTA

which can then be completed using the derivation ds in the exact same way explained in
Section 3.7, or
(3) non-terminated and having the shape:

G|FOI,7A 51,1

for some sequent I and vectors 7, §,t. For each of these leaves there is a corresponding
derivation of

TV, 51,60 (4.1)
To obtain derivations of the leaves of d} of the third type, and thus complete the derivation,
we proceed as follows. First, we use the derivation dy to construct a CAN-free and M-free
derivation dy

G| r.A
for each vector of scalars 7 in the leaves. We then modify each derivation dy into a
prederivation dj of
G|FOI,7A, 51,1

using the exact same inductive procedure (which stops when reaching applications of ¢

terms) introduced above for producing dj from d;. Note that in this case, the leaves of the
third kind in d}, are of the form:

F (O,5.1,11), 0A, 8.1, 1.1
and have associated derivations of
AL ST (4.2)

Therefore, we can legitimately apply the ¢ rule (Lemma 4.32 below ensures that the proviso
of the rule is respected) and reduce these leaves to leaves of the form

o (I,51,81), A, 81,81
which, importantly, have a lower modal depth compared to the conclusion G | F I" of the
derivation d; we started with above.

In order the produce a derivation for the leaves - ﬁ.(F’, 5.1, ET), AN 5_7.1, ﬁ.T, and thus
conclude the completion of d} into a full derivation, it is sufficient to re-apply the whole
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process using the derivations of Equation 4.1 and Equation 4.2 above. This process is well
founded and eventually terminates because the modal depth is decreasing.
We now proceeds with the technical statements.

Lemma 4.32. Let di be a CAN-free and M-free derivation of G | = T' using the ¢ rule and
let A be a sequent. Then there exists a prederivation of
G| G|FT,A.

where all non-terminated leaves are either of the form G | = 7.A or of the form G |
O, 7.\, §.1,t.1 for some sequent I and vectors 7, §,t such that

e Y5>t and
e -17,51,t.1 has a derivation d} with a strictly lower modal depth than d;.
Proof. This is an instance of the slightly more general statement of Lemma 4.35 below where:
o [Ty =Gand T, =T.
e =0forl<i<nand7, =7 L]
Lemma 4.33. Let dy be CAN-free and M-free derivation of G | = A. Then, for every vector
7, there exists a CAN-free and M-free derivation of

G|+F7.A
with a modal depth lower or equal than ds.

Proof. This is an instance of the slightly more general statement of Lemma 4.36 below where:
o A =G and A, = A.
e=1forl<i<nand7, =7 L]
Lemma 4.34. Let dy be a CAN-free and M-free derivation of G | F T without any ¢ rule
and let A be a sequent. Then there exists a prederivation of

G| G|FT,A.
where all non-terminated leaves are of the form G | F 7.A for some vector T.

Proof. This is an other intance of Lemma 4.35 where:

o [Ty =Gand T, =T.

e =0forl<i<nand7, =r

Since the leaves of the form G | F QI 7.A, §.1,1.1 are generated only by the ¢ rule, and
there is no ¢ rule in dj, then all non-terminated leaves are of the form G | F 7. A for some
vector 7. ]

Lemma 4.35. Let di be a CAN-free and M-free derivation of [ T';]!y and let G be a
hypersequent and A be a sequent. Then for every sequence of vectors r;, there exists a
prederivation of

G| [FTy, Al
where all non-terminated leaves are of the form G | = QI 7. A, §.1,t.1 for some sequent T”
and vectors 7, 8,1t such that
e > >t and

o F17,31,t.1 has a derivation d} with a strictly lower modal depth than d;.

Proof. We prove the result by induction on dy. We will only show the ¢ and the 1 rules,
since all other cases are done in the same way as in Lemma 3.39.
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e if d; finishes with:

[F Ty, | F Ty g
s ) S Z
[FTy]7y | F Ty, 51,10

then by induction hypothesis, there is a prederivation of G | [F 'y, 7. A, | FI'1,71.A
where all non-terminated leaves are of the form G | - OI",#.A,5.1,£.1 for some sequent I
and vectors 7, §, ¢ such that

~ Y §>> {and
— - T",5.1,1.1 has a derivation d} with a strictly lower modal depth than d;.
We continue the prederivation with

G| [FTy,mAR, | T, AA
G| [FTi,7.Al, | - T, 7.A 51 ET
e If d; finishes with:

LY 8>3t

FIy, 51,00 .
——= 0,y F>5t
F O, 81,61 UPILEDD

then the prederivation is simply the leaf G' | - OT'1,7.A, 5.1, £.1 which satisfies both

~ Y §>> 1 and

— FT4,58.1,1 is derivable using stricly less ¢ rule than in d. []

Lemma 4.36. If dy is a CAN-free M-free deriwation of [ Al then for all 75, there is a
CAN-free M-free derivation of [F 7;.A]_; with a modal depth lower or equal than ds.

Proof. We will only show the ¢ and 1 rules, the other cases being similar to Lemma 3.40 —
and so do not introduce any new ¢ rule.
o if dy finishes with:
FAM S [ FA .
[ Z]z72’ _’1 _ 1,252225
[F Ai]?:2 ‘ |— Al, S.l,t.l
then by induction hypothesis, there is a CAN-free M-free derivation of [ 7. A7 5 | F 7.4
with a modal depth lower or equal than ds. We continue the derivation with
F 7.0l | F Ay
(-7 AP, | F LAY (75).1, (7).

LY A5> S At

which does not increase the modal depth of the derivation.
e If dy finishes with:

FALSLET .
— 0,3 5> 31
FOA, 81,1 UPDLEDY

by induction hypothesis, there is a derivation of F 7.Ay, (75).1, (71£).1 with a modal
depth strictly less than do. We continue the derivation with
F Fl.Al, (7_”15»).1, (ﬁai
FALOAL (75).1, (7)1

which gives a derivation with a modal depth less or equal than ds. []

O, mE> St



Vol. 18:1 PROOF THEORY OF RIESZ SPACES AND MODAL RIESZ SPACES 32:55

4.7. CAN elimination — Proof of Theorem 4.12. Recall that the CAN rule has the
following form:

G|FT,5A,7A
G|FT

As in Section 3.8, we prove Theorem 4.12 by showing that if the hypersequent G | -
I',5.A,7.A has a M-free CAN-free derivation, then so does the hypersequent G | - T.

As explained in the discussion before Theorem 4.12 and in its proof sketch, the proof
cannot just invoke the CAN-free invertibility Theorem 4.8 to simplify the logical complexity
of the CAN term, due to the constraints imposed by the {-rule (the 1-rule is dealt with in a
similar fashion to the ID-rule).

To circumvent this issue, we prove the slightly more general Lemma 4.39 by double
induction on both the term A and the derivation of G | I, 7.4, 5. A.

We first prove the two basic cases where A = = (or equivalently A = T) in Lemma 4.37
and A =1 (or equivalently A = 1) in Lemma 4.38, and the general case in Lemma 4.39.

Lemma 4.37. If there is a M-free CAN-free derivation of G | = T, 7.z, §.Z, where Y . 7= >,
then there exists a M-free CAN-free derivation of G | FT.

Proof. The statement follows as a special case of Lemma 4.40 below, a stronger version of
Lemma 4.37 that allows for a simpler proof by induction on the structure of the derivation
of G| F I',7.z, 5%, where:

CAN, Y 7=Y5

o [FT,'=GandT, =T.
eri=ri=5§=s,=0forl<i<n.
e vy =7, 8, =5and v, = s, =0. ]

Lemma 4.38. If there is a M-free CAN-free deriation of G | = T',7.1,5.1, where >.7=>_5§
then there exists a M-free CAN-free derivation of G | F T.

Proof. The statement follows as a special case of Lemma 4.41 below, a stronger version of
Lemma 4.38 that allows for a simpler proof by induction on the structure of the derivation
of G| FT,7.1,581, where:

o Iy !'=Gand T, =T.

i=1 —

er=ri=§=s,=0forl<i<n.

o, =7,8,=58and r, =s] = 0. ]
We are now ready to prove the general case.

Lemma 4.39. For all terms A and numbers n > 0 and for all sequents I'; and vectors 75, §;
such that > 7; =Y §;, for 1 <i<mn,

if [F T4, 75.A, 8. A", has a M-free CAN-free derivation, then so does [ T';|_.

Proof. For the basic cases A =2, A=7, A=1and A =1, we use Lemmas 4.37 and 4.38. For

complex terms A which are not { terms, we proceed by invoking the CAN-free invertibility

Theorem 4.8 as follows:

e If A =0, we can conclude with the CAN-free invertibility of the rule 0.

o If A = B+ C, since the + rule is CAN-free invertible, [l— Fi,ﬁ.B,ﬁ.C,é.ﬁ,gg.m has
a CAN-free, M-free derivation. Therefore we can have a CAN-free derivation of the

hypersequent [~ I';]”_; by invoking the induction hypothesis twice, since the complexity of
B and C' is lower than that of B + C.
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e If A=1'B, since the x rule is CAN-free invertible, [~ I';, (r'r;.).B, ('s;.). B] has a CAN-
free, M-free derivation. Therefore we can have a CAN-free derivation of the hypersequent
[FT;]7"_, by invoking the induction hypothesis on the simpler term B.

e If A= BUC, since the LI rule is CAN-free invertible,

[FTy,7.B,5.(BNnO)| | [FTy,7.C,5.(BNC)]

has a CAN-free, M-free derivation. Then since the M is CAN-free invertible,

has a CAN-free, M-free derivation. Therefore we can obtain a CAN-free derivation of the

hypersequent [ I';]™_; by invoking the induction hypothesis twice on the simpler terms B

and C.

e If A= BMNC, we proceed in a similar way as for the case A = BUC.
e Finally, if A = OB, we distinguish two cases:

(1) the derivation ends with an application of the ¢ rule which simplifies A = OB to B.
In this case we can simply conclude by invoking the induction hypothesis on B.

(2) The derivation ends with some other rule (recall that no CAN rules and no M rules
appear in the derivation). In this case we decrease the complexity of the derivation,
keeping OB as the CAN term, and then invoke the induction hypothesis on the
derivation having reduced complexity. This proof step is rather long to prove, as
it requires analysing all possible cases. We just illustrate the two cases when the
derivation ends with a logical rule (+) and a structural rule (C) to illustrate the general
method.

— if the derivation finishes with
- Ty, 7.0B,5.0B)", | F I'1,7.0B, 51.0B,7.C,7.D
- T4, 7.0B, 5.0B|l_y | F T1,7.0B, 5.0B,.(C + D)
by induction hypothesis, there is a CAN-free M-free derivation of
- T3Py | F Dy, 7.C, "D
We continue the derivation with
- T3]y | F Dy, .Cr".D
- T, | F Ty,7.(C + D)
— if the derivation finishes with
[+ T, 7.0B,5.0B" 5 | FT1,7M.0B,5.0B | - I'1,71.0B, 51.0B
[+ T, 7.0B,5.0B" 5 | FT1,7.0B,5.0B
by induction hypothesis, there is a CAN-free M-free derivation of
FTili [F T [ F T
We continue the derivation with
FIir, | FTy | F Ty
[FTiliee [ F T O

We now have all necessary tools to prove the CAN-elimination theorem.

Proof of Theorem 4.12. We want to prove that if G has a derivation, then G has a CAN-free
derivation. We prove this result by induction on the derivation of G:
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e If the derivation finishes with an application of a rule that is not the CAN-rule, then by
induction, the premises have CAN-free derivations and we can conclude by using the exact
same rule to obtain a CAN-free derivation of G. For

e [f the derivation finishes with

G|+FT,5A,7A L
Gl T CAN, > 7=>"5

then by induction G | - I',5.4,7.A has a CAN-free derivation. By invoking the M-
elimination Theorem 4.11, G | - T', 5. A, 7.A has a CAN-free M-free derivation and we can
conclude by using Lemma 4.39. []

Finally, we prove Lemma 4.40 and Lemma 4.41, the stronger versions of Lemma 4.37
and Lemma 4.38.
Lemma 4.40. If there is a CAN-free, Mfree derwatzon of |- Ty, ri.x, 5;.@);_, then for all r
and s such that for all i,5 7 — 328 = S 17 — 3. §/;, there is a CAN-free, M-free derivation

of I—Fz,rzx sk x] .

Proof. The proof is done by induction on the derivation and is similar to the proof of
Lemma 3.42. []
Lemma 4.41. If there is a CAN-free, Mfree derivation of [I— Ly, 7.1, 8. ] then for all r

and s such that for all i,5 7 — 3.5 < S 17; — S &4, there is a CAN-free, M—free derivation

of [I—Fl,rzl sl 1} )

Proof. By induction on derivation. We show only the non-trivial case.
o If the derivation finishes with:

(-1, 7.1,8.0),., | FT1,el,d1
[}_Fhrllsl ]>2’|_F1,(ab6> (/b, )

LY a+3b>Sd+v

with 7] = b cand s1 = b’ 7. We want to show that
]

DHMR["FzJ’ZlS 1} \FFl,(r’l;d‘)l(Zaﬂ

We will now prove that S>¢— 3¢ < S + Y@ — (X ¢'1 + 3. d) to be able to conclude
with the induction hypothesis.

Yoe-Yd = O =Y -0 a-> 1
= (ZF1—Z§1)+(ZE/—ZE)
< =Y dn+da-Y @
= Y 4y a-O si+> d

so by induction hypothesis
SHMR {l— ri,Fg.LsZ.ﬂ DL ), () T
,L_

which is the result we want. []
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4.8. Decidability — Proof of Theorem 4.13. In this section we adapt the algorithm
presented in Section 3.10 and prove the decidability of the HMR system.

The procedure takes a hypersequent G, where scalars are polynomials over scalar-variables
a as coefficients in weighted terms, and construct a formula ¢g(d) € FO(R, +, x, <) in the
language of the first order theory of the reals. The procedure is recursive and terminates
because each recursive call decreases the logical complexity and the modal complexity (i.e.,
the maximal modal depth of any terms) of its input G. The key property is that a sequence
of scalars § € R satisfies ¢¢ if and only if the hypersequent G[s;/a;] is derivable in the
system HMR. The decidability then follows from the well-known fact that the theory
FO(R, +, x, <) admits quantifier elimination and is decidable |[Tar51, Gri88§].

The algorithm to construct ¢¢ takes as input G and proceeds as follows:

(1) if G is not a basic hypersequent (i.e., if it contains any complex term whose outermost
connective is not { or 1 or 1), then the algorithm returns

oG = /\ ¢G¢
=1

where G, ..., G, are the basic hypersequents obtained by iteratively applying the logical
rules, and ¢¢, is the formula recursively computed by the algorithm on input G;.

(2) if G has the shape F then ¢g = T.

(3) if G is a basic hypersequent which is not - then G has the shape

FTLOAL, R, ST o | F D, O, Rl 1,81

where I'; = R‘m.xl, - Ri,k-xk, 5;71.:1;71, oy S;kak For all I C [1...m], we define:
e A formula Z;(f1, ..., Bm) that states that for all i € I, 5; = 0.

Z1(Br, s Bm) = [\ (Bi = 0)

el
e A formula NZ;(f1, ..., Bm) that states that for all i ¢ I, 0 < j;.
NZr(B1, s Bm) = \(0 < Bi) A =(8i = 0)
il
e A formula A;(f,..., Bm) that states that all the atoms cancel each other.

m m

k
ArBry s Bm) = NO_Bi D Rij =Y 6y Sij)
7=0 i=1 =1

e A formula O;(fy, ..., Bm) that states that there are more 1 than T,

Or(Bu, i Brm) =D _Bi Y Si<> BiY R
i=1 i=1
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e A hypersequent Hj(fB1, ..., Bm) which is the result of cancelling the atoms using
081, ..., Bm and then using the ¢ rule, i.e. is the leaf of the following prederivation:

F By Dy By B) -1 (Bry S5)- T ooy Bry - Bkys (B Bay)- 1, (Bry S8y ) T
- Bry -0k, By Bk )1, (B '0a) T, oves By Oy, (B k) 1, (B i) T
F B -Thys Bry -0k s Bioy B'ie)- 1, By S0 )T ooy By Ty B -0 ks> By B'iy)-1, (B 1) 1
= B Ty Bra -0k, s (B By )-1, By S ) T | oo | By Ty By Oy, (B Bk -1, (B i) T
FTrys Opy, Ry 1,87, 1| o | F gy, OA,, Ry 1,57, 1
where {k1, ...,k } = [1.m]\I.
e The formula ¢, (g, .. 5,,) computed recursively from Hy(S1, ..., Bm) above.

e A formula ¢¢ ; that corresponds to ¢ where G’ is the hypersequent obtained on using
the W rule on all i-th sequents for ¢ € I, i.e. the leaf of the following prederivation:

F Ty OOk, Ry 1,87, T | o | F gy, O, Rlgy 1, S, 1
Ty OAL R, ST | F Doy OAm, Bl 1, S0 1
with {ki,...,k} = [1.m]\I. Then ¢g; =
3B1y s By Z1(B1y oy Bmn) AN NZr(Bus vy Bm) A Ar(Br, ooy Bm) A O1(B1s v Bin) A Oty By, )

Finally, we return ¢ defined as follows:

¢a= \ dou

IC[1..m]

*

*

*

*

The following theorem states the correctness of the above described algorithm.

Theorem 4.42. Let G be a hypersequent having polynomials Ry, ..., Ry € R[d] over scalar-
variables a. Let ¢pg(a) be the formula returned by the algorithm described above on input G.
Then, for all §€ R such that for all i € [1..k], R;(5) > 0, the following are equivalent:

(1) ¢c(8) holds in R,

(2) G[sj/aj] is derivable in HMR.

Proof. As in Theorem 3.44, by using the CAN-free invertibility Theorem 4.8, we can assume
that G is a basic hypersequent. If G has the shape I, the result is trivial. Otherwise, the
result is a direct corollary of Lemma 4.44 below since the formula N Z; corresponds to the
first property, the formula A; corresponds to the second property, the formula O corresponds
to the third one and the formula ¢, corresponds to the last one. []

Even though the problem is decidable, the algorithm described previously is non elemen-
tary since the size of the formula ¢ can not be bound by a finite tower of exponentials.

Lemma 4.43. Let A, be defined by induction on n as follows:

e Ay = x for some variable x
g An—i—l =Q0A, UQA,
2

Fori e N, let G; =+ 1.A;. Then for all i, ¢g, has at least 22" existentials (with the

i times
2

convention 22 = 1), i.e., each use of the { rule will add one exponential to the number of

0 times
existentials.
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Proof. For i,j,k € Nand Ry, ..., Rj € R[ay, ..., ag], we define
Hi,j(Rh ey R]) =+ Rl.Ai, . R]Al
A2j
We will show by induction that for all 0 <4 and 0 < j, ¢p, ; has at least 22" existentials.
7 times

For all j € Nyg, k¥ € N and Ry,...,R; € Rlay,...,o], Hoj[Ri,..., R;] is an atomic
hypersequent with only one sequent, so ¢, ; has at least one existential.

Let j € Nyo, k € Nand Ry,...,R; € Rlay, ..., o]. By applying iteratively the logical
rules on Hy j, we obtain the basic hypersequent HY = [F Ry .0z, ..., Rj.Ox]zj and ¢y has
(2% —1)(27 + 1) existentials. So ¢, (R, ..., R;) has (22 —1)(27 + 1) > 27 existentials.

Let us now analyse ¢g Ry, ...,Rj) for i > 0. By applying iteratively the logical
27

i+1,j(
rules, we obtain only one basic hypersequent : Hf’H,j(Rl, . Rj) = [F R1.0A;, ..., Rj.QA]
We notice that one of the subformulae of ¢Hl?+1 (Rq, ..., Rj) is quinQj (R') for some R’ €

J

2j><2j 2J
P97 . 9" 9" . .
(Rlag, ooy Ok, B, -y Boi])7*? | which has at least 2 > 2 existentials.
7 times i+1 times
2
2*' . . .
So ¢H,,, ,;(R1,..., Rj) has at least 2 existentials. Since G = H;1(1), G; has at
i+1 times

2

least 22 existentials. ]
—~—

7 times
The following result is similar to Lemma 4.26, the only difference is that since the T rule

can multiply a sequent by any strictly positive real number, the coefficients in the property
are real numbers instead of natural numbers.

Lemma 4.44. For all basic hypersequents G, built using the variables and negated variables
T1,T1,..., Tk, Tk, Oof the form
T, 0AL 7L, 8T | | F Doy OA g, 71, 87, T
where I'y = 75 1.21, ..., T} k-Tk, 53,1.%1, -, 5i k-Tk, the following are equivalent:
(1) G has a derivation.
(2) there exist numbers t1,...,tm € R>q, one for each sequent in G, such that:

e there exists i € [1..m] such that t; # 0, i.e., the numbers are not all 0’s, and
e for every variable and covariable (x;,T;) pair, it holds that

Yot 7y = t(d 5y
=1 =1

i.e., the scaled (by the numbers t1 ...ty ) sum of the coefficients in front of the variable
xj is equal to the scaled sum of the coefficients in from of the covariable ;.

o >t Zs_;z <3E ot Zr_;z, i.e, there are more 1 than 1 and,

e the hypersequent consisting of only one sequent

—

F A et D, (81771).1, oy (bt ) 1, (81571).T, oo, (b ST)- T

has a derivation, where the notation 0.I' means (.
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Proof. Similar to Lemma 3.43. []

4.9. An open problem on HMR. We have not been able to prove or disprove the
equivalent of Theorem 3.16 in the context of the system HMR. We leave this as an open
problem.

Question. Let G be a hypersequent whose scalars are all rational numbers. Is it true that,
if G has a CAN-free derivation in HMR then G also has a CAN-free and T-free derivation
in HMR?

This is a question of practical importance. Indeed the T rule is the only non-analytical
rule (beside the CAN rule which, however, can be eliminated) of the system HMR and, as a
consequence, it makes the proof search endeavour more difficult.

5. CONCLUSIONS

We have introduced structural proof systems, based on the machinery of hypersequent
calculus, for the theories of Riesz spaces and modal Riesz spaces. Remarkably, the system
HMR has allowed us to obtain new results regarding modal Riesz spaces such as the
decidability of their equational theory. A main direction for further research is to investigate
additional applications of HR and HMR. One example is the recent work [LM21] where
the authors used results regarding the system HMR to prove a novel result (previously left
open in [FMM20, §6.3|): free modal Riesz spaces are Archimedean.

Acknowledgments. The authors are very grateful to the anonymous reviewers for their
useful comments and suggestions.
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APPENDIX A. THE HYPERSEQUENT CALCULUS GA

For reference, the following table lists the rules of the hypersequent calculus GA of [MOGO5,
MOGO9] for the theory of lattice-ordered abelian groups, which provides the basis of the
systems HR and HMR introduced in this paper.

Axioms:
E A—ax AF A ID-ax
Structural rules:
G o GTF AL F A .
GTrA Weakening (W) “Grra Contraction (C)
G|, Ta - Ay, A ) GIliFAL GlaFAy
GITLF AT, - A, SPEES) GITLTa b A A, Mix (M)
Logical rules:
area area
GIT,0FA - GITF A0 °
GIT,A,BF A GITF A, A, B
e e
GT,A+Br A GTFAA+B
GIDF A, A GID,AF A
GID,—AFA *© GrrA -4 °
GILAFA GIUBEA ~— GILEAATEAB
GIT,AUBF A L GTFAAUB ¢
GID,AF AL, BF A GTFAA GFAB

G, AnBFaA "

CUT rule:

G'FA,ANB

G|TiFALA G|Ta AR A,
G ‘ Fl,FQ = Al,AQ

Cut

Figure 9: Inference rules of the hypersequent system GA of [MOGO5].
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